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Abstract— This paper proposes a new data-selective affine
projection algorithm. The algorithm generalizes the ideas of
the conventional set-membership affine-projection (SM-AP) al-
gorithm to include a variable data-reuse factor. By utilizing the
information provided by the data-dependent step size, we propose
an assignment rule that automatically adjust the number of data
reuses. A particular reduced-complexity implementation of the
proposed algorithm is also considered in order to reduce the
dimensions of the matrix inversions involved in the computation
of update. Simulations show that a significant reduction in the
overall complexity can be obtained with the new algorithm as
compared with the conventional SM-AP algorithm. In addition,
the proposed algorithm retains the fast convergence of the
conventional SM-AP algorithm, and the low steady-state error
of the SM-NLMS algorithm.

I. INTRODUCTION

Set-membership filtering (SMF) [1]–[4] is an approach to
reduce computational complexity in adaptive filtering, where
the filter is designed such that the output estimation error is
upper bounded by a pre-determined threshold. Set-membership
adaptive filters (SMAFs) feature reduced complexity imple-
mentations due to a data-selective (sparse in time) updating,
and a time-varying data-dependent step size that provides fast
convergence to a low steady-state error.

SMAFs with low computational complexity per update
are the set-membership NLMS (SM-NLMS) [2], the set-
membership binormalized data-reusing (SM-BNDRLMS) [3],
and the set-membership affine projection (SM-AP) [4] algo-
rithms.

The SM-AP algorithm generalizes the ideas of the SM-
NLMS and the SM-BNDRLMS algorithms to reuse constraint
sets from a fixed number of past input and desired signal
pairs. The resulting algorithm can be seen as a set-membership
version of the affine-projection (AP) algorithm [8] with an
optimized step size. As with the conventional AP algorithm,
a faster convergence of the SM-AP algorithm comes at the
expense of an increase in the computational complexity per
update that is directly linked to the amount of reuses employed,
or data-reuse factor.

The idea of data reuse was also exploited in the context of
OBE algorithms in [5]–[7]. The algorithm considered in this
paper is essentially different from those of [5]–[7] as we use a
point-wise approach to derive a data-selective algorithm with

a computational complexity per update in the order of O(N),
N being the number of coefficients.

In the following we propose a novel SM-AP algorithm
that employs a variable data-reuse factor to lower the overall
complexity of the conventional SM-AP algorithm. By quan-
tizing the range of the data-dependent step size in the SM-AP
algorithm, a proper data-reuse factor is adaptively assigned.
The introduction of the variable data-reuse factor results in an
algorithm that close to convergence take the form of the simple
SM-NLMS algorithm. Thereafter, we consider an efficient
implementation of the new SM-AP algorithm that reduces the
dimensions of the matrices involved in the update. Finally, the
performance of the proposed algorithm is evaluated through
simulations which are followed by conclusions.

II. SMF

Set-membership filtering is a framework applicable to filter-
ing problems that are linear in parameters. A specification on
the filter parameters w ∈ C

N is achieved by constraining the
magnitude of the output estimation error, e = dk−wHxk, to be
smaller than a deterministic threshold γ, where xk ∈ CN and
dk ∈ C denote the input vector and the desired output signal,
respectively. As a result of the bounded error constraint, there
will exist a set of filters rather than a single estimate.

Adaptive SMF algorithms seek solutions that belong to the
exact membership set ψk constructed from the observed input-
signal and desired signal pairs,

ψk =
k⋂

i=1

Hi (1)

where Hk is referred to as the constraint set containing all the
vectors w for which the associated output error at time instant
k is upper bounded in magnitude by γ:

Hk = {w ∈ C
N : |dk − wHxk| ≤ γ} (2)

Adaptive approaches leading to algorithms with low peak
complexity compute a point estimate through projections using
information provided by a fixed number of past constraint
sets [2]–[4]. Next section, we derive an algorithm that uses
a time-varying number of past constraint sets for the update.
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III. SM-AP WITH VARIABLE DATA-REUSE

In this section we first derive an algorithm that utilizes
a variable number of past constraint sets in its update. As
with the conventional SM-AP algorithm, the new algorithm
is suitable whenever the input signal is highly correlated.
Thereafter, a suitable assignment rule for the data-reuse factor
is provided.

A. Algorithm derivation

The SM-AP algorithm considered here is derived so that
its coefficient vector after updating belongs to the set ψPk

k

corresponding to the intersection of Pk ≤ N past constraint
sets

ψPk

k =
k⋂

i=k−Pk+1

Hi. (3)

The number of data-reuses Pk employed at time instant k
is allowed to vary with time. If the previous estimate belongs
to the Pk past constraint sets, i.e., wk ∈ ψPk

k , no update is
needed. Otherwise, an update is performed according to the
optimization criterion

wk+1 = arg min
w

‖w − wk‖2 subjected to:

dk − XT
kw

∗ = pk

(4)

where vector dk ∈ CPk contains the desired outputs from the
Pk last time instants, vector pk ∈ CPk has components that
obey |pi,k| < γ and so specify the point in ψPk

k , and matrix
Xk ∈ CN×Pk contains the corresponding input vectors, i.e.,

pk = [p1,k p2,k . . . pPk,k]T

dk = [dk dk−1 . . . dk−Pk+1]
T

Xk = [xk xk−1 · · · xk−Pk+1]

(5)

The recursions of the most general SM-AP version obtained
by solving the problem in Eq. (4) is given by [4], [9]

wk+1 =

{
wk + Xk[XH

kXk]−1 [e∗k − p∗
k] , if |ek| > γ

wk otherwise
(6)

The recursion above require that matrix XH
kXk needed for

solving the vector of Lagrange multipliers is non-singular.
To avoid problems, a regularization factor can be included
in the inverse (common in conventional AP algorithms), i.e.,
[XH

kXk + δI]−1 with δ << 1. The choice of pi,k can vary
for different problems. In [4], a particularly simple SM-AP
version suitable for fixed number of data reuses (Pk = P ) is
obtained if pi,k for i �= 1 corresponds to the a posteriori
error εk−i+1 = dk−i+1 − wH

kxk−i+1 and p1,k = ek/|ek|.
This simplified SM-AP version has the advantage of reducing
the dimension of the matrix inversion involved leading to a
more economical implementation for the update [9]. For the
particular case of varying the number of data reuses Pk (or
threshold sequence γk), this simplified version is no longer
guaranteed to provide |εk−i+1| ≤ γ for i �= 1. This is the case,
e.g., when the number of data reuses are increased Pk > Pk−1,
or the threshold is decreased γk < γk−1.

In order to provide an algorithm that belongs to the set ψPk

k

in Eq. (3) we can choose the elements of vector pk to be

pi,k =

{
γ εk−i+1
|εk−i+1| , if |εk−i+1| > γ

εk−i+1, otherwise
(7)

for i = 1, . . . , Pk with εk = ek. With the above choice of
pk, the SM-AP recursions become

wk+1 = wk + Xk[XH
kXk]−1Λ∗

k1P×1 (8)

where matrix Λk is a diagonal matrix whose diagonal elements
[Λk]ii are specified by

[Λk]ii = αi,k =

{
1 − γ

εk−i+1
|εk−i+1| , if |εk−i+1| > γ

0, otherwise
(9)

and 1P×1 = [1, . . . , 1]T.
Another feature of the above algorithm, is the possibility

to correct previous solutions that for some reason did not
satisfy the constraint |εk−i+1| ≤ γ for i �= 1. At this point
|εk−i+1| > γ for i �= 1 could originate from a finite pre-
cision implementation or the introduction of a regularization
parameter of the inverse in Eq. (8).

As can be seen from Eq. (9), the amount of zero entries
can be significant if Pk is large. In Section IV, this fact is
exploited to obtain a more computationally efficient version
of the SM-AP algorithm. Next we consider how to assign a
proper data-reuse factor at each time-instant.

B. Variable data-reuse factor

The section proposes a rule for selecting the number of
data-reuses Pk to be used at each coefficient update. The
main difference in performance between the SM-AP and the
SM-NLMS algorithms is in the transient. Generally, the SM-
AP algorithm has a faster convergence than the SM-NLMS
algorithm in colored environments. On the other hand, close
to a steady-state solution, their performances are comparable
in terms of excess of MSE. Therefore, a suitable assignment
rule increases the data-reuse factor when the solution is far
from steady-state and reduces to one when close to steady-
state (i.e., the SM-NLMS update).

From the expression of α1,k in Eq. (9), we see that if the
solution is far from the current constraint set Hk we have
α1,k → 1, while close to the steady-state α1,k → 0. As α1,k

is a good indicator of how close a steady-state solution is, we
propose to use a variable data-reuse factor on the form

Pk = f(α1,k) (10)

where the function f(·) should satisfy f(0) = 1 and f(1) =
Pmax with Pmax denoting the maximum number of data reuses
allowed. In other words, the above expression should quantize
α1,k into Pmax regions

Ip = {lp−1 < αk,1 ≤ lp}, p = 1, . . . , Pmax − 1 (11)

defined by the decision levels lp. The variable data-reuse factor
is then given by the relation

Pk = p if α1,k ∈ Ip (12)
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TABLE I

QUANTIZATION LEVELS FOR PMAX = 5.

Ip Pk

α1,k ≤ 0.2019 1
0.2019 < α1,k ≤ 0.3012 2
0.3012 < α1,k ≤ 0.4493 3
0.4493 < α1,k ≤ 0.6703 4
0.6703 < α1,k ≤ 1.0000 5

Indeed there are many ways in which we could choose the
decision variables lp. In the simulations provided in next
section we use lp = e−κ(Pmax−p)/Pmax and l0 = 0, where κ is
a positive constant. This choice leads to a variable data-reuse
factor on the form

Pk = max
{

1,
⌈
Pmax

(
1
κ

lnα1,k + 1
)⌉}

(13)

Table I shows the values of α1,k in which the number of reuses
should be changed for a maximum of five reuses, usually
the most practical case. The values of the decision variables
provided in the table were calculated with the above expression
using κ = 2.

IV. REDUCED COMPLEXITY VERSION SM-AP

Assume that at time instant k, the diagonal of Λk specified
by Eq. (6) has Lk nonzero entries (i.e., Pk −Lk zero entries).
Let Tk ∈ RPk×Pk denote the permutation matrix that per-
mutes the columns of Xk such that the resulting input-vectors
corresponding to nonzero values in Λk are shifted to the left,
i.e., we have

X̄k = XkTk =
[
X̃k Uk

]
(14)

where matrices X̃k ∈ CN×Lk and Uk ∈ C(Pk−Lk)×Lk

contain the vectors giving nonzero and zero values on the
diagonal of Λk, respectively. Matrix Tk is constructed such
that the column vectors of matrices X̃k and Uk are ordered
according to their time index.

Using the relation TkTT
k = IPk×Pk

, we can rewrite the
SM-AP recursion as

wk+1 = wk + XkTkTT
k[XH

kXk]−1TkTT
kΛ

∗
k1P×1

= wk + X̄k[X̄H
kX̄k]−1λ∗

k

(15)

where vector λk ∈ CPk×1 contains the Lk nonzero adaptive
step sizes of Λk as the first elements (ordered in time) followed
by Pk − Lk zero entries, i.e.,

λk =
[

λ̄k

0(Pk−Lk)×1

]
(16)

where the elements of λ̄k are the Lk non-zero adaptive step
sizes (ordered in time) on the form λ̄i,k = 1 − γkε/|ε|. The
direct implementation of the recursions of Eq. (15) is shown
in Table 1.

Due to the special solution involving λk in Eq. (9), the fol-
lowing computationally efficient expression for the coefficient
update is obtained using the partition in Eq. (7) (see Appendix)

wk+1 = wk + Φk

[
ΦH

kΦk

]−1
λ̄
∗
k (17)

TABLE II

REDUCED-COMPLEXITY SET-MEMBERSHIP AFFINE-PROJECTION

ALGORITHM.

SM-RAP
for each k

εk = dk − xT
kw∗

k

if |εk| > γ

X̃k = [xk];Uk = [ ]; λ̄ = [ ];
α1,k = 1 − γk/|εk|
Pk = f(α1,k)

for i = 1 to Pk − 1

if |εk−i| > γ

αi+1,k = 1 − γ/|εk−i|
X̃k = [X̃k xk−i] % Expand matrix

λ̄k =
[
λ̄

T
k αi+1,kεk−i

]T
% Expand vector

else

Uk = [Uk xk−i] % Expand matrix

end

Φk = X̃k − Uk(UH
kUk)−1UH

kX̃k

wk+1 = wk + Φk

[
ΦH

kΦk

]−1
λ̄
∗
k

end

else

wk+1 = wk

end

end

where matrix Φk ∈ CN×Lk is defined as

Φk = X̃k − Uk(UH
kUk)−1UH

k X̃k (18)

This representation of the SM-AP algorithm is computa-
tionally attractive as the dimension of the matrices involved
are lower than that of the version described by Eqs. (8)–(9).
Table II shows the recursion for the reduced-complexity SM-
AP algorithm, where Pk can be chosen as in described in
previous section.

V. SIMULATIONS

The SM-AP algorithm with a variable data-reuse factor was
used to identify a system of order N = 10. The data-reuse
assignment was according to Table I. The input signal xk was
a noise sequence, colored by filtering a zero-mean Gaussian
noise sequence vk through the fourth-order IIR filter xk =
vk + 0.6617xk−1 + 0.3402xk−2 + 0.5235xk−3 − 0.8703xk−4.
The signal-to-noise ratio (SNR) was set to 40dB, and the
bound was chosen to γ =

√
5σ2

n where σ2
n is the variance

of the additional noise. Fig. 1 shows the learning curves
averaged over 500 simulations for the NLMS, the SM-NLMS,
conventional SM-AP (P = 5), and the proposed SM-AP
(Pmax = 5) algorithms. In 2500 iterations, the number of times
an update took place for the SM-NLMS, SM-AP (P = 5),
and the proposed SM-AP (Pmax = 5) algorithms were 618 (25
%), 340 (14 %), and 273 (11 %), respectively. It can be seen
that the SM-AP with variable reuse factor not only achieve
a similar convergence speed, but also reaches a lower steady
state using fewer updates. In addition, out of the 273 updates
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made, Fig. 2 shows the number of data-reuses employed.
As can be seen from the figure, the use of a variable data-
reuse factor can significantly reduce the overall complexity as
compared with the case of keeping it fixed.

VI. CONCLUSION

This paper proposed a novel set-membership affine projec-
tion (SM-AP) algorithm that employs a variable data-reuse
factor. The introduction of a variable data-reuse factor allows
a significant reduction in the overall complexity as compared
to a fixed data-reuse factor. Simulations showed that the
proposed algorithm could outperform the conventional SM-
AP algorithm in terms of computational complexity and final
mean-squared error.
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Fig. 2. Distribution of the variable data-reuse factor used in the SM-AP
algorithm update (Pmax = 5).

APPENDIX

The inverse in Eq. (15) can be partitioned as

(
X̄H

kX̄k

)−1
=

([
X̃k Uk

]H [
X̃k Uk

])−1

=
[
A BH

B C

]
(19)

where

A =
[
ΦH

kΦk

]−1

B = − (
UH

kUk

)−1
UH

kX̃kA
(20)

with Φk defined as in Eq. (18). Therefore,

X̄k

(
X̄H

kX̄k

)−1
λ∗

k = X̄k

[
A
B

]
λ̄
∗
k

=
[
X̃k − (

UH
kUk

)−1
UH

kX̃k

] [
ΦH

kΦk

]−1
λ∗

k

= Φk

[
ΦH

kΦk

]−1
λ∗

k

(21)
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