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Abstract—A theory for jointly minimizing the mean square er-
ror (MSE) between the desired and decoded signal with respect to the
transmitter and receiver FIR multiple-input multiple-output (MIMO)
filters is developed in the presence of near-end crosstalk and two additive
noise sources independent of the original signal. The additive noise
sources account for noise at the input signal and on the channel.
The transfer functions are known FIR MIMO transfer functions that
can model the desired communication link and the undesired near-end
crosstalk channel. The channel input vector time series has an average
power constrained. An iterative numerical optimization algorithm is
proposed. When compared to the methods available in the literature, the
proposed method yields better results due to the joint optimization of the
transmitter-receiver pair, and is applicable to a more general scenario
that may include correlated sources and near-end crosstalk.

I. INTRODUCTION
The problem of transmitting the original discrete-time vector time

series corrupted by signal-independent additive noise
over a vector channel is investigated. It is assumed that the channel
is discrete in time and corrupted by additive signal-independent
noise . Furthermore, it is assumed that the channel input vectors
have constrained power, and that the vector channel transfer functions
are known and can model the desired channel and the undesired
near-end crosstalk channel . The transmitter and receiver FIR
MIMO filters are jointly optimized with respect to the block MSE
between the desired output and the actual output vector time series of
the receiver filter, subject to a channel power constraint. An iterative
numerical solution is proposed based on formulae for finding the
optimal transmitter FIR MIMO filter for a given receiver FIR MIMO
filter, and vice versa.
Analytical expressions for optimal transform coders were derived

in [1] for the identity channel transfer function, and this was extended
to include an FIR channel transfer function for redundant filter banks
in [2] under restrict assumptions on the transform filter length and the
order of the scalar channel transfer function. In the field of power-
constrained FIR MIMO filters, the transmitter and receiver filter are
jointly optimized by random search in [3]. Formulae for finding the
optimal receiver FIR MIMO filter for a given transmitter FIR MIMO
filter and vice versa are proposed in [4]. In [5], an algorithm is
given for finding jointly optimized, linear phase, single input single
output (SISO), FIR pre- and post-filters with decimator and expander
for communication over a channel with additive noise. For a given
transmitter FIR MIMO filter, the optimal FIR receiver filter has been
derived in different ways [4], [6], [7]. In [8], a multirate Kalman
receiver filtering approach was proposed for solving the FIR problem
for a fixed transmitter FIR MIMO filter.
The system considered is shown in Figure 1. The original vector

time series is corrupted by an uncorrelated additive vector noise
series . The reason for including this additive noise is to make
the developed theory as general as possible and at the same time there
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Fig. 1. The power-constrained MIMO block system with near-end crosstalk
and additive input and channel noise.

are practical situations where this occur. Two examples are when
images or audio are sampled in order to store them in a computer.
All the input signals to the system are assumed to have zero mean and
to be uncorrelated with each other, but all of them can be correlated
in itself with known second order statistics.
Near-end crosstalk is modeled by a feedback from the receiver to

itself by the known transfer matrix . Figure 1 indicates
that the dimensions of the times series that is used in the article. ,
, and are positive integers that can be different. It is assumed

that the transmitter FIR MIMO and the
receiver FIR MIMO equalizer filter are FIR, i.e., they have the
following model:

and (1)

where the numbers and are assumed to be known. This means that
the matrices and , have dimensions and ,
respectively. It is assumed that all the vector time series are jointly
wide sense stationary (WSS).

II. EXPANSION OPERATORS
For FIR polynomials matrices, four expansion operators will be

used and one expansion of a vector time series will be needed as
well. Let be an FIR polynomial of order
and dimension . The row-expanded matrix of the matrix
polynomial is an matrix given by

(2)

The column-expanded matrix of the matrix polynomial is
a matrix given by

(3)

The row-diagonal-expanded matrix of the matrix polyno-
mial is a matrix given by:
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...
. . . . . . . . .

... (4)

The column-diagonal-expanded matrix of the matrix polyno-
mial is a matrix given by

...
. . .

...
. . .

...
. . .

...

(5)

Let be a positive integer. The column-expansion of a vector time
series of dimension is defined as:

(6)

III. PROBLEM FORMULATION
Let the desired channel and undesired crosstalk transfer function be

modeled by FIR polynomial matrices of order and , respectively,
and let these polynomials be denoted and . These matrices
have dimension . Expressed as matrix polynomials these
matrices are expressed as:

and (7)

where the matrices and are assumed to be known.
Let be called the

reshape operator producing a block Toeplitz
matrix from an matrix. Let be an

matrix, where the th block is given by
, . Then, the operator acting on the

matrix yields:

...
...

. . .
... (8)

The autocorrelation matrix of dimension of
the vector is defined as:

(9)

where the operator denotes complex conjugated transposed. For
other column-expanded vectors the autocorrelation matrices are de-
fined in a similar way.
Let the matrix be defined as

follows

(10)

where , the operator
means complex conjugation of the components, and the operator
represents matrix transposition.
The desired receiver output signal can be chosen arbitrarily,

therefore, the results are a generalization of the result as found
in [4]. Let the th component of the desired vector signal be
denoted , where . Let and
denote the th vector component of the vectors and ,
respectively. The scalar time series can be used to produce
the input vector to the FIR MIMO transmitter filter through
the following equation

(11)

The relationship between the output vector and the scalar
time series can be given by:

(12)

The most general way to choose the components of the desired
vector when using the blocking and unblocking structures given in
Equations (11) and (12) is:

(13)

The terms and are the vector and scalar delay through
the system, respectively. These delays are introduced such that the
developed theory is as general as possible, and they add the extra
parameters and to the optimization of the FIR MIMO filter
system.
The cross-covariance matrix of dimension

is defined as:
(14)

where the vector has dimension and where
is the desired vector time series used in the calculation

of the block MSE of the system. The block MSE, denoted ,
is defined as:

(15)

Among all the input signals to the system, see Figure 1, it is assumed
that the desired vector time series can only be correlated to the
original vector time series .
The output of the transmitter FIR MIMO filter is represented

by the vector given by

(16)

where the notation in Section II is used and the dimension of the
column-expended vectors and both have dimen-
sion .
The row-expanded matrix which is used to express the total transfer

function from the original signal to the output signal is
denoted and it has order . It can be shown that

, and the dimension of this matrix product is
. The matrix has dimension

and the matrix has dimension .
By rewriting the convolution sum with the notation introduced in

Section II, it is possible to express the output vector of
the receiver filter as follows:

(17)

where is an matrix, the vectors
and have dimension ,
is an vector, and is an

vector. Note that in Equation (17), the matrix has
dimension and the matrix
has dimension . The matrix
has dimension .
It can be shown that the block MSE for the system

is given by Equation (18), and the average power constraint for the
channel input vector can be expressed as:

(19)

Problem 1: Minimize the block MSE given by Equation (18) with
respect to the transmitter FIR MIMO filter and the receiver FIR
MIMO filter , subject to the constraint in Equation (19).
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IV. PROPOSED SOLUTION
The constrained optimization problem stated in Section III can

be converted to an unconstrained optimization problem by using a
positive Lagrange multiplier . The unconstrained objective func-
tion can be expressed as

(20)

It can be shown [9], that the equation for the optimal FIR MIMO
transmitter filter, for a given FIR MIMO receiver filter, can be written
as:

vec (21)

where matrix is an matrix given
by Equation (22) and vector is of dimension
given by

vec (23)

In Equation (22), the operator is the Krönecker product and the
matrix is the identity matrix of dimension .
It is important to mention that Equation (21) is not equivalent to

the corresponding equation found in [4]. In Subsection V-A, it will
be shown by a design example that the formula presented in [4] does
not lead to the same results as the proposed formula for a correlated
source.
It can be shown [9], that the optimized receiver FIR MIMO filter

for a given transmitter FIR MIMO filter is given by the following
equation:

(24)

The problem of jointly optimizing the overall system perfor-
mance is performed by the following iterative approach: For a
fixed transmitter FIR MIMO filter, the receiver FIR MIMO filter is
optimized by solving Equation (24), then the transmitter FIR MIMO
filter is optimized by using the previously optimized value of the
receiver filter in Equation (21), and this procedure is repeated until
convergence is reached.

V. RESULTS, CRITIQUE, AND COMPARISONS

A. Comparison with the Method Proposed by Honig et al. [4]
In [4], the desired signal was chosen as in Equation (13) with

. It can be shown that if the performance of the proposed
system is compared to the results found by the formulae in [4], the
same results are obtained if is uncorrelated, where is the
scalar time series used to produce the input vector time series
in Equation (11), and .

The signal to noise ratio (SNR) is given by ,
where is the variance of the original input time series and

is the MSE per source sample. In this example, it is
assumed that the input vectors to the transmitter FIR MIMO
filter are produced by a blocking operation of a WSS time series ,
see Equation (11). The channel signal to noise ratio (CSNR) is
given by , where is the output energy from the
transmitter per input channel sample, see Equation (19), and is
the variance of the white additive channel noise with equal
variance for each vector component.
In Figure 2, the performance of the proposed system using the

parameters that is given in the caption of the figure. The best possible
performance of all systems is given by the optimal performance
theoretically attainable (OPTA) curve. Because of Shannon’s sepa-
ration theorem [10], the OPTA curve can be found by evaluating
the distortion rate function of a source with a given metric at the
channel capacity function [11], and at the same time it is taken into
consideration that source samples are transmitted per channel
input and channel output samples. In Figure 2, the OPTA curve is
found for a memoryless Gaussian source and channel and the metric
used is the squared error distortion. The curve with the circles is
obtained by using the receiver filters of the proposed system with
the transmitter FIR MIMO filter found by Equation (4.14) in [4].
The reason for doing this is that there is an inconsistency in the
equations for the transmitter filters, but the receiver equations are
the same in [4] and Equation (24). The rightmost -mark and circle
correspond to the same value of Lagrange multiplier .
From Figure 2, it is seen that the performance obtained by

Equation (4.14) in [4] gives negative values of SNR. Therefore, this
formula cannot be correct for the correlated input source used in the
example. The correct formula is given in Equation (21).
In [12], which is an earlier article by the same authors as [4], it was

assumed that the input signal was uncorrelated, and it was mentioned
that the results could be easily generalized to correlated sources. This
is what has been attempted in [4], but the equation for an optimal
transmitter FIR MIMO filter for a given receiver filter cannot be
used for correlated sources. For a detailed study of the formulae for
the optimal FIR MIMO transmitter filter and a comparison with the
formulae in [4], see [9].

B. Comparison with the Method Proposed by Malvar [5]
In [5], jointly optimal transmitter and receiver FIR SISO filters with

linear phase were proposed for . It was assumed that
signal-independent noise was added both at the original signal and
at the channel. No near-end crosstalk was included, i.e., .
Let the input signal to noise ratio (ISNR) be defined as the ratio

between the input signal variance and the input noise variance ,
where is the variance of the additive input noise. In this definition,
it is assumed that all vector components of and have zero
mean and variance equal to and , respectively.

(18)

(22)
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Fig. 2. SNR versus CSNR performance of proposed power-constrained FIR
MIMO filters are shown by the -marks while the system proposed in [4]
is shown by the circles. The input time series is a Gaussian AR(1) time
series with correlation coefficient 0.95, Gaussian white noise is added on the
channel, with: , ,

, , and . The upper curve is OPTA.

In Subsection in [5], an example is given using the parame-
ters that are given in Figure 3. Furthermore, it was assumed that the
subband samples were uncorrelated with the white additive channel
noise. Linear phase is assumed in [5], and the filter lengths are
in the transmitter and in the receiver filter. The same parameters
were used in the example with the proposed theory. Figure 3 shows
the results achieved with the proposed method. The OPTA curve for
Figure 3 can be found from Subsection 4.5.4 in [11], where real noise
on the input signal is taken into consideration when finding the rate
distortion function.
Figure 3 shows that the performance of the proposed system

reaches a certain limit when the CSNR values are increased. The
reason for this is that when , it is impossible
to achieve perfect reconstruction. In the example in [5], the noise
level in both the input signal and the channel was 30.0 dB, that
is ISNR CSNR dB, and the overall performance of the
system was SNR dB in [5]. This is 0.02 dB worse than
the results obtained by the proposed system. If is
increased, the performance of the system will improve at the expense
of increasing the bandwidth used on the channel. As a reference
a system where only the receiver filter where optimized is also
included in Figure 3. In this system, the transmitter filter is given
by and the other system parameters were the same as
above. From Figure 3, it is seen that 1.9 dB can be gained in SNR
by jointly optimizing the transmitter and receiver compared to only
optimizing the receiver when CSNR=30 dB.

VI. CONCLUSIONS

Equations were found for finding jointly minimized MSE transmit-
ter and receiver FIR MIMO filters for a power-constrained channel.
An iterative algorithm was proposed that is able to converge to a
locally optimal solution.
An inconsistency was found in the literature in the case of cor-

related sources for finding the optimal transmitter FIR MIMO filter.
A new equation was proposed in this article, which was validated
by simulations. The theory was extended to include also the case of
uncorrelated additive noise to the original signal.
The filters proposed in this article are a generalization of the

method proposed in [5], where an algorithm for finding jointly opti-
mal transmitter and receiver FIR SISO filters having one transmitter
and one receiver filter, i.e., , was given.
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Fig. 3. The solid curve shows the SNR versus CSNR performance using
the proposed theory with the following parameters: , ,

, , , , , , , and the
input PSD is an AR(1) source with correlation coefficient . The circle
shows the performance of the system proposed in [5], and OPTA is given by
the dotted curve. ISNR dB in all systems. The dash-dotted line show
the system where the receiver is given by and only the receiver
is optimized.

The proposed iteratively optimized joint transmitter-receiver filter
pair was confronted with methods found in the literature in simula-
tions for different application scenarios. In all of them, the proposed
method performed better, setting new benchmark values towards the
optimal performance.
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