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Abstract 
An analysis of two LMS-Newton adaptive filtering al- 
gorithms with variable convergence factor is presented. 
The relations of these algorithms with the conventional 
recursive least-squares algorithm is first addressed. 
Their performance in stationary and nonstationary en- 
vironments is then studied and closed-form formulas 
for the excess of mean-square error (MSE) are derived. 
The paper concludes with experimental results that 
demonstrate the validity of the analysis presented. 

1 Introduction 
'The appropriate choice of the convergence factor in the 
least-mean-square (LMS) and LMS-Newton (LMSN) 
algorithms and the forgetting factor in the recursive 
least-squares (RLS) algorithm are key to assuring good 
performance for the adaptive filter. These choices are 
environment dependent and optimal k e d  values for 
these factors are difficult to determine especially in 
nonstationary environments. In order to address this 
problem, several algorithms have been proposed in the 
past, in which a variable convergence factor is uti- 
lized [1][2]. The algorithm in [2] has some attractive 
properties, such as zero a posderzori error and fast con- 
vergence even when the statistics of the input signal are 
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unknown. This algorithm has been successfully applied 
to adaptive subband filtering, where an improvement 
in convergence speed over the fixed step-size LMSN al- 
gorithm has been observed. 

This paper provides a detailed performance analysis 
of the LMSN algorithm proposed in [2]. In section 2 
the LMSN algorithm is reviewed and its relation with 
the RLS algorithm is clarified. Section 3 describes the 
use of a variable convergence factor in the LMSN algo- 
rithm and proposes a simplified algorithm. The algo- 
rithm in [2] as well as the simplified version proposed 
here are analyzed in stationary and nonst,ationary en- 
vironments in section 4 and closed-form formulas for 
the mean-square error (MSE) are obtained. Section 5 
presents experimental results that verify the accuracy 
of the analysis presented. 

2 The LMS-Newton Algorithm 
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For the LMSN algorithm, the coefficient vector is re- 
cursively updated as 

w(n) = w(n - 1) + zpR-'(n)u(n)e*(n) (1) 

where p is the convergence factor, e * ( n )  is the complex 
conjugate of the a priori output error, and R(n )  is an 
estimate of the autocorrelation matrix of the input- 
signal vector u(n), namely, R = E[u(n)uH(n)]. R 
will be referred to as the input autocorrelation matrix 
hereafter. Matrix R(n) is in general updated according 

A 



to the following expression: 

R-l(n) = ~ R-l (n  - 1) 
1 - l {  a(.) 

- R-'(n - 1)u(n)uH(n)R-l(n - 1) 
q + uH(n)R-l(n - l)u(n) 

where CY(.) is a sequence of positive scalars known as 
the gain sequence. If a(i) = a ( j )  = CY such that 

a = 2 p = l - X  (3) 

(1) and (2) represent the solution of the deterministic 
counterpart of the normal equation given by 

R(n)w(n) = p(n) (4) 

where R ( n )  and p(n) are, respectively, time aver- 
age approximations of the input autocorrelation ma- 
trix and the crosscorrelation vector between the input- 
signal vector and the desired signal d(n)  defined by 

Using (3) and (4), it can be shown that the LMSN 
algorithm minimizes a weighted sum of a posterioriout- 
put errors, E(n), defined by 

p 4 E[u(n)d*(n)]. 

n 

E(n) 4 An-' Jd(i) - wH(n)u(i)12 (5) 
i = l  

and, therefore, for this particular case (1) and (2) de- 
scribe an RLS type algorithm. 

3 Variable Convergence Factor 
LMSN Algorithms 

3.1 Algorithm I 
The use of a variable convergence factor in the LMSN 
algorithm of [2] will now be examined. The updating 
formula in (1) can be modified to incorporate a time 
variant p given by 

4 7 1 )  = ba(4 (6) 

where a(.) is the gain factor used to  update R-l(n).  
A good choice of the convergence factor used to update 
the coefficient vector, w(n), must take into account all 
the information available. Based on this idea, a natu- 
ral choice is to  minimize the a posteriori instantaneous 
output error squared defined as 

After some manipulation, the solution for this mini- 
mization problem is obtained as 

1 
1 + (2b - l ) ~ ( n )  

a(.) = 

where 

.(n) 4l uH(n)RL-l(n - l)u(n) (9) 

Since matrix Ri-'(n - 1) is positive definite, at least in 
the case where infinite-precision arithmetic were to be 
used, and ~ ( n )  is a quadratic function of the input- 
signal vector, the variable convergence factor given 
by (8) is positive and less than 1 provided that pa- 
rameter b is chosen to be greater than 0.5. 

Notice that if b # 0.5 in ( 6 ) ,  the algorithm does 
not minimize (5) and, therefore, does not solve the de- 
terministic counterpart of the normal equation as de- 
scribed in (4). An explanation of this fact is given in 
the next section. 

3.2 Memory Interpretations 

When the gain factor used in the evaluation of ma- 
trix R(n) is constant in all iterations, the estimate of 
the input autocorrelation matrix is an exponentially- 
weighted time average of the outer product u(i)ux(i). 
However, for a variable convergence factor a(n), ma- 
trix R ( n )  represents a different weighted average given 
by 

where X(n) = 1. In this case, the relation between the 
gain factor and the weights of the past samples, X ( j ) ,  
is of the form 

1 

From (8)-(11) it can be shown that 

(2b - 1 ) ~ ( i )  
X(i - 1) = i = 2, ..., n (12) 

1 + (2b - 1 ) ~ ( i  - 1) ' 

Notice that X(i - 1) is always positive and can even- 
tually be greater than unity. The above equation also 
allows a rough analysis of the influence of constant b 
in the memory of the algorithm that estimates R(n). 
For example, b -+ 0.5 results in uH(n)R-l(n)u(n) = 1. 
When b is large, the algorithm has long memory and 
R(n) tends to become invariant for large n and station- 
ary input signals. 
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3.3 Algorithm I1 nonstationary environments. 

If a variable convergence factor is chosen to  minimize 
the instantaneous a posteriori error and a fixed CY is 
used in the recursion that determines R-l(n)] an al- 
ternative algorithm can be derived. The resulting con- 
vergence factor is given by 

and yields zero Q posteriori error. This is also the case 
for the convergence factor proposed in [l] for the LMS 
algorithm and in [2] for the LMSN algorithm for any 
value of 6 .  

The two algorithms differ only in the way the input 
autocorrelation matrix is estimated. 
The updating equations for algorithm I are 

t (n)  5 R - y n  -. 1)u(n) 

r(n) e uH(n)t(n) (15) 

(14) 

1 + (2b -- l)r(n) 
(2b - l ) r (n)  R-l(n) = 

The updating equations for algorithm I1 comprise equa- 
tions (14)-( 16) and 

(18) 
A l-ff 

z(n) = - +.(?a) 
CY 

Algorithms I and I1 are, in fact, different versions of the 
orthogonalized projection algorithm [3] [4], a normal- 
ized LMSN algorithm, that employ different methods 
for the estimation of matrix R-l.  

In many applications, it may be desirable to control 
the misadjustment at the expense of convergence speed. 
This can be achieved in both algorithms by modifying 
the coefficient updating equation as 

where q is a reduction factor and t(n) and r(n) are 
computed as before. 

4 Analysis of Algorithms I and 
I1 

In this section, expressions for the MSE in algorithms 
I and I1 are presented for the cases of stationary and 

4.1 Excess of MSE in Stationary Envi- 
ronment 

By assuming that R(n - 1) and w(n - 1) are indepen- 
dent of U(.) and defining v(n) = ~ ( n )  - wo as the 
coefficient error vector, we have 

A 

v(n - 1) 1 R - y n  - l)ll(n>uH(n) 
uH(n)R-'(n - l)u(n) 

where e*,(n) = d*(n) - uH(n)w0 is considered a zero- 
mean white sequence. The error in the coefficients ~ ( n )  
results in an excess MSE that can be expressed as [5] 

J,,(n+l), = E [vH(n)Rv(n)] = tr [RK(n)](22) 

where K(n) = E [v(n)v"(n)]. 
After some manipulations, the solution of the differ- 

ence equation describing the excess MSE is obtained 
as 

4.2 Excess MSE in Nonstationary En- 
vironment 

In order to study the behavior of algorithms I and I1 
in a nonstationary environment] the following model is 
assumed for the optimal coefficient vector evolution [6] 

w,(n + 1) = yw,(n) + 4 n  + 1) (24) 
where the elements of v ( n  + 1) are zero-mean white 
Gaussian noise samples with variance U,". 

For y close to unity, such that the relaxation time 
of the optimal coefficients is greater than that of the 
algorithm, we have 

A where ~ ' ( n )  = E [w(n)]-w,(n+l). The corresponding 
covariance matrix for large values of n is given by 

A K'(n) = E [ v ' (n )dH(n) ]  
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Finally, from (26), 

(27) 
U," (7: M3 

2qM - q2 
J,,(n)l = tr [RK'(~  - I)] % 



4.3 Minimization of the MSE 
The excess MSE has a term which is proportional to the 
parameter q and a term which is inversely proportional 
to it. Therefore, an optimal value, q o ,  can be calculated 
that minimizes the total MSE. 

In most practical situations q / M  << 2, and hence the 
total excess MSE is given by 

Table 1: Jez in Nonstationary Environment 

where u2 = a$a:/Jmin. The value of q that minimizes 
Jez (n) is 

2aM m 
yielding 

5 Simulation Results 
In order to  verify the accuracy of the formulas pre- 
sented, some simulations were performed. The results 
are summarized in Table 1.  Columns 2 and 3 show the 
excess MSE predicted using (28) and obtained through 
simulations on an ensemble of 100 experiments, respec- 
tively. The performance parameter shown is the excess 
MSE, i.e., the variance of the additive noise was sub- 
tracted from the MSE. The adaptive filter using Algo- 
rithm 11 is to identify a 35th-order nonstationary sys- 
tem with a relaxation time constant equal to 0.999. 
The system’s time-variant coefficients were modeled as 
a first order Markov process with a -30dB variance 
white noise sequence used as the input. The variance 
of the input signal and additional noise are -20dB. The 
measured MSE is compared to  that predicted by the 
theoretical formulas for several values of parameter q. 
Paramet:r a was chosen such that time convergence of 
matrix R-l(n) could be achieved. 

6 Conclusion 
An analysis of two LMSN algorithms for adaptive fil- 
tering that incorporate a variable convergence factor 
has been presented. These algorithms are known to 
yield zero a posteraori error. The relation between the 
variable convergence factor used to update matrix R 
and a variable forgetting factor that weights the past 
input samples has been addressed. The analysis was 
carried out for stationary as well as nonstationary envi- 
ronments and the relations of these algorithms with the 

Eqn. (28) 

-28.3 

-27.8 

Simulations 

-28.5 
-28.9 
-28.9 
-27.4 
-27.0 
-26.8 
-25.7 

RLS algorithm has been explored. The experimental 
results obtained agree well with the results predicted 
by using the formulas derived. 
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