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Abstract—Under the assumption that the transmitter FIR multiple-
input multiple-output (MIMO) filter is given and FIR left invertible,
conditions are derived for when the minimum minimum mean square
error (MSE) FIR MIMO filter system does possess the perfect reconstruc-
tion (PR) or zero forcing (ZF) property. In most cases, examples using
common models for both source coding and communication systems show
that constraining the system to have the PR or ZF property is suboptimal
in the minimum MSE sense.

I. INTRODUCTION
For a given left invertible transmitter FIR MIMO filter, when is it

optimal in the minimum MSE sense to use a system possessing the
PR or ZF property? This is the main question answered in this article.
The system treated can model for example filter banks used in source
coding and communication systems that use linear FIR MIMO filters
in both the transmitter and receiver.
In source coding systems using analysis and synthesis filter banks,

the PR property is often enforced to the system [1], [2], [3],
[4]. In communication systems using transmitter and receiver FIR
MIMO systems, the filters can be designed under the so-called zero
forcing (ZF) constraint [5], [6], [7], [8]. Here, the PR or ZF constraint
is questioned, and it is shown under which conditions there is no loss
in optimality, in the minimum MSE sense, by enforcing the PR or ZF
constraint. It is shown that in almost all source coding and channel
models considered, it is suboptimal to enforce the PR or ZF constraint
in the system design.
The dimension of the vectors in the original time series and the

dimension of the input time series to the channel may in general
be different, and the system is assumed to be discrete in time. The
transmitter and receiver are represented by polyphase matrices. In
Figure 1, the matrix and the matrix
are causal FIR MIMO filters of order and , respectively, which
represent linear time invariant signal processing units, and they can
be expressed as:

and (1)

This means that the matrices and , have dimensions
and , respectively. It is assumed that all the vector time series
are jointly wide sense stationary (WSS). The PR or ZF property is
present if it is possible to recover a delayed version of the
vector from , in the absence of noise, i.e., .
This is only possible if , because if , then the
matrix has normal rank [3] less than or equal to , and then
this matrix cannot be left invertible and PR is impossible. Therefore,
it is assumed that in this article.
In [9], the transform and non-causal infinite order cases were

considered for the case where . This article is an extension of

Fig. 1. System model.

the results found in [9] to the FIR case and to the case where .
In [9], it was shown that the condition for PR being optimal in the
non-causal infinite order case is:

(2)

where the operator means complex conjugated transposed, and the
condition for the transform case is:

(3)

It will be shown that, when and non-causal infinite order
or transform systems are considered, the conditions proposed in
the current article reduces to the results in Equations (2) or (3),
respectively.
In [9], the transform and the non-causal infinite-order cases were

treated for zero block delay through the MIMO filter system. The
FIR case has to be treated in a different manner, because in [9], it
was assumed that the receiver filter consists of the PR receiver filter
followed by a Wiener filter. Then, conditions for when the Wiener
polyphase matrix is equal to the identity matrix were given for the
transform case and the non-causal infinite-order case. In both these
cases, it can be assumed that the Wiener filter has the same order
as the first part of the receiver filter, which is either infinite or zero.
In the FIR case, this is not possible because, if the first part of the
receiver filter is the FIR inverse of the transmitter filter, the following
Wiener polyphase filter can only be a memoryless matrix if the order
of the total receiver filter is to be kept constant. By using this method,
the optimization does not include a search over all polyphase matrices
of a given order. Therefore, a different method must be used for the
FIR case.
The related problems for conditions when the PR solution exists are

investigated in [10], [11], and the jointly minimum MSE transmitter
and receiver FIR MIMO filters are found in [12].
The rest of this article is organized as follows: In Section II, some

of the notation and definitions needed in the article is introduced and
in Section III, the equation for the optimal FIR MIMO receiver filter
is derived. The conditions for when the PR property is optimal are
derived in Section IV. Section V gives examples showing that these
conditions for PR being optimal are not in general satisfied for many
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source coding and communication systems. Finally, conclusions and
discussions are given in Section VI.

II. NOTATION AND DEFINITIONS
A common choice for the desired receiver output signal is

the following:

(4)

where the integer denotes the vector delay through the overall
system. In this article, the theory developed is valid for any choice
of the desired vector signal , but in the numerical examples
presented, the choice in Equation (4) is made.
In this article, some special expansions of matrix polynomials will

be needed, and they are defined next. A row-expanded matrix is
an matrix given by

(5)

The row-diagonal-expanded matrix is an
matrix given by:

...
. . . . . . . . . . . .

... (6)

Let be a positive integer. The column-expansion of a vector time
series of dimension is defined as:

...
(7)

The column-expansion of other vector time series are defined in the
same manner as shown by Equation (7).
The autocorrelation matrix of dimension of

the vector is defined as:

(8)

For other column-expanded vector time series the autocorrelation
matrices are defined in an analog fashion as shown in Equation (8).
Let the matrix be defined as

(9)

III. FIR MIMO WIENER RECEIVER FILTER
The FIR MIMO Wiener receiver filter is used in the derivation of

the conditions for optimality of PR in Section IV, and it is derived
in this section.
The following relationship between the input and the output of the

causal FIR MIMO receiver filter is valid:

(10)

where the order of the FIR MIMO receiver filter is known.
By means of the orthogonality principle [13], [14] for vector time

series, the FIR MIMO Wiener receiver filter will now be derived. The
error vector for the FIR MIMO filter system is given by .
According to the orthogonality principle, the error vector has to be
orthogonal to all the available observations at the input of the FIR
MIMO receiver filter. This can be expressed mathematically as

(11)

for all . By using the result of Equation (10),
Equation (11) can be rewritten as

(12)

for all , where the matrix is defined
as . By putting the matrix
equations in Equation (12) together, it is possible to rewrite these
equations as:

(13)

where the correlation matrices defined through Equations (8) and (9)
are used. When the optimal FIR MIMO receiver filter is expressed
as in Equation (13), it has a form related to the Wiener receiver filter
in the non-causal infinite-order and the transform cases, see [9] for
details. If any of the coefficients of the matrix are set to zero,
a procedure for optimizing the remaining coefficients was developed
in [15].

IV. CONDITIONS FOR OPTIMALITY OF PR OR ZF
In this section, the conditions for when PR or ZF FIR MIMO

filter are optimal, for a given left invertible FIR MIMO transmitter
polyphase filter, are derived by means of Wiener filter theory.
Assume that the transmitter FIR MIMO filter is FIR left

invertible, and let be the FIR MIMO receiver filter for which
the filter system possesses the PR property, that is:

(14)

where the right hand side of the equation is an
matrix, and where the non-zero element in the first row of the

identity matrix is placed in column number . The
numbering of the columns starts with 0.
The output of the FIR MIMO receiver filter is equal to

, where is the desired output signal and is the
perturbation output vector signal. In general the following is valid:

(15)

The optimal FIR MIMO row-expanded polyphase matrix of
dimension can be expressed as

(16)

where the results from Equations (8), (9), and (15) have been
used. Since the matrix is assumed to be invertible,
Equation (16) can be rewritten as:

(17)

where the zero matrix on the right side has dimension .
Equation (17) is valid for all systems that use the optimal FIR MIMO
receiver filter.
Assume now that the system possesses the PR or ZF property,

then , which is the additive noise filtered through
the PR FIR MIMO receiver filter , in Equation (14). If the
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expression of is inserted in Equation (17), it is seen that PR is
optimal if, and only if, the following holds:

(18)

where the matrix has dimension , the cross-

correlation matrix has dimension

, and the zero matrix on the right hand side is
of dimension .
If the conditions found in Equation (18) are compared to the

Equation (3) for the case when , which gives the conditions
for the transform case, it is seen that they are equivalent when

is used in the FIR case. In this case, the
matrix has rank and, therefore, it can be dropped from the
equation when .
The conditions in Equation (18) can be generalized to non-causal

FIR filters where filter index goes from up to . By letting ,
these conditions can be rewritten by means of the -transform to the
equivalent from:

(19)

where the cross power spectral density matrix is
the -transform of . Since the normal rank of
the matrix is , this matrix can be dropped from this
equation in the case when . This means that in this case, the
conditions for the FIR case agree with the non-causal infinite order
case, see Equation (2).
If the MIMO transmitter filter is left invertible and no noise is

present, it follows from the conditions in Equation (18) that PR or
ZF property is optimal. In this case, PR or ZF filter systems achieve
zero MSE. Since MSE is always non-negative, this is optimal.
Given the conditions for PR being optimal when in

the non-causal infinite-order case, see Equation (2), and in the
transform case, see Equation (3), it is intuitively surprising that the
matrix is part of the conditions in the FIR PR case. It might
be more intuitive to guess that the condition in the FIR PR case
would be that the matrix should be the
zero matrix. However, the conditions in the FIR case are not that
strict because, in the following example, it will be shown that the
matrix is non-zero, but the conditions in
Equation (18) are satisfied.
Let , , and the matrix be given

by

(20)

With this choice the following non-zero block Toeplitz matrix will
satisfy the condition in Equation (18):

(21)

which is different from the zero matrix, because is an arbitrary
number for all .
An alternative method is now given for showing that when

and the cross-correlation matrix in Equation (18) is different
from the zero matrix. Since rank , the dimension of the
null-space of is equal to , which is greater than
zero when and . Therefore, the null-space of the

Fig. 2. FIR MIMO block system with near-end crosstalk and additive noise
in the input signal and at the channel.

matrix is non-empty and the matrix in
Equation (18) can be chosen different from the zero matrix.

V. EXAMPLES
A. Source Coding Systems

1) High Rate Quantization Model: With the high rate quan-
tization model [16], the additive quantization noise and the un-
quantized subband signals are assumed to be uncorrelated. In
this case, the cross-correlation matrix in Equation (18) is given
by , which is an invertible matrix
for finite rates. The condition in Equation (18) cannot be satisfied
because the only solution is , which is certainly not a PR
filter system. Therefore, with the high rate quantization model, it is
never optimal to use a PR filters for finite rates. However, as the rate
approach infinite, the quantization noise will approach zero, and the
cross-correlation matrix will approach zero
as well. For infinitely high rates, the condition of Equation (18) is
satisfied, and the PR filter system is optimal.
2) Centroid Representation in Scalar Quantizers: If centroid

is used in scalar quantizers designed for each of the vec-
tor components of , all the diagonal elements of the ma-

trix will be zero. PR filters are optimal
if and . If the signal dependent quantization
noise model developed in [17] is used, the condition in Equation (18)
is in general not satisfied for other cases than
and . The reason for this, is that for all other values for
, , , and , the off-diagonal elements of the cross-correlation

matrix are non-zero, and examples can
be constructed showing that in general the PR property will be
suboptimal. Several examples were given in [17].
3) Centroid Representation in Vector Quantizers: As was observed

in [9], if centroid is used as representation levels in vector quantizers
that is optimized for the subband vector , the relation in
Equation (3) holds [18], which is the same condition for when PR is
optimal using transforms. In the FIR case, where , the condition
in Equation (18) is not in general satisfied when using centroids as
representation levels in the vector quantizer.

B. Communication System
Consider the communication system shown in Figure 2, where all

the input vector time series in the system are assumed to be uncorre-
lated with each other. The polynomials of order and

of order are modeling the desired and undesired near-end
crosstalk communication channels, respectively. The transmitter FIR
MIMO filter is assumed to be given by the polynomial
having order .
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Calculation the cross-correlation ma-

trix that is part of Equation (18) results
in:

(22)

which is an invertible and positive definite matrix. If this matrix is
inserted and eliminated from Equation (18), it is seen that ,
which shows that the system shown in Figure 2 is not optimal in
the minimum MSE sense when the ZF property is enforced. The ZF
property is enforced for simplifications of this model in, for example,
the following references [6], [10], [11].

VI. CONCLUSIONS AND DISCUSSIONS
Conditions were derived for when the PR or ZF property is optimal

in the minimum MSE sense when using FIR MIMO filter systems.
Different source and communication systems were considered and
it was shown that the PR or ZF condition is seldom satisfied. This
means that if minimum MSE is the optimization criterion, it is almost
always suboptimal to constrain the system to have the PR or ZF
property. For low bit rates or poor quality channels, the transmitter
FIR MIMO filter will not be left invertible, so it is not surprising
that the PR or ZF property is a questionable property to impose to
the system.
Figure 3 shows the bit error rate (BER) versus channel signal to

noise ration (CSNR) performance of two transform systems using
without interblock interference proposed in [11]

which minimize the MSE. The original time series is uncorrelated and
produce only or with equal probability and the scalar channel
noise is complex white circulant Gaussian.
From the figure, it is seen that the system which possesses the PR

property outperforms the non-PR system for good channel conditions.
This shows that if another performance measure is used than the
system is designed for, in this example BER, the PR property can
be valuable. Whether PR is beneficial or does not depend on how
different the nature of the two performance measures are. In [19],
a system that jointly minimizes the symbol error rate with respect
to the transmitter and receiver FIR MIMO filters under the average
channel input power constraint is proposed.
In general, all conditions which are imposed to a system will reduce

the system performance if the performance criterion is the same as
the design criterion.
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