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Abstract— This paper proposes a new data-selective affine pro-
jection algorithm for echo cancellation. The algorithm generalizes
the concepts of the conventional set-membership affine-projection
by incorporating a lower bound on the output error in order to
prevent undesirable attenuation of the far-end signal. It is shown
that the echo signal can more reliably be removed from the far-
end user signals by employing the new algorithm in double talk
situations. In addition, the proposed algorithm retains the fast
convergence of the conventional SM-AP algorithm while keeping
a reduced number of coefficient updates. Simulation results,
using the ITU-T G.168 recommendation setup parameters, are
presented in order to confirm the good features of the proposed
algorithm.

I. INTRODUCTION

Set-membership filtering (SMF) [1], [3] is a concept which
allows the reduction of computational complexity in adaptive
filtering, where the filter coefficients are updated such that the
output estimation error is upper bounded by a pre-determined
threshold. Set-membership adaptive filters (SMAFs) employ
a deterministic objective function related to a bounded error
constraint on the filter output such that the updates belong to a
set of feasible solutions. The SMF algorithms lead to reduced
computational complexity primarily due to data-selective up-
dates rendering an overall complexity that is usually much less
than that of their competing algorithms such as the normalized
LMS (NLMS), affine projection (AP), and recursive least-
squares (RLS) algorithms [4].

The most widely known SMAFs with low computational
complexity per update are the set-membership NLMS (SM-
NLMS) [1], the set-membership binormalized data-reusing
LMS (SM-BNDRLMS) [3], and the set-membership affine
projection (SM-AP) [5] algorithms.

The echo on digital telecommunication lines originates from
the use of a line conversion device, called hybrid, which
allows the energy from transmission to return to the transmitter
signal. The objective of this paper is to propose a new
algorithm for echo cancellation in digital subscriber lines.
The new SM-AP algorithm is tailored for echo cancellation,
specially in double talk conditions. In the proposed SM-AP
algorithm, the coefficients are updated such that the output
estimation error is upper and lower bounded by pre-determined
thresholds such that the far-end signal is not attenuated by the
echo canceller. The resulting algorithm still features reduced
complexity implementations due to a data-selective (sparse in

time) updating, and a time-varying data-dependent step size
that provides fast convergence to a low steady-state error. The
best performance is searched for using the setup defined in
ITU-T G.168 Recommendation [9].

Simulation results verify that the proposed algorithm is su-
perior to the existing algorithms in terms of echo cancellation
performance.

II. SMF

The SMF concept is a framework applicable to adaptive
filtering problems that are linear in parameters. A specification
on the filter parameters w ∈ R

N is met by constraining the
magnitude of the output estimation error, e(k) = d(k) −
wTx(k), to be smaller than a deterministic threshold γ, where
x(k) ∈ R

N and d(k) ∈ R denote the input vector and the
desired output signal, respectively. From the bounded error
constraint results a set of filters rather than a single estimate.

Adaptive SMF algorithms search for solutions that belong to
the exact membership set ψ(k) constructed from the observed
input-signal and desired signal pairs,

ψ(k) =
k⋂

i=1

H(i) (1)

where H(k) is referred to as the constraint set containing all
the vectors w for which the associated output error at time
instant k is upper bounded in magnitude by γ:

H(k) = {w ∈ R
N : |d(k) − wTx(k)| ≤ γ} (2)

Adaptive algorithms of low computational complexity com-
pute a point estimate through projections using information
provided by past constraint sets [1], [3], [5].

III. SET-MEMBERSHIP AFFINE PROJECTION ALGORITHM

The membership set ψ(k) defined in (1) suggests the use
of more constraint-sets in the update. This section derives an
algorithm whose updates belong to P past constraint sets.

Let us express ψ(k) as

ψ(k) =
k−P⋂
i=1

H(i)
k⋂

j=k−P+1

H(j) = ψk−P (k)
⋂
ψP (k) (3)

where ψP (k) is the intersection of the P last constraint sets,
and ψk−P (k) is the intersection of the k − P first constraint
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sets. The objective is to derive an algorithm whose coefficient
update belongs to the last P constraint-sets, i.e., w(k + 1) ∈
ψP (k).

Let S(k − i+ 1) denote the hyperplane which contains all
vectors w such that d(k − i+ 1) − wTx(k − i+ 1) = gi(k)
for i = 1, . . . , P . The end of this section discusses a
particular choice of the parameters gi(k), but for the time
being all choices satisfying the bound constraint are valid.
That is, if all gi(k) are chosen such that |gi(k)| ≤ γ then
S(k − i+ 1) ∈ H(k − i+ 1).

Let us state the following optimization criterion for the
vector update whenever w(k) �∈ ψP (k)

min ‖w(k + 1) − w(k)‖2

subject to: d(k) − XT(k)w(k + 1) = g(k)
(4)

where d(k) ∈ R
P×1 contains the desired outputs from the

P last time instants, g(k) ∈ R
P×1 specifies the point in

ψP (k), and X(k) ∈ R
N×P contains the corresponding desired

outputs, i.e.,

g(k) = [g1(k) g2(k) . . . gP (k)]T

d(k) = [d(k) d(k − 1) . . . d(k − P + 1)]T

X(k) = [x(k) x(k − 1) · · · x(k − P + 1)]

(5)

where x(k) is the input-signal vector

x(k) = [x(k) x(k − 1) . . . x(k −N + 1)]T . (6)

Applying the method of Lagrange multipliers for solving the
minimization problem of Equation (4), the update equation of
the most general SM-AP version is obtained as

w(k + 1) ={
w(k) + X(k)

[
XT(k)X(k)

]−1 [e(k) − g(k)] if |e(k)| > γ
0 otherwise

where

e(k) = [e(k) ε(k − 1) . . . ε(k − P + 1)]T (7)

with ε(k − i) = d(k − i) − xT(k − i)w(k) denoting the a
posteriori error at iteration k − i.

In order to evaluate if an update w(k + 1) is required,
it is only necessary to check if w(k) �∈ H(k). This is
a consequence of the constraint set reuse guaranteeing that
before an update w(k) ∈ H(k − i+ 1) holds for i = 2, . . . , P .

So far the only requirement on the parameters gi(k) has
been that they should be points in H(k − i+ 1), i.e., |gi(k)| ≤
γ. A particularly simple SM-AP version is obtained if gi(k)
for i �= 1 corresponds to the a posteriori error d(k− i+ 1)−
wT(k)x(k − i + 1) and g1(k) = e(k)/|e(k)|. The simplified
SM-AP version has the recursions given by

w(k + 1) = w(k) + X(k)
[
XT(k)X(k)

]−1
α(k)e(k)u1 (8)

where

α(k) =
{

1 − γ
|e(k)| , if |e(k)| > γ

0, otherwise
(9)

and u1 = [1 0 . . . 0]T. The last algorithm will minimize
the Euclidean distance ‖w(k + 1) − w(k)‖2 subject to the
constraint w(k + 1) ∈ ψP (k) such that the a posteriori error
at iteration k− i, ε(k − i), is kept constant for i = 2, . . . , P .

The simplified SM-AP algorithm given by Eq. (8) will
perform an update if and only if w(k) �∈ H(k), or e(k) >
γ. This means that if the a priori error e(k) is close to
zero, the solution is considered feasible. This is a highly
undesirable feature in an echo cancellation application because
it could lead to the attenuation of the far-end signal. In the
following section we provide an SM-AP algorithm that takes
this possible signal attenuation problem into account.

IV. DOUBLE THRESHOLD SM-AP ALGORITHM

An appropriate algorithm for an echo canceller is proposed
by properly choosing the constraint values in the objective
function of the SM-AP algorithm. Our goal is to choose vector
g(k) in such a way that the echo canceller does not reduce the
output error power below the power of the far-end signal. The
resulting scheme leads to improved convergence speed and
reduced far-end signal error while keeping low computational
complexity.

Instead of using as threshold a single value of γ, the
proposed algorithm uses a range for the acceptable output
error value between γ1 and γ2, where γ1 > γ2. This procedure
enforces updating whenever the a posteriori error e(k) reaches
a value close to zero, a feature highly desirable for echo
cancellers.

The desired constraint set is such that: γ2 ≤ |g1(k)| ≤ γ1.
By choosing again gi(k) = ε(k− i+ 1) for i = 2, ....., P , the
a posteriori errors are kept constant for i = 2, ..., P . In this
case

e(k) − g(k) = [e(k) ε(k − 1) . . . ε(k − P + 1)]T

− [g1(k) ε(k − 1) . . . ε(k − P + 1)]T

= [e(k) − g1(k)]u1 (10)

where u1 is the same vector as used in the simplified SM-AP
algorithm discussed in previous section, i.e., u1 = [1 0 . . . 0]T

In other words, e(k)− g(k) is a vector whose first entry is
equal to e(k) − g1(k) and the remaining entries are zeros.

By choosing g1(k) such that its value falls in the range
γ2 ≤ |g1(k)| ≤ γ1, that is

g1(k) = γ1
e(k)
|e(k)| , for |e(k)| > γ1 (11)

and

g1(k) = γ2
e(k)
|e(k)| , for |e(k)| < γ2 (12)

By employing a general notation for γ1 and γ2 denoted by γi

in the above equations we have

g1(k) = γi
e(k)
|e(k)| (13)
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By replacing the above expression for g1(k) in Equation (10)
it follows that

e(k) − g(k) =
[
1 − γi

|e(k)|
]
u1 (14)

Combining Eq. (14) with the general SM-AP algorithm
in Eq. (7), gives us the recursions for the double-threshold
SM-AP algorithm:

w(k + 1) = w(k) + X(k)[XT(k)X(k)]−1e(k)γ(k)u1 (15)

where

γ(k) =




1 − γ1
|e(k)| , if |e(k)| > γ1

1 − γ2
|e(k)| , if |e(k)| < γ2

0, if γ2 ≤ |e(k)| ≤ γ1

A graphical illustration in R
2 of the updating procedure of

the double threshold algorithm is depicted in Figure 1 for the
case of P = 2. Table I shows the recursions for the proposed

H(k)

H(k − 1)

w(k)

w(k + 1)

w(k + 1)

w(k)

w(k)

w(k + 1)

w(k + 1) d(k) − wT x(k) = −γ1

d(k) − wT x(k) = −γ2

d(k) − wT x(k) = 0

d(k) − wT x(k) = γ2

d(k) − wT x(k) = γ1

w(k)

d(k − 1) − wT x(k − 1) = ε(k − 1)

Fig. 1. SM-AP algorithm with double threshold.

algorithm.

TABLE I

SM-AP ALGORITHM WITH TWO THRESHOLDS.

For each k
{
e(k) = d(k) − xT(k)w(k)
If |e(k)| > γ1 or |e(k)| < γ2

{
If |e(k)| > γ1

γ(k) = 1 − γ1
|e(k)|

Otherwise
γ(k) = 1 − γ2

|e(k)|
}
t(k) = [XT(k)X(k) + δI]−1e(k)γ(k)u1

w(k + 1) = w(k) + µX(k)t(k)
}
Otherwise
{
w(k + 1) = w(k)
}

V. SIMULATIONS

In this section a simulation environment is described which
will be used to test the proposed algorithm and to perform
comparison with other existing algorithms.

1) Echo Canceller Signals: The tests recommended by the
standard G.168 from ITU utilize particular signals such as
noise, tones, fax signals and a set of composite source signals
(CSS). In this work the CSS input signal is applied to the input
of the echo cancellers. The CSS simulates speech character-
istics in single talk and double talk enabling a performance
test for echo cancellers for speech signals. The CSS consists
of speech signal, non speech signal and pauses. The speech
signal activates the speech detectors and has approximately
50 ms of duration. This signal is followed by a pseudo noise
signal having constant magnitude Fourier transform whereas
the phase changes. The third component of the CSS is the
pause that represents an amplitude modulation to the CSS
and the usual pauses during a conversation. The pause has
duration ranging from 100 ms to 150 ms. Figure 2 illustrates
the CSS for single talk, where: Tvst (Speech signal): 48.62
ms; Tpn (Pseudo noise): 200.00 ms; Tpst (Pause): 101.38 ms;
Tst1 (Half period): 350.00 ms; Tst (Full period): 700.00 ms.

Fig. 2. CSS single talk characteristics.

2) Echo Path Modeling: According to the recommendation
G.168, the echo path is modeled by a linear digital filter whose
impulse response h(k) is given by

h(k) = (Ki10−ERL/20)mi(k − δ) (16)

where ERL is the echo return loss and h(k) is chosen as a
delayed and attenuated version of any sequences mi(k), i =
1, 2, ..., 8, for the channel models 1 to 8. These models have
several origins ranging from hybrid simulation models to
measured responses on telephone networks. The constants Ki

depend on the input signal used in the test [9].
The first set of simulations consisted of 100 independent

runs where the average performance was computed. The
number of reuses was fixed at P = 5. The channel lengths
were 70 for the first three channels, whereas for the fourth
had length 100. The number of updates as well as iterations
was 5531 for channels 1 to 3 and 5501 for channel 4 for
the LMS, NLMS, RLS and AP algorithms. As can be seen
in Table II, the new double threshold algorithm had a slightly
higher update rate. This is to be expected as it was designed to
prevent far-end signal attenuation (close-to-zero a posteriori
solutions). The number of iterations to reach convergence
(10% above the MMSE), was lower for the RLS algorithm
followed by the SM-AP algorithms.

Figure 3 depicts the far-end signal and the error signal for
the SM-AP algorithm with double threshold for a double talk
environment and channel 1 model. The adaptive filter had
N = 30 coefficients and P = 7 reuses. As can be observed,
the new algorithm generated an output error that keeps close
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TABLE II

ALGORITHM COMPARISONS.

Parameters Channel Models - G.168
1 2 3 4

Updates: SM-AP 2494 2529 2635 2595
Double Threshold SM-AP 2833 2862 2959 2919
Convergence: LMS 1000 1000 1000 1200
NLMS 900 900 900 1100
RLS 500 500 500 500
AP 700 700 700 800
SM-AP 550 600 600 650
Double Threshold SM-AP 550 600 600 650
Threshold SM-AP γ 1E-02 1E-02 1E-02 1E-02
Double Threshold SM-AP γ1 1E-02 1E-02 1E-02 1E-02
γ2 1E-3 1E-3 1E-3 1E-3

0 1000 2000 3000 4000 5000 6000
−0.05

0

0.05

0 1000 2000 3000 4000 5000 6000
−0.05

0

0.05

Fig. 3. Far-end signal and error signal for the SM-AP algorithm with double
threshold.

resemblance to the far-end signal. Table III shows that, for
different number of reuses and number of coefficients, the new
algorithm outperformed the SM-AP algorithm by reducing the
average error between the far-end signal and the output error,
denoted as Difference in the table.

VI. CONCLUSION

In this paper a new set-membership affine projection algo-
rithm with double thresholds is proposed. The introduction of
a lower and upper bound to govern the data-selective updating
is a new idea particularly suitable to be applied in echo
cancellation applications. In this case the interference of the
echo signal in the far-end signal can be reduced, improving
the performance of the echo cancellers. Simulation results,
using the ITU-T G.168 recommendation setup parameters, are
presented in order to confirm the good features of the proposed
algorithms. Simulations show that the proposed algorithm
outperforms the conventional SM-AP algorithm by reducing
the error in the far-end signal.
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