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Abstract—A theory is developed for jointly minimizing the symbol
error rate (SER) between the desired and decoded signals with respect
to the coefficients of the transmitter and receiver FIR multiple-input
multiple-output (MIMO) filters. The original source signal is assumed
to be a vector source with equally likely memoryless PAM vector
components. The channel model constitutes of a known FIR MIMO
transfer function and a Gaussian additive channel noise independent
of the original signal. The channel input signal is assumed to be power
constrained. When compared to the methods available in the literature,
the proposed method yields better results due to the joint optimization
of the transmitter-receiver pair.

I. INTRODUCTION
The problem of transmitting a vector time series with memoryless

equally likely PAM vector components over a vector channel is
investigated. It is assumed that the channel is discrete in time and
corrupted by additive signal-independent noise which is Gaussian
complex circularly symmetric with zero mean and with known
second-order statistics. Furthermore, it is assumed that the channel
input vector time series has a maximum allowable average power and
that the channel transfer function is known. Figure 1 indicates that
the dimensions of some of the vectors and matrices that are used
in this article. The dimension of the vectors in the original time
series and the dimension and of the input and
output time series of the channels may in general be different.
It is considered that the transmitter FIR MIMO and
the receiver FIR MIMO equalizer filter are FIR, i.e.,
they have the following model:

and (1)

where the nonnegative integers and are assumed to be known.
The matrices and , have dimensions and ,
respectively. At the output of the FIR MIMO receiver filter ,
the real part of the vector is kept. Then, the resulting vector is
fed to a hard limiter which outputs one of the allowed values of the
original source signal. In Figure 1, the combination of the real part
and hardlimiting operations is denoted DEC . It is remarked that
the used memoryless decisions are suboptimal and that better perfor-
mance can be obtained if more advanced decoding techniques, such
as decision feedback equalization, maximum likelihood sequence
estimation, or maximum a posteriori sequence estimation [1], are
employed.
The channel transfer function is given by an FIR polynomial matrix

of order , and is denoted by , and expressed as:

(2)

where the matrices and the order are assumed to be
known. The matrix can be used to model a single-input single-
output (SISO) channel with transfer function as in [2], when

DEC

Order Order Order

Fig. 1. The power-constrained FIR MIMO block system with given transfer
function and additive channel noise.

. In this case, is a pseudo-circulant matrix whose
elements can be found from the impulse response , see [2] for
details.
A generalization of the considered system was optimized with

respect to the minimum mean square error (MSE) in [3]. Analytical
expressions for optimal transform coders that minimizes the MSE
were derived in [4] for the identity channel transfer function. This
result was extended to include an FIR channel transfer function
for redundant filter banks in [2], under restrict assumptions on the
transform filter length and the order of the scalar channel transfer
function. In the performance results presented in [2], the bit error
rate (BER) versus channel quality is used as a performance measure
even though the optimization criterion used was the MSE. In the
present work, the SER, which is a very important criterion in
communication theory, is employed as optimization criterion. Various
works [5], [6], [7] have minimized the BER with respect to the
receiver parameters when it is modeled by a memoryless transform,
and only optimization of the receiver transform is considered.
There are several contributions in this paper. The receiver is treated

as an FIR MIMO filter of order , unlike earlier publications, where
only the case of has been considered when minimum BER is
the optimization criterion. However, for the minimum MSE criterion,
all values of have been considered in the literature. The additive
noise on the channel can be colored and is complex valued. The
channel transfer function is modeled as a known MIMO channel.
It is assumed that the filter coefficients are complex. For further
improvements in the system performance, the transmitter and receiver
FIR MIMO filters are jointly optimized to minimize the SER between
the desired output and the actual output vector time series of the
receiver, subject to a channel input power constraint. Therefore, a
complete optimization of the communication system is proposed.

II. PROBLEM FORMULATION
A. Operator Definitions

The row-expanded matrix of the matrix polynomial , see
Equation (1), is the matrix given by

(3)

The column-expanded matrix of the matrix polynomial is
the matrix given by
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(4)

The row-diagonal-expanded matrix of the matrix polyno-
mial , see Equation (1), is the
matrix given by:

...
. . . . . . . . .

... (5)

Let be a positive integer. The column-expansion of a vector time
series of dimension is defined as:

(6)

Let and be positive integers and let the operator denoted
by be the reshape operator.

produces a block Toeplitz
matrix from a matrix, where is a positive integer.
Let be a matrix, where the th block
denoted by , . Then, the operator
applied to the matrix is defined as:

...
...

. . .
... (7)

B. Input-Output Relationship
The total row-expanded transfer polynomial matrix from the orig-

inal vector time series to the output of the FIR MIMO
receiver is given by . This matrix has dimension

. The overall expression for the output of the FIR
MIMO receiver filter can be written as:

(8)

where the vector has dimension ,
the vector has dimension , and is given by
Equation (3). Each vector component of contains the
constellation symbols with equal probability.
The FIR MIMO receiver filter can be interpreted as consist-

ing of FIR receiver filters where the impulse response of FIR
receiver filter number , where , is given
by . The notation denotes row number of the
matrix . In this article, the numbering of the rows and columns
begins with .

C. Input Signal Models
It is assumed that the input vector time series to the system are

jointly wide sense stationary and uncorrelated with each other.
The channel is assumed to be corrupted by additive Gaussian

complex circularly symmetric noise which is independent of the
transmitted signal. The noise is assumed to have zero mean and
known second-order statistics. The Hermitian positive definite au-
tocorrelation matrix of dimension of the

vector is defined as:

(9)

where the operator denotes complex conjugated transposed. The
average variance of the components of the complex, Gaussian,
circularly symmetric, additive channel noise is denoted .
Let the th component of the vector be drawn from

a PAM constellation with symbols, such that is taken from

the set: . It is
assumed that the components of the vector is uncorrelated
with each other, white and each symbol of is assumed to
be equally likely such that has zero mean and variance

. For the assumed source,
.

When the component is taken from the set , there
exist different possibilities for . Let
these vectors be arbitrarily indexed by and denote the indexed
symbols as . The vec-
tor is defined to be equal to except
that component number of the vector is
equal to , where the integer is
called vector delay, and it should be chosen carefully depending
on the transfer function of the channel and the orders of
the transmitter and receiver filters. The desired output vector
is given by . The number of possible vectors

is denoted by and this number is given by:

(10)

D. Inner Products
The ordinary Euclidean inner product for complex vectors will be

useful in the transmitter optimization: Let be a
complex-valued column vector, and the Euclidean inner product be
denoted .
For the receiver optimization, the following inner product will be

used: Let be a complex-valued row vector, and let
the receiver inner product be defined as:

(11)
E. Power Constraint Formulation
The constraint on the power used by the channel input vector

per source symbol can be expressed as:

(12)

where it is assumed that the original signal is a memoryless PAM
source where the th component has values taken from a PAM
constellation with levels with equal probability, the operator
is the Krönecker product, denotes the energy per source symbol.
The vec operator stacks the columns of the matrix it is applied to into
a long column vector, placing the first column on the top, then the
second column, and so on [8]. The power constraint means that the
vector lies on a hyper-ellipsoid with radius with
the center at the origin.

F. SER Expression

Let the symbol denote the th vector of dimension
, being defined by:

(13)

Whenever the index is not required, the notation can be
simplified, that is, the symbols and
will be used to denote one of the vectors and

, respectively. The following relation holds:
.
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Fig. 2. BER versus for fi ve different systems: minimum MSE with
and : , minimum BER with and : ,

minimum MSE with : , and minimum BER with
: . The vector delay is chosen according to .

Let denote the -domain representation of the
convolution of the receiver and channel polynomial matrices. This
matrix has order and dimension . In the transmitter
optimization, the vector will be required,
being defined as:

(14)

where the notation means the sub-matrix of that con-
sists of the rows whose indices are in the set

.
It can be shown that the th branch in the th eye diagram when
was transmitted can be written as:

(15)

for all and where
the last equality can be shown by utilizing the structure of the
matrices , , the vector , and the formulae in [8]. If
the system has an open eye diagram in the absence of channel noise
at the output of the th receiver filter, the expressions in Equation (15)
must be positive for all .
It can be shown that the SER for the system can be expressed as:

(16)
where the expectation operator is performed over the original
signal vectors . From this expression, it is seen
that there is no loss in optimality by scaling the receiver filter
vectors according to:

(17)

G. Joint Optimization
Assume that the normalization of the receiver filters are used.

For the optimization of the th receiver filter, the following result
is needed in the steepest decent method:

(18)
And for the transmitter optimization, the following result is used in
the steepest decent method:

(19)

where is the Lagrange objective function
and is the positive Lagrange multiplier for the power constraint.
The optimization of the FIR MIMO filters is performed as follows:

first initial values of the transmitter FIR MIMO filter , vector
delay , , , , , , , , and are chosen according to
the application of interest. Second, an iterative search is performed
where the receiver FIR MIMO filter is found by using the
steepest decent method and the result from Equation (18) with the
current value of the transmitter filter, and then the transmitter filter
is found by using the steepest decent algorithm and the result in
Equation (19) with the current value of the receiver filter. This
iteration is performed until convergence occurs. The algorithm is
guaranteed to converge at least to a local minimum since at each
step the objective function is decreased and the objective function
is lower bounded by zero. Convergence can also be shown by the
Global Convergence Theorem [9]. If the filters do not give average
transmit energy , then should be adjusted and the procedure
should be done all over again.

III. RESULTS

In the two examples given here, the original signal is bits such that
, (bit error rate), and .

A. Channel A Used in [10]

Set , and let the channel transfer function be given by:

(20)

with and . was chosen optimally, leading
to when and when . This is the channel
called Channel A in [10].
Figure 2 shows the BER versus performance of the

proposed minimum BER and the minimum MSE systems when using
or and . The results reported in [10] are in

agreement with the results given in the figure. In [10], the transmitter
was not optimized, and this corresponds to the case where . It
can be seen from Figure 2, that the performance can be improved by
including the transmitter in the optimization, since the performance
when using is significantly better than when .
For example, for a gain in the value of
of approximately dB or dB can be achieved by allowing
the transmitter to have order as compared to the identity
transmitter of order , when minimum SER or minimum
MSE is the optimization criterion, respectively. The complexity of
the transmitter will increase in this way, whereas, the complexity of
the receiver is unchanged.

IV-7



−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1 (a)

(b)

Fig. 3. (a) shows the unit circle. (b) shows the polar plot of the BER
versus angle for normalized receiver filter . The
lines ended with circles show scaled versions of the vectors in
Equation (22). The unit-norm minimum MSE receiver is shown by the solid
line ( ), the unit-norm minimum BER receiver vector is shown by
the dotted line ( ), and one open eye unit-norm receiver is shown
by the dashed line ( ).

B. Optimal FIR MIMO Filter with Closed Eye
Assume that the channel transfer function is given by:

(21)
such that , and , furthermore, let
, , , , and . The
vectors for this example are given by

(22)

Since the receiver in this example has dimension and since
the receiver norm of the receiver can be chosen arbitrarily, the
receiver filter can be set equal to , where

is the angle that the receiver vector , lying on
the unit circle, makes with the first axis . Figure 3 shows the
unit circle, the BER as a function of the angle , the scaled vectors
in Equation (22), and three different unit-norm receiver filters.
In Figure 4, an artificial noiseless eye diagram, employing a

triangular pulse shape function, is presented for this example for the
minimum MSE, the minimum BER, and an arbitrary chosen open
eye, with . All three receiver filters are normalized
according to Equation (17). This eye diagram was constructed by
drawing all the possible values of the eye opening, given in
Equation (15). For it is seen that
that the eye opening is positive for all three receiver filters, but for

, the eye diagram is open only for the open eye receiver
and not for the other three receiver solutions. In this example, the
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Fig. 4. Noiseless eye diagrams for minimum MSE, minimum BER, and
an open eye example when all the receiver filters are normalized according
to Equation (17). The solid lines correspond to and the dotted lines
corresponds to sent.

optimal minimum BER receiver is given by resulting
in a . For the minimum MSE solution,
leading to . If , the eye diagram is open
but . This shows that when there is high variance
noise present on the channel, it is not in general true that the eye is
open, as was assumed in [5].

IV. CONCLUSIONS
A theory was derived which enables the minimization of the SER

by jointly optimizing the transmitter and receiver FIR MIMO filters
for communication of a vector time series with uncorrelated PAM
vector components over a power-constrained FIR MIMO channel.
Based on the theory, an iterative solution was developed which is
able to converge to a locally minimum SER solution. An example
showed that the eye can be closed for the minimum SER solution
when the channel noise is large.
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