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Abstract— An FIR multiple-input multiple-output (MIMO)
filter communication system is optimized by minimizing the block
decision point mean square error (MSE) between the desired
vector and the input vector to the decision unit. Decision feedback
is included in the receiver such that the receiver contains both
feedforward and feedback linear FIR MIMO filters. The FIR
MIMO transfer functions that model the communication link
between the transmitter and receiver and the undesired near-
end crosstalk channel are assumed known both at the transmitter
and receiver. The channel input vector time series has constrained
average power. Under the assumption that the output of the hard-
limiter in the receiver is equal to the desired signal, an iterative
numerical solution is proposed that minimizes the block decision
point MSE with respect to the coefficients in the transmitter and
receiver filters. When compared to a method available in the
literature, the proposed method yields better results since it is
applicable to a more general scenario that may include near-end
crosstalk and the transmitter filter is optimized. In the proposed
method, all feedforward and feedback filter structures are treated
in a unified way.

I. INTRODUCTION

The problem of transmitting the original discrete-time vec-
tor time series x(n) over a vector channel is investigated. It is
assumed that the channel is discrete in time and corrupted
by additive signal-independent noise v(n). Furthermore, it
is assumed that the channel input vectors have constrained
average power, and that the transfer functions that model
the channel C(z) and the undesired near-end crosstalk chan-
nel G(z) are known both at the transmitter and receiver.
Decision feedback is included in the receiver and, therefore,
the receiver contains a feedforwardR(z) and a feedback S(z)
FIR MIMO filter. The transmitter and receiver FIR MIMO
filters are jointly optimized in order to minimize the block
decision point MSE between the desired output d(n) and the
input x̂(n) to the hard-limiter of the receiver, subject to the
channel power constraint of the channel input time series y(n).
An iterative numerical solution is proposed based on formulas
for finding the optimal transmitter FIR MIMO filter E(z) for
given receiver FIR MIMO filters R(z) and S(z), and vice
versa.
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Fig. 1. The power-constrained FIR MIMO block system with near-end
crosstalk and decision feedback.

The transmitter and receiver are assumed to exactly know
the channel transfer function. Such assumptions are often valid
in wireless time division duplex (TDD) systems where the
same frequency band is used for both the uplink and downlink
communication and the channel may be reciprocal and slowly
varying. The transmitter can acquire the required channel state
information by feedback from the receiver or by estimating the
channel and relying on the reciprocity. The assumptions can
also often be valid in wire-line communications channels. The
transmitter is assumed to know the linear processing performed
by the receiver and visa versa. Only linear FIR MIMO filters
are considered.

The system considered is shown in Figure 1. All the input
signals to the system are assumed to have zero mean and to
be uncorrelated with each other, but all signals have known
second-order statistics that may be colored. It is assumed
that all the vector time series are jointly wide-sense station-
ary (WSS). The dimension N of the vectors in the original
time series x(n) and the dimensions Mt and Mr of the
input y(n) and output ŷ(n) time series of the channels may
in general be different.

Near-end crosstalk is modeled by a known Mr×Mt transfer
matrix G(z). Figure 1 indicates that the dimensions of the
times series that are used. It is assumed that the Mt × N
transmitter MIMO filterE(z), the N×Mr feedforward MIMO
receiver filter R(z), and the N ×N feedback receiver MIMO

Tad
   264



filter S(z) are FIR, i.e., they have the following model:

E(z)=

m∑

k=0

e(k)z−k,R(z)=

l∑

k=0

r(k)z−k,S(z)=

ν∑

k=0

s(k)z−k,

(1)
where the non-negative numbers m, l and ν are assumed to
be known and finite. This means that the matrices e(k), r(k),
and s(k) have dimensions Mt × N , N ×Mr, and N × N ,
respectively. The matrix s(0) must always contain zeros in
the main diagonal in order for this system to be realizable.
In [1], three scenarios are given for possibilities of choosing
the matrix s(0).

• Scenario 1: s(0) = 0N .
• Scenario 2: s(0) is lower triangular with zeros on the

main diagonal.
• Scenario 3: s(0) has zeros on the main diagonal.

s(k) for 1 ≤ k ≤ ν can be freely optimized. Here, a general
approach is taken that includes all these scenarios. Scenario 3
can be approximately implemented by means of multistage
detection, see Chapter 7 of [2].

The function DEC(·) shown in Figure 1, performs mem-
oryless quantization in each component of the vector x̂(n)
such that the components of the vector x̌(n) belong to the
original digital signal set. Since block decision point MSE is
the optimization criterion, the derivation is valid for any WSS
vector time series with vector components taken from a signal
constellation with zero mean.

In [3], a continuous time version of the system were
optimized where all the filters could have infinite impulse
response (IIR) duration. The transmitter and feedforward filters
were assumed to be non-causal and IIR while the feedback
filter where discrete-time, causal, and IIR. The FIR discrete-
time version of this system is treated in this article.

Contributions of this paper: Unified framework for opti-
mization of the FIR MIMO decision feedback filter in the
receiver. This is an improvement to [1] where several cases
of the feedback filter were treated separately. The transmitter
is included in the optimization and near-end crosstalk is taken
into consideration, and the case of discrete-time and FIR
MIMO filters are treated here, so a problem with a different
nature than the one studied in [3] is treated.

The rest of this paper is organized as follows: Section II
gives an introduction of the five expansion operators which
are needed in the presentation of the results in this article.
In Section III, the problem is formulated mathematically and
in Section IV, the proposed solution is given. The numerical
iterative optimization algorithm is summarized in Section V.
Section VI contains results using the proposed filters, and
comparisons are made with results found in the literature.
Finally, in Section VII, some conclusions are drawn.

II. EXPANSION OPERATORS

Four expansion operators for FIR polynomial matrices, and
one expansion operator of vector time series will be needed.
Let A(z) =

∑k
i=0 a(i)z−k be an FIR polynomial of order k

and dimension M0×M1. The row-expanded matrix A of the

matrix polynomial A(z) is an M0 × (k + 1)M1 matrix given
by

A = [a(0) a(1) · · · a(k)]. (2)

The column-expanded matrix A of the matrix polyno-
mial A(z) is a (k + 1)M0 ×M1 matrix given by

A =
[
aT (k) aT (k − 1) · · · aT (1) aT (0)

]T
, (3)

where T means matrix transposition. The row-diagonal-
expanded matrix A(q) of the matrix polynomial A(z) is a
(q + 1)M0 × (k + q + 1)M1 matrix given by:

A(q) =



a(0) · · · a(k) · · · 0

...
. . .

. . .
. . .

...
0 · · · a(0) · · · a(k)


 . (4)

The column-diagonal-expanded matrix A(q) of the matrix
polynomial A(z) is a (k + q + 1)M0 × (q + 1)M1 matrix
given by

A(q) =




a(k) · · · 0
...

. . .
...

a(0)
. . . a(k)

...
. . .

...
0 · · · a(0)



. (5)

Let k be a non-negative integer. The column-expansion of a
vector time series x(n) of dimension (k+ 1)N × 1 is defined
as:

x(n)
(k)

=
[
xT (n) xT (n− 1) · · · xT (n− k)

]T
. (6)

III. PROBLEM FORMULATION

It is assumed that the receiver output is correct such that:

x̌(n) = d(n) = x(n− δv), (7)

where d(n) is the desired N × 1 vector time series used
in the calculation of the block decision point MSE of the
system and δv is called the vector delay through the system.
The assumption in Equation (7) is not valid for bad channel
conditions and it is introduced for simplifying the optimization
of the system.

Let S be an N × (ν + 1)N matrix containing ones at
the positions where the decision feedback filter S contains
free parameters and zeros where S contains zeros. In the
same way, let R be an N × (l + 1)Mr matrix containing
ones at the positions where the feedforward receiver filter R
contains free parameters and zeros where R contains zeros.
Analogous to the above definition, let E be an Mt×(m+1)N
row-expanded matrix corresponding to the matrix E .

The matrix S must be chosen in the three scenarios
mentioned earlier as follows:

• Scenario 1: S = [0N×N 1N×νN ].
• Scenario 2: S contains ones everywhere except in the

first N × N sub-matrix where it contains zeros in and
above the main diagonal.

• Scenario 3: S has zeros in the main diagonal and ones
elsewhere.
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0N×N and 1N×νN are matrices of dimensions, N × N and
N × νN that contains zeros or ones in all the positions,
respectively.

Let T (k) : CN×(m+k+1)N → C(k+1)N×(m+1)N be a
operator producing a (k + 1)N × (m + 1)N block Toeplitz
matrix from an N × (m + k + 1)N matrix. Let W be
an N × (m+ k+ 1)N matrix, where the ith N ×N block is
given by w(i), i ∈ {0, 1, . . . ,m+k}. Then, the operator T (k)

acting on the matrix W yields:

T (k) {W } =




w(k) w(k + 1) · · · w(m+ k)
...

...
. . .

...
w(1) w(2) · · · w(m+ 1)
w(0) w(1) · · · w(m)


 ,

(8)

where k is a positive integer.

A. Channel Model

Let the channel C(z) and crosstalk G(z) transfer functions
be modeled as FIR polynomial matrices of order q and p,
respectively. These matrices have dimension Mr ×Mt, and
they can be expressed as:

C(z) =

q∑

k=0

c(k)z−k, and G(z) =

p∑

k=0

g(k)z−k, (9)

where the Mr ×Mt matrices c(k) and g(k) are assumed to
be known. If the matrix C(z) is used to model a single-input
single-output (SISO) channel with transfer function C(z) as
in [4], the matrix C(z) is pseudo-circulant, and its elements
can be found from the impulse response of C(z). In this case,
Mt = Mr.

B. Input-Output Relationship

The row-expanded transfer polynomial matrix from the
input of the transmitter filter to the output of the feedforward
receiver filter is given by R C(l)E(q+l) where the notation
introduced in Section II, is used. This matrix has dimen-
sion N × (m + q + l + 1)N . The input to the decision unit
can be written as:

x̂(n) =R C(l)E(q+l)x(n)(m+q+l) +R v(n)(l)

+R G(l)E(p+l)x̃(n)(m+p+l) − S d(n)(ν), (10)

where the vectors x(n)
(m+q+l), x̃(n)

(m+p+l), and v(n)
(l)

have dimensions (m+ q+ l+ 1)N ×1, (m+p+ l+ 1)N ×1,
and (l + 1)Mr × 1, respectively.

C. Correlation Matrices
In this subsection, correlation matrices that will be useful

are introduced.
The autocorrelation matrix of dimension (k+1)N×(k+1)N

of the (k + 1)N × 1 vector x(n)(k) is defined as:

Φ(k,N)
x = E

[
x(n)(k)

(
x(n)(k)

)H]
, (11)

where the operator H means complex conjugation transposed.
For other column-expanded vectors the autocorrelation ma-
trices are defined in a similar way. Since the assumption in
Equation (7) is made the following holds: Φ(k,N)

d = Φ(k,N)
x .

The matrix Φ(l,Mr)
ŷ will be needed, where ŷ(n) is the input

vector to the feedforward filter R(z), see Figure 1. It can be
shown that:

Φ
(l,Mr)
ŷ = C(l)E(q+l)Φ(m+q+l,N)

x

(
E(q+l)

)H (
C(l)

)H

+Φ(l,Mr)
v +G(l)E(p+l)Φ

(m+p+l,N)
x̃

(
E(p+l)

)H (
C(l)

)H
.

(12)
Let the (m+ 1)N × (m+ 1)N matrix Ψ (m,N)

x (i) be defined
as follows

Ψ (m,N)
x (i) = E

[(
x(n)

(m)
)∗ (

x(n+ i)
(m)
)T ]

, (13)

where i ∈ {−q− l,−q− l+ 1, . . . , q+ l}, and the operator ∗

means complex conjugation.
The covariance matrices φ(k,N)

x,d , φ(k,N)
d,d , and φ(k,Mr ,N)

ŷ,d of
dimensions (k+1)N×N , (k+1)N×N , and (k+1)Mr×N ,
respectively, are defined as:

φ
(k,N)
x,d = E

[
x(n)

(k)
dH(n)

]
, (14)

φ
(k,N)
d,d = E

[
d(n)(k)dH(n)

]
, (15)

φ
(k,Mr ,N)
ŷ,d = E

[
ŷ(n)

(k)
dH(n)

]
= C(l)E(q+l)φ

(m+q+l,N)
x,d ,

(16)
where the vectors x(n)

(k), d(n)
(k), and ŷ(n)

(k) have dimen-
sion (k+1)N×1, (k+1)N×1, and (k+1)Mr×1, respectively.

Let k0 and k1 be non-negative integers, then the following
two cross-correlation matrices will be useful:

Φ
(k0,k1,N)
d,x = E

[
d(n)

(k0)
(
x(n)

(k1)
)H]

, (17)

Φ
(ν,l,N,Mr)
d,ŷ = E

[
d(n)(ν)

(
ŷ(n)(l)

)H]

= Φ
(ν,m+q+l,N)
d,x

(
E(q+l)

)H (
C(l)

)H
, (18)

which have dimensions (k0 +1)N×(k1+1)N and (ν+1)N×
(l + 1)Mr, respectively.

MSEN,Mt,Mr = Tr

{
Φ

(0,N)
d +R Φ

(l,Mr)
v RH −R C

(l)
E

(q+l)
φ

(m+q+l,N)
x,d −

(
φ

(m+q+l,N)
x,d

)H (
E

(q+l)
)H (

C
(l)
)H
RH

+S Φ
(ν,N)
d SH +R C

(l)
E

(q+l)
Φ

(m+q+l,N)
x

(
E

(q+l)
)H (

C
(l)
)H
RH +R G

(l)
E

(p+l)
Φ

(m+p+l,N)
x̃

(
E

(p+l)
)H (

G
(l)
)H
RH

−R C
(l)
E

(q+l)
(
Φ

(ν,m+q+l,N)
d,x

)H
SH − S Φ

(ν,m+q+l,N)
d,x

(
E

(q+l)
)H (

C
(l)
)H
RH + S φ

(ν,N)
d,d +

(
φ

(ν,N)
d,d

)H
SH

}
(19)

= Tr

{
R Φ

(l,Mr)
v RH +R G

(l)
E

(p+l)
Φ

(m+p+l,N)
x̃

(
E

(p+l)
)H (

G
(l)
)H
RH+

(
W −

[
0N×δvN S 0N×(m+q+l−ν−δv)N

]
−W (ZF )

)
Φ

(m+q+l,N)
x

(
W −

[
0N×δvN S 0N×(m+q+l−ν−δv)N

]
−W (ZF )

)H}
. (20)
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D. Problem Statement
Let the zero forcing (ZF) transfer function is given

by: W (ZF) =
[
0N×δvN IN 0N×(m+q+l−δv−ν)N

]
, and let

the transfer function from the input of the transmitter fil-
ter to the output of the feedforward filter be given by:
W (z) = R(z)C(z)E(z). By using the assumptions in-
troduced, it can be shown that the block decision point
MSE, given by the following expression: MSEN,Mt,Mr

= E
[
‖x̂(n)− d(n)‖2

]
, can be expressed as in Equation (19),

given on the bottom of the previous page. In Equation (20), it
is assumed that m+ q+ l ≥ ν + δv. The decision point MSE
is rewritten such that the different parts of MSEN,Mt,Mr can
be identified in Equation (20). The first term in Equation (20)
represents the power of undesired additive channel noise that
is filter through the feedforward filter, the second term is the
unwanted near-end crosstalk term, and the third term is the
MSE of the original signal. The constraint on the power P
used by the channel input vector y(n) per source symbol can
be expressed as:

E
[
‖y(n)‖2

]
= Tr

{
E Φ(m,N)

x EH
}

= P. (21)

The problem treated in this article, can be formulated as
follows:

Problem 1:

min
{E(z),R(z),S(z)}

MSEN,Mt,Mr subject to E
[
‖y(n)‖2

]
= P.

(22)
IV. SOLUTION

A. Lagrange Multiplier Formulation
The constrained optimization problem stated in Problem 1

can be converted into an unconstrained optimization problem
by using a positive Lagrange multiplier µ. The unconstrained
objective function ζN,Mt,Mr is given by

ζN,Mt,Mr = MSEN,Mt,Mr + µTr
{
E Φ(m,N)

x EH
}
. (23)

B. Transmitter Optimization
From the results in [5], it can shown that the equation for

the optimal FIR MIMO transmitter can be written as:
A vec(E ) = b, (24)

where the vec operator stacks the columns of the argument
matrix into a long column vector, putting the first column on
the top, then the second column, and so on [6], the matrixA is
an (m+1)MtN×(m+1)MtN matrix given by Equation (25),
at the bottom of this page, and vector b is of dimension (m+
1)MtN × 1 given by

b = vec

(
CH

(
R(q)

)H
·

T (q+l)

{(
φ

(m+q+l,N)
x,d

)H
+ S Φ

(ν,m+q+l,N)
d,x

})
. (26)

In Equation (25), the operator ⊗ is the Krönecker product and
the matrix IMt is the identity matrix of dimension Mt ×Mt.

C. Receiver Optimization
In order to find an explicit expression for the receiver

filters R(z) and S(z) simultaneously, the block decision point
MSE can be rewritten in terms of the variable V , that has
dimension N × (ν + 1)N + (l+ 1)Mr, and V is defined as:

V = [S R ] . (27)

The input to the decision unit can be expressed as a function
of the matrix V as follows:

x̂(n) = V

[
−d(n)

(ν)

ŷ(n)
(l)

]
, (28)

Let the (ν+1)N+(l+1)Mr×(ν+1)N+(l+1)Mr matrix Φ
be defined as:

Φ =


 Φ

(ν,N)
d −Φ(ν,l,N,Mr)

d,ŷ

−
(
Φ

(ν,l,N,Mr)
d,ŷ

)H
Φ

(l,Mr)
ŷ


 , (29)

and the N × (ν + 1)N + (l + 1)Mr matrix φ as:

φ =

[
−
(
φ

(ν,N)
d,d

)H (
φ

(l,Mr ,N)
ŷ,d

)H]
. (30)

It can be shown that the block decision point MSE can be
written as:
MSEN,Mt,Mr = Tr

{
V ΦV H − V φH − φV H +Φ

(0,N)
d

}
.

(31)
By calculating the conjugate derivative [7] of the expression
in Equation (31) with respect to V ∗ and setting the result to
the zero matrix, the following equation is obtained: V Φ = φ.
If the vec operator is used in this equation it can be rewritten
as: (

ΦT ⊗ IN
)

vec (V ) = vec (φ) . (32)

Let V be an N × (ν + 1)N + (l+ 1)Mr matrix that contains
ones at the places where the matrix V contains free parameters
and zeros at the places where the matrix V contains fixed
parameters. It is clear that V = [S R ].

The overall order of the transfer function from the input
of the transmitter filter to the output of the feedforward filter
is m + q + l. Due to the assumption in Equation (7), the
order from the input signal to the output of the feedback filter
is ν + δv. The following proposition shows that the purpose
of the feedback filter is to remove the influence of previous
decoded signals from the input of the decision unit.

Proposition 1: Assume that E
[
x(n+ k)xH(n)

]
= 0N×N

for k 6= 0, Equation (7) is valid, and m+q+ l ≥ ν+δv. Then
the optimal feedback filter satisfy:

S = S � [w(δv) w(δv + 1) . . . w(δv + ν)], (33)

where � is the Hadamard product [6].

A =

q∑

i0=0

l∑

i1=0

l∑

i2=0

q∑

i3=0

Ψ
(m,N)
x (i0 + i1 − i2 − i3)⊗

(
cH(i0)rH(i1)r(i2)c(i3)

)
+Ψ

(m,N)
x (0) ⊗ µIMt

+

p∑

i0=0

l∑

i1=0

l∑

i2=0

p∑

i3=0

Ψ
(m,N)
x̃ (i0 + i1 − i2 − i3)⊗

(
gH(i0)rH(i1)r(i2)g(i3)

)
. (25)
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Proof: The necessary conditions for optimality of the
feedback filter can be found by: ∂

∂S∗ ζN,Mt,Mr = 0N×(ν+1)N ,
where the conjugate derivative is used. From the definitions

of the correlation matrices it follows that:
(
φ

(ν,N)
d,d

)H
=

[IN 0N×νN ]Φ
(ν,N)
d . If this connection between the corre-

lation matrices is used in the equation for the necessary
condition for the feedback filter, this equation can be rewritten
as:

S + [IN 0N×νN ] =

R C(l)E(q+l)
(
Φ

(ν,m+q+l,N)
d,x

)H [
Φ

(ν,N)
d

]−1

. (34)

From the assumptions made in the proposition, it follows
that the product of the last two matrices in the equation

above can be expressed as
(
Φ

(ν,m+q+l,N)
d,x

)H [
Φ

(ν,N)
d

]−1

=
[
0(ν+1)N×δvN I(ν+1)N 0(ν+1)N×(m+q+l−δv−ν)N

]T
. If this

result in addition to S � S = S and [IN 0N×νN ] �
S = 0N×(ν+1)N are used when Hadamard-multiplying
Equation (34) with S , then the proposition follows.
Proposition 1 states that the feedback filter should remove
every information about the original signal that is available
at the output of the decision unit.

D. Connection between the Forward and Feedback Filters
The orthogonality principle can be stated as follows:

E

[
(x̂(n)− d(n))

(
ŷ(n)

(l)
)H]

= 0N×(l+1)Mr
. (35)

Since x̂(n) = R ŷ(n)
(l) − S d(n)

(ν), it follows that:

R Φ
(l,Mr)
ŷ = S Φ

(ν,l,N,Mr)
d,ŷ +

(
φ

(l,Mr ,N)
ŷ,d

)H
. (36)

From the definitions of the correlation matrices(
φ

(l,Mr,N)
ŷ,d

)H
= [IN 0N×νN ]Φ

(ν,l,N,Mr)
d,ŷ , and it follows

that:

R = {[IN 0N×νN ] + S }Φ(ν,l,N,Mr)
d,ŷ

[
Φ

(l,Mr)
ŷ

]−1

. (37)

V. NUMERICAL OPTIMIZATION ALGORITHM

For a given transmitter filter, Equation (32) gives an explicit
expression for both the feedforward and the feedback FIR
MIMO receiver filters, and for given receiver filters, Equa-
tion (24) explicitly returns the optimal transmitter filter. No
expression was found for the jointly optimal transmitter and re-
ceiver filters, and therefore, an iterative numerical optimization
algorithm is proposed for finding the jointly optimal filters.
Based on the equations derived in Section IV it is possible
to formulate the iterative numerical optimization algorithm in
Table I. As termination criterion for the iteration, the norm
of the difference between the values of the transmitter FIR
MIMO filter in two consecutive iterations is used, but other
convergence criteria could be used instead.

The algorithm is guaranteed to converge at least to a local
minimum since at each step of the objective function is
decreased and the objective function is lower bounded by zero.
Convergence can also be shown by the Global Convergence
Theorem [8].

TABLE I

PSEUDO-CODE OF THE NUMERICAL OPTIMIZATION ALGORITHM.

Step 1: Initialization
Estimate the correlation of all the correlation matrices
that are needed in the equations
Specify the target value of the transmitter power P
Choose values for µ, N , Mt, Mr , m, l, p, q, the
desired signal d(n), and the matrices G(z) and C(z)
Initialize the transmitter FIR MIMO filter

Step 2: Filter Optimization Procedure
Step i: Receiver Filter Optimization

For the current value of the transmitter FIR MIMO
filter, optimize the feedforward and feedback
receiver filters by solving Equation (32)

Step ii: Transmitter Filter Optimization
For the current value of the receiver FIR MIMO
feedforward and feedback filters, optimize the
transmitter filter by solving Equation (24)

Step iii: Convergence Check
if the norm of the difference between the current
and previous transmitter filter is bigger than a
certain chosen threshold

Go to Step i
end

Step 3: Power Check
Calculate the power used with the current optimized
FIR MIMO filters in Equation (21)
if the power is the target power P

The current values of the transmitter and receiver
filters contain the optimized values
Stop

else
Adjust µ, and go to Step 2

end

If the delay δv through the system can be chosen, then
the whole system can be further optimized for the different
allowable values of the delay.

The initial value for the filter coefficients should be chosen
appropriately. One possibility is to use filter coefficients from
the filters of order the same order as here but without a
decision feedback filter [9]. When the transmitter and receiver
FIR MIMO filters have been found for a certain channel
condition, these values can be used as initial values for
other channel conditions which are close to the one already
optimized.

It is not always necessary to choose the value of the power P
in Equation (21). For example, if it is interesting to find
the performance of the proposed system for a wide range of
channel qualities, it is possible to choose µ in a large range
of possible values such that the optimization will return the
system performance for also a wide range of values of P . This
procedure was used for evaluating the system performance in
Section VI.

By using Lagrange multipliers [8], [10], it can be shown
that the equations for finding jointly optimized FIR MIMO
transmitter and receiver filters, with the possibility that some
of the coefficients have fixed values equal to zero, can be
found by selecting the equations from Equations (24) and (32),
respectively, corresponding to the positions where vec(E )
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Fig. 2. Decision point SNR per source symbol versus Es/N0 performance
comparison among the proposed method with the three different scenarios
in addition to the case without decision feedback equalizer [9] when the
following parameters are used: m = q = 1, l = N = Mt = Mr = 2.
The vector delay and the order of the feedback filter are chosen according to:
δv =

⌊
m+q+l+1

2

⌋
and ν = m+q+l−δv, respectively. Scenario 1 is shown

with ×, Scenario 2 with ◦, Scenario 3 with �, and no decision feedback with
+. The four dotted lines points in the lower part of the figure are in agree
with the results reported in [1] when using m = 0 and E(z) = I2 for the
three same scenarios and without decision feedback.

and vec(V) are different from zero. In addition, in the posi-
tions where vec(E ) and vec(V) are equal to zero, the former
equations in these positions are replaced by equations stating
that the corresponding filter coefficients are equal to zero. In
this method, the fixed filter coefficients could be set to an
arbitrary constant value, not only zero, and can be applied to
any coefficient in the unknown FIR MIMO filters.

VI. RESULTS AND COMPARISONS

The crosstalk channel is chosen to G(z) = 02 and the
communication channel with q = 1 is:

C =

[
0.7809 0.7809 0.6247 −0.6247
0.8944 0.9578 −0.4472 0.2873

]
. (38)

The noise covariance matrix is given by Φ(l,Mr)
v =

0.1I(l+1)Mr
, and Φ(k,N)

x = Ik+1 ⊗ diag (10, 1), where the
operator diag(·) returns a diagonal matrix. This example is
the same as given in Example A in [1]. Let the operator
md(·) be the arithmetic mean value of the diagonal element
of the matrix that it is applied to, and let the decision point
signal to noise ratio (SNR) per source symbol be defined as
md
(
Φ(0,N)
x

)
N/MSEN,Mt,Mr , and Es/N0 which is the aver-

age signal energy per source symbol over the average channel
variance noise and it is given by P/

(
N md

(
Φ(l,Mr)
v

))
).

Figure 2 shows the decision point SNR per source symbol
versus Es/N0 performance of alternative systems. From the
figure, it is seen that the proposed system outperforms the
system proposed in [1]. The results are in agreement with the
results found in [1]. Since also the transmitter filter is also

optimized in the proposed method, better results are achieved
than in [1], where the identity transmitter filter E(z) = IN is
assumed. Surprisingly, Scenarios 1, 2, and also the case with
no decision feedback filter have almost the same performance
when the transmitter filter is included in the optimization.
If the coefficients that the optimization returns for the total

transfer matrix W (z) =

m+q+l∑

k=0

w(k)z−k is studied for the

value of Es/N0 used in Figure 2 and when the transmitter
is optimized, it is seen that for Scenarios 1, 2, and also the
case with no decision feedback filter, the off-diagonal terms
of w(δv) and also the elements of w(k) for k ≥ δv are close
to zero, and this is the reason why the performance of these
three cases is similar. For Scenario 3, the off-diagonal terms
of w(δv) is not close to zero, and, therefore, the performance
of this case is better than the other three cases since significant
off-diagonal terms in the matrix w(δv) lead to a higher degree
flexibility in the optimization of the overall system.

VII. CONCLUSIONS

Equations for finding jointly minimized block decision
point MSE transmitter and receiver FIR MIMO filters for a
power-constrained channel were derived. Decision feedback
was included in the receiver and near-end crosstalk was also
presence. An iterative algorithm was proposed that is able to
converge to a locally optimal solution.

The proposed jointly optimized transmitter-receiver filter
pair, which is iteratively optimized, was confronted with an
alternative method found in the literature in a simulation for
different decision feedback scenarios. The proposed method
led to better performance, setting new benchmark values
towards the optimal performance.
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