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ABSTRACT

This paper proposes a new semi-blind data-selective affine-

projection algorithm for channel equalization considering that

the transmitted symbols belong to an M-QAM constellation.

The main novelties of this algorithm are the combination of

the affine-projection (AP) and set-membership (SM) concepts

with the formulation of an error measure that is related to a

square region (in the complex plane) centered at an element

of the constellation. Simulations show that the proposed al-

gorithm tracks slow channel variations as fast as a supervised

algorithm, requiring less updates and keeping good BER per-

formance.

1. INTRODUCTION

Channel equalizers play a central role in dealing with channel

distortions inherent to the physical layer of communication

systems, since they are key for recovering the transmitted in-

formation. As a rule, the equalizers require some knowledge

of the channel model which is usually attained through the use

of pilot symbols. Nevertheless, this practice leads to a loss in

spectral efficiency.

Blind equalization avoids the use of training sequences,

but unfortunately the existing algorithms are not so effective

for several reasons. For example, one of the most popular

blind algorithms, the constant modulus algorithm (CMA) [1],

does not handle high order M -QAM constellations [2, 3]. In

the last ten years, many attempts have been advanced in or-

der to overcome the main drawbacks of purely blind equal-

ization. The solutions proposed in [2, 3] include equalization

strategies matched to the signal constellation, but the resulting

algorithms are quite complex and have slow convergence.

Semi-blind equalization is a solution that represents a com-

promise in terms of complexity, speed of convergence and

spectral efficiency. It is also known that the SM approach

leads to a reduction of computations, while the AP approach

leads to a fast convergence rate [1]. For M -PSK constella-

tion, the combination of SM and AP applied to a semi-blind

equalization setup has already been shown to work well [4].

This paper proposes a new semi-blind adaptive algorithm

for channel equalization with data selection, considering that

the constellation employed is M -QAM. Comparing with [4],

the main novelty presented here is the division of the com-

plex plane in square regions since it is more natural for QAM

constellations. These squares are related to the soft- and hard-

decision regions commonly defined for an M -QAM constel-

lation. The semi-blind data-selective algorithm proposed here

has a time-varying parameter vector that defines the constraint

set. It is shown that this set has a close relation to the soft-

decision region [4].

The paper is structured as follows. Section 2 briefly re-

views the main concepts of set-membership affine projection

filtering. Section 3 describes our problem formulation and

motivates the proposed algorithm. A general semi-blind SM-

AP aiming at channel equalization is derived in Section 4.

Section 5 presents and discusses the simulation results, where-

as the conclusions of this work are drawn in Section 6.

Remark 1 (Notation). All vectors are column vectors. [·]∗,

[·]T, [·]H and E[·] stand for elementwise complex conjugate,

transpose, Hermitian transpose and expectation operations of

[·], respectively. The symbol 0 denotes a vector with zero

entries. The notations ‖ · ‖2 and ‖ · ‖∞ denote the standard

norm-2 and norm-infinite, respectively1. Moreover, the nota-

tions, sgn2 and sgn∞ denote the standard sign function and

a non-standard sign-infinite function, respectively, which are

defined by sgn?[y] = y
‖y‖?

, ∀y ∈ C \ {0} and sgn?[0] = 0.

The set C ⊂ C denotes an M -QAM constellation. Besides,

the filter parameters are in general denoted by w ∈ CN+1, or

specifically w(k), with k ∈ N being the time index. Finally,

x(k) ∈ CN+1, d(k) ∈ C and y(k) = wH(k)x(k) ∈ C de-

note the input vector, the desired output signal and the output

signal of the adaptive filter, respectively.

2. PRELIMINARIES

This section reviews the main SM-AP concepts to be used

throughout the article. A more detailed discussion can be

found in [1, 5, 6].

1Remember that we are dealing with complex values. Therefore, we can

interpret them as points in R2. So, ‖z‖∞ = ‖a + b‖∞ = ‖(a, b)‖∞ =
max{|a|, |b|},∀z ∈ C.
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Definition 1. Given γ̄ ∈ R+, the constraint set of an adap-

tive algorithm is defined by H(k) = {w ∈ CN+1 : |d(k) −
wHx(k)| ≤ γ̄}.

This definition implies that H(k) is the set containing all

vectors w, such that the associated output error of the adaptive

filter at time instant k is upper bounded in magnitude by γ̄.

Definition 2. Given a family of constraint sets {H(i)}k
i=0,

the exact membership set is defined by ψ(k) =
⋂k

i=0 H(i).

From the bounded error constraint results a set of filters in

ψ(k) rather than a single estimate. Hence, the computational

complexity in order to find a solution in ψ(k) may be high for

large k. A possible solution is to update the filter coefficients

belonging to the P + 1 past constraint sets. This motivates

Def. 3.

Definition 3. The set ψP+1(k) =
⋂k

i=k−P H(i) is the work-

ing inexact membership set.

Now, our objective is to define a data-selective algorithm

whose coefficient update belongs to the last P + 1 constraint

sets, i.e., w(k + 1) ∈ ψP+1(k) [1, 5].

Let S(k − p) denote the hyperplane which contains all

vectors w such that d(k − p)−wHx(k − p) = gp(k) ∈ C for

p ∈ { 0 , 1 , . . . , P }. It is necessary that all gp(k) are cho-

sen such that |gp(k)| ≤ γ̄, entailing S(k − p) ⊂ H(k − p).
Under these assumptions, we can then state the following op-

timization criterion.

Definition 4 (SM-APA). A set-membership affine projection

algorithm is defined by the solution of the following optimiza-

tion problem: the filter coefficients update with minimal dis-

turbance whenever w(k) 6∈ ψP+1(k), where, in this case, we

should solve [1, 5]

min ‖w(k + 1) − w(k)‖2

subject to: d(k) − XT(k)w∗(k + 1) = g(k) ,
(1)

where d(k) ∈ CP+1 contains the desired outputs from the

last P + 1 time instants, g(k) ∈ CP+1 specifies a point in

ψP+1(k), and X(k) ∈ C(N+1)×(P+1) contains the last P +1

data input vectors, i.e., g(k) = [ g0(k) g1(k) . . . gP (k) ]
T

,

d(k) = [ d(k) d(k − 1) . . . d(k − P ) ]T and X(k) = [ x(k)
x(k − 1) . . . x(k − P ) ].

3. PROBLEM FORMULATION

Remark 2 (Assumptions). Assume that we transmit a vector

s ∈ CK+1 ⊂ CK+1, where K ∈ N. Consider an equiva-

lent discrete-time model of a baseband communication sys-

tem, with the channel modeled as a linear time-variant (LTV)

FIR filter of orderL. The received signal vector x ∈ CK+L+1

is given by x = Hs+v, where H ∈ C(K+L+1)×(K+1) is the

convolution matrix describing the channel and v ∈ CK+L+1

models the overall interference composed by the environment

noise and multi-access interference (MAI). Also assume that

the adaptive filter input signal vector x(k) is composed by the

elements xn(k) = x(kN + k − n), drawn from the vector x,

for n ∈ { 0 , 1 , . . . , N }. The adaptive filter output is given

by y(k) = wH(k)x(k). In general, y(k) /∈ C.

In blind equalization problems, reference signals are often

replaced by functions of the adaptive filter output. The most

common function used is the (standard) sign function, sgn2.

However, this function is not adequate for non-constant mod-

ulus constellations. This work deals with semi-blind applica-

tions where the choice of the decision direct function dec[·] is

suitable to play the role of reference since the output of dec[·]
is a point of the constellation. In addition, the possibility of

erroneous decisions is lower than in the blind case, due to the

preceded training period.

Definition 5 (Update/No-update). By assuming that d(k) is

the true constellation symbol (reference symbol) and by defin-

ing rd(k) = dec[y(k)], then we can propose that the equal-

izer coefficients are updated only if: (i) the equalized sym-

bol y(k) is out of the hard-decision region, i.e., a neighbor-

hood of a valid symbol d(k), during the training period; or (ii)

the equalized symbol y(k) is out of the hard-decision region

whose reference is given by rd(k) during the blind period.

The concept of neighborhood must be defined based on

the particular constellation. Geometrically, for M -QAM, it is

straightforward to think in squares centered at the constella-

tion symbols for defining the no-update regions (see Fig. 1).

This motivates the formal Def. 6.

Definition 6. A neighborhood is the set Bγ̄(k)(sk) = {z ∈
C : ‖z − sk‖∞ ≤ γ̄(k)}, also called the ball2 centered at the

constellation symbol sk ∈ C with radius γ̄(k) ∈ R+.

Fig. 1 illustrates this process (related to Def. 5 and 6) for

two different time indexes k0 and k1 in the blind period. As

can be observed, at the instant k0 we have an equalized sym-

bol y(k0) in the update region, while, at the instant k1, the

equalized symbol y(k1) is in the no-update region. An il-

lustration for the training period would be analogous, but the

distance between the reference d(km) and y(km) could be

larger.

When updating is necessary, the idea is to update w(k)
such that ypos(k) = wH(k+1)x(k) gets closer to the symbol

d(k) (in the supervised period, or rd(k) if it is in the unsu-

pervised one) following the direction with minimum distance

between d(k) (or rd(k)) and its target y(k), i.e., the direction

of the vector d(k) − y(k) (or rd(k) − y(k)). As we use the

SM filtering concept, the idea is not to make the a posteriori

error d(k)−ypos(k) (or rd(k)−ypos(k)) equal to zero, but to

bring it to ∂Bγ̄(k)(sk), the boundary of Bγ̄(k)(sk) (see Fig. 1).

2The ball in the limit case is actually a square but the term ball will be

used for generality.
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y(k1)

y(k0)
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γ̄(k1)

rd(k0)
−g 0

(k 0
)

Fig. 1. Update and no-update regions for 16-QAM.

There are many possibilities of defining γ̄(k). We propose

three options, all of them related to the definition of a circle

(the physical meaning of this circle is going to be clear later

on) with radius γ(k): (i) γ(k) = γ̄(k), i.e., γ̄(k) is the radius

of the inscribing (to the region Bγ̄(k)(sk)) circle; (ii) γ(k) =√
2γ̄(k), i.e., the half diagonal of Bγ̄(k)(sk) is the radius of

the circumscribing circle; and (iii) γ(k) = 2γ̄(k)√
π

, i.e., γ̄(k) is

defined such that the area of Bγ̄(k)(sk) is equal to the area of

the circle with radius γ(k).
The circle with radius γ(k) is related to the average power

of the disturbance. In fact, its value can be derived using the

parameter dependent bound (PDB) recursion [1, 4]

γ(k + 1) = αγ(k) + (1 − α)
√

β||w(k)||2σ̂2
v(k) , (2)

where σ̂2
v(k) is the estimated noise variance, α ∈ [ 0 ; 1 ] is

a forgetting factor and β ∈ R+ is a constant to be tuned

(normally β ∈ [ 4 ; 5 ] [1]). It is not difficult to verify that

this PDB recursion is related to the average power of the dis-

turbance. In effect, let v(k) ∈ CN+1 be the noise at the

equalizer input. So, by defining yv(k) = wH(k)v(k), the

average power of the disturbance is given by E
[

|yv(k)|2
]

=

wH(k)E
[

v(k)vH(k)
]

w(k)
(a)
≈ ||w(k)||2σ̂2

v(k), where (a)

holds for the case that σ̂2
v(k) is an effective estimate of σ2

v(k).
Once the circles radii γ(k) are chosen, we can define the

balls radii γ̄(k) that determine the no-update regions. There-

fore, the equalizer taps will be updated following the condi-

tions of Def. 7 (another version of Def. 5) and Proposition 1.

Definition 7. In the supervised (unsupervised) period, the

equalizer taps will be updated if ‖d(k) − y(k)‖∞ > γ̄(k)
(‖rd(k) − y(k)‖∞ > γ̄(k)). In this case, we will enforce

d(k) − ypos(k) = g0(k) (rd(k) − ypos(k) = g0(k)), with

g0(k) ∈ C.

Proposition 1. Given Def. 7, if g0(k) has the same direction

of d(k) − y(k) (or rd(k) − y(k)), and is chosen such that

ypos(k) ∈ ∂Bγ̄(k)(sk), then

g0(k) =

{

γ̄(k)sgn∞[d(k) − y(k)], supervised
γ̄(k)sgn∞[rd(k) − y(k)], unsupervised

(3)

Proof. In fact, the choice of g0(k) is made using simple tri-

angle geometry, as follows: given y(k), d(k) ∈ C, for some

k ∈ N, we can always form two similar rectangle triangles

like the ones of Fig. 1. It is not difficult to verify that the

relation

‖d(k) − y(k)‖∞
γ̄(k)

=
‖d(k) − y(k)‖2

‖g0(k)‖2
(4)

is always true. So, using (4) we have that

g0(k) = ‖g0(k)‖2
d(k) − y(k)

‖d(k) − y(k)‖2
= γ̄(k)

d(k) − y(k)

‖d(k) − y(k)‖∞
.

The result for the unsupervised period is analogous to the su-

pervised one.

4. SEMI-BLIND SM-APA

A general complex semi-blind set-membership affine projec-

tion algorithm (SB-SM-APA) is derived for both training and

blind periods. A specialization of the derived algorithm is

shown when we deal with M -QAM constellations.

4.1. Training Period

Definition 8. Def. 4 can be extended to a more general SM-

AP algorithm to operate during the training period by mini-

mizing the following objective function, whenever the param-

eter vector w(k) 6∈ ψP+1(k) (see Def. 3):

min ‖w(k + 1) − w(k)‖2

subject to: G1 [d(k) − ypos(k) − g(k)] = 0 ,
(5)

where d(k) ∈ CP+1 is the desired vector (pilot symbols),

ypos(k) = XT(k)w∗(k + 1) ∈ CP+1. The operation G1[·]
represents a nonlinear operation applied elementwise on [·],
with the constraint that G1(0) = 0.

Proposition 2. The update equation related to Def. 8 is

w(k + 1) = w(k) + X(k)
h

X
H(k)X(k)

i

−1

[e∗(k) − g
∗(k)] , (6)

where e(k) = d(k)−y(k) and it is assumed that XH(k)X(k)
is a non-singular matrix.

Proof. By utilizing the method of Lagrange multipliers the

constrained minimization problem stated in Def. 8 is trans-

formed in an unconstrained one where we should minimize

the function F : CN+1 −→ R given by

F [w(k + 1)] = ||w(k + 1) − w(k)||2 + λH(k)G1 [a(k)] ,
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with a(k) = d(k) − ypos(k) − g(k) and λ(k) ∈ CP+1.

By differentiatingF [w(k+1)] with respect to w∗(k+1),
we get that

∂F [w(k + 1)]

∂w∗(k + 1)
= w(k + 1) − w(k) − X(k)b(k) , (7)

where b(k) = ∂G1[a(k)]
∂a(k) λ∗(k). After setting this gradient to

0, we obtain:

w(k + 1) = w(k) + X(k)b(k) . (8)

By premultiplying (8) by XH(k) it follows that

y∗
pos(k) = y∗(k) + XH(k)X(k)b(k) . (9)

Using the fact that G1(0) = 0, we have that y∗
pos(k) =

d∗(k) − g∗(k). Then, using (9), we have

d∗(k) − g∗(k) = y∗(k) + XH(k)X(k)b(k) . (10)

Re-writing (10) in a more convenient form:

b(k) =
[

XH(k)X(k)
]−1

[d∗(k) − y∗(k) − g∗(k)] . (11)

Substituting (11) in (8) we get the expected result in (6).

4.2. Blind Period

Considering the discussions above and Def. 8, the only change
in the supervised period is to replace d(k) by r(k) = G2 [y(k)]
= G2

[

XT(k)w∗(k)
]

∈ CP+1. The operation G2[·] repre-
sents a possibly nonlinear operation applied elementwise on
[·]. Therefore, based on Proposition 2, the update equation for
the blind complex SM-APA is

w(k + 1) = w(k) + X(k)
h

X
H(k)X(k)

i

−1

[e∗

b(k) − g
∗(k)] , (12)

where eb(k) = r(k) − y(k) represents a blind vector error.

4.3. A Simple Choice for the Time-Varying Vector Bound

Let e(k) = [ e0(k) ε1(k) . . . εP (k) ]T be the error vector for

the supervised period and eb(k) = [eb0
(k) εb1(k) . . . εbP

(k)]T

be our measure of error for the unsupervised period. Notice

that we denote the a priori error by e? and the a posteriori

error by ε?. Proposition 3 shows that a meaningful simple

choice for g(k) results in a simplified version of the proposed

algorithm [1].

Proposition 3. If we choose g(k) = [g0(k) ε1(k) . . . εP (k)]T

in the non-blind period and g(k) = [ g0(k) εb1
(k) . . . εbP

(k)]T

in the blind one, then we can simplify (6), or (12) respectively,
to

w(k + 1) =

(

w(k) + µ(k)X(k)
ˆ

XH(k)X(k)
˜

−1

e∗0(k)u1

w(k) + µ(k)X(k)
ˆ

XH(k)X(k)
˜

−1

e∗b0(k)u1

,(13)

where u1 = [1 0 0 . . . 0]T and

µ(k) =











1 − γ̄(k)
‖e∗

0
(k)‖∞

, if ‖e∗0(k)‖∞ > γ̄(k)

1 − γ̄(k)
‖e∗

b0
(k)‖∞

, if ‖e∗b0(k)‖∞ > γ̄(k)

0 , otherwise

. (14)

Proof. In the supervised case, if we consider that the param-

eter vector w(k) 6∈ ψP+1(k) (see Def. 3), we have e∗(k) −
g∗(k) = [e∗0(k) − g∗0(k)]u1. So, by substituting this expres-

sion and (3) in (6), we obtain:

w(k + 1) = w(k) + χ(k)e∗0(k)

(

1 − γ̄(k)

‖e∗0(k)‖∞

)

u1, (15)

where χ(k) = X(k)
[

XH(k)X(k)
]−1

. Thus, by taking into

account the case where w(k) ∈ ψP+1(k) we find the result

in (13) for µ(k) defined as in (14). The result for the unsuper-

vised period is analogous to the supervised period.

Observe that, with this choice of g(k), the algorithm be-

comes less complex and the only important parameter to be

chosen is γ̄(k).

Remark 3. Considering Def. 5, 6 and 7, we chose G1[·] =
‖ · ‖∞ and G2[·] = dec[·] since these choices match exactly

the referred definitions.

5. SIMULATION EXPERIMENTS

This section verifies the main features of the proposed algo-

rithm through two different types of simulation experiments.

In the first simulation type, it is checked the learning evo-

lution of the SB-SM-APA, as well as its tracking capability

related to slow channel variations. In the second simulation,

we assess the bit error rate (BER) performance after conver-

gence and the percentage of filter coefficient updates for the

proposed algorithm.

The first simulation type consisted of transmissions through

two different channels, which were modeled by the following

transfer functions: H1(z) = 1 + (0.1294 − 0.4830)z−1 [2]

and H2(z) = 1 − 1.5z−1 − z−2 [3]. It was transmitted 1000
64-QAM symbols, where the 220 initial symbols were used

in the supervised period of the proposed algorithm. No noise

was added at the channel output, in order to verify the ISI

elimination capabilities of the algorithm, as it was done in [2,

3]. At the 600th symbol, the first channel H1(z) changed.

The same occurred at the 500th symbol for H2(z). These

changes were performed adding to the normalized channel

impulse response vector a zero mean AWGN perturbation.

The number of adaptive filter taps was N = 20. For

the SB-SM-APA we used P ∈ {0, 4}, γ̄(0) = 0 and chose

α = 0.9 and β = 4.5. Besides, γ(k) was chosen such

that γ(k) = 2γ̄(k)√
π

. We compared the SB-SM-APA with the

supervised normalized least mean square (NLMS) algorithm

since its formulation is very close to our algorithm when P =
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Fig. 2. Performance comparison between SB-SM-APA (P ∈
{0, 4}) and NLMS based on MSE learning curves.

0 [1]3. For the NLMS we used a step size µ = 0.9 and ini-

tialized its taps with zeros. All results presented here were

calculated by averaging over 200 independent runs.

Fig. 2 shows that, forH2(z), the SB-SM-APA was as fast

as the NLMS (for P = 0) in terms of MSE learning curves

and tracking capability related to slow channel variations. For

channel H1(z), with P = 0, we verify that, even though the

supervised period stopped at 220th iteration, the algorithm

kept its learning capability unaltered. Notice that, as the reuse

factor increases, the convergence speed also does, but with a

higher misadjustment.

The second simulation type consisted of transmissions us-

ing a standard indoor UMTS channel model (Type A) [7],

with five taps, working at the same sampling rate as the 4-

QAM transmitted symbols fs = 1
Ts

= 5 MHz. Besides, it

was added AWGN perturbation at the channel output so that

the resulting SNR = 20 dB. The user was moving at a typical

indoor environment speed of v = 3 km/h and the carrier fre-

quency was fc = 2.0 GHz. It was transmitted 470 symbols,

where the first 70 were used in the supervised period of the

proposed algorithm.

The number of adaptive filter taps was N = 30. For the

SB-SM-APA we used P = 4 and the setup for the PDB evo-

lution was the same as described before. We compared the

BER performance of the proposed algorithm with the CMA,

considering only the blind period4. All results presented were

calculated by averaging over 1000 independent runs, for both

linear time-invariant (LTI) and LTV channels. For the latter,

the channel impulse response changed at each ∆Ts seconds,

where ∆ ∈ { 50 , 10 } represents the number of symbols.

Table 1 shows that the overall BER (calculated along the

iterations) of the proposed algorithm is lower than for the

CMA. Besides, SB-SM-APA performs less coefficient updates.

3Especially in this case, where v(k) = 0 that implies coefficient updating

at every iteration.
4We initialized the CMA coefficients close to the Wiener solution.

Table 1. BER and Complexity Comparisons

BER Updates (%)

Channel SB-SM-APA CMA SB-SM-APA

LTI 0.0145 0.0273 37.56

50Ts 0.0207 0.0401 43.41

10Ts 0.0824 0.1610 66.03

6. CONCLUSIONS

This paper proposes a new semi-blind set-membership affine

projection algorithm for equalization inM -QAM signal trans-

missions. The resulting algorithm is very efficient since it en-

ables a substantial computational saving, which is a required

property in power constrained applications. In addition, the

new algorithm is fast converging and flexible for operation in

time-varying environments, as well as in blind and trained sit-

uations. Simulation results using several channels including

an indoor UMTS channel model confirm the good features of

the proposed algorithm.
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