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Abstract—Information theoretical learning (ITL) has recently been
proved to be an efficient tool for developing new adaptive filtering
algorithms. The starting point of this approach is the use of an
information theoretical cost function. The most widely used family of
algorithms in this class is the minimum error entropy (MEE). Linear
and nonlinear adaptive filters from MEE family have better overall
performance than traditional minimum mean-squared error and least-
square filters in environments that include nonlinear models and/or where
high-order-statistic noises are present, such as impulsive noises. In this
paper, we study a well-known MEE-based algorithm: the normalized
minimum error entropy (NMEE). We propose an alternative cost function
associated with the current known NMEE update recursion. In addition,
we propose a new update recursion related to the original NMEE cost
function.

Adaptive filter; error entropy; impulsive noise; Rényi’s entropy

I. INTRODUCTION

An adaptive system is usually configured by taking into account
three factors [1]: (i) the particular application, e.g., channel equaliza-
tion, signal enhancement, system identification, and signal prediction;
(ii) the adaptive-filter structure, viz., linear- or nonlinear-in-parameter
filters, finite impulse response (FIR) or infinite impulse response
(IIR); and (iii) the algorithm that determines how to adapt the filter
parameters.
The algorithm is a function of other three features [1]: (i) the

definition of the error signal; (ii) the definition of the objective
function, which, in general, is a function of the error signal; and
(iii) the definition of the minimization algorithm for the related cost
function.
In the supervised applications, the definition of the error signal is

rather natural. Furthermore, most cost functions aim at achieving the
minimum mean-squared error (MMSE) or least-square solutions. In
fact, the most popular online adaptive filter is the least-mean square
(LMS) algorithm [1]. The LMS is an online linear-in-parameter
stochastic adaptive algorithm that searches for the MMSE solution
by means of the minimization of the instantaneous quadratic error.
Regardless of some technical details, we can state that the LMS

searches a solution with minimum estimation-error variance. There
are many applications where this approach can be successfully
applied, particularly those involving Gaussian noise models. These
models are completely defined by their first and second moments,
i.e., by their mean and variance. Thus, the minimization of the
variance is a good choice in this type of environment because the
uncertainty about the error is minimized. However, if the noise in the
system cannot be assumed Gaussian and requires statistics of order
higher than two, then a more general objective function should be
defined [2].
Examples of impulsive noise environments are: (i) broadband in-

door wireless communications, in which electromechanical switches
(e.g., copy machines and printers) generate energy spikes with
random amplitude and spectral content; (ii) and power-line com-
munication (PLC) systems, where the ability to deal with impulsive
noise is also paramount.
These observations motivate a generalization of the minimum

variance (uncertainty in the Gaussian case) principle. The measure
of the uncertainty of a random variable is its entropy [3]. The
minimization of the error entropy is a possible solution since entropy
can be seen as a generalization of variance in such scenarios [2], [3].
Several adaptive systems based on the minimization of the error

entropy have been developed. A comprehensive reference about this

topic is [4]. A key work that enabled the development of ITL-based
adaptive systems is [5]. The first profound studies in this area are [6],
[7]. In these works, several algorithms were developed, being MEE
the most important of them.
In order to overcome some difficulties related to the MEE algo-

rithm, such as the high sensitivity to some parameters (e.g., input
power and kernel size1) that are heuristically chosen, it was developed
the NMEE algorithm in [4], [8], [9]. This algorithm is the object of
study in this paper.

A. Main Contributions

In this paper we have two distinct main objectives:

1) We propose a cost function for the current available NMEE
update recursion in [4], [9];

2) We propose a new update recursion for the current available
NMEE cost function in [4], [9].

B. Summary

This paper is organized as follows: Section II contains some
background information about adaptive systems, as well as the
definition of Rényi’s entropy. Section III describes the MEE and
NMEE algorithms. We propose a cost function associated with
the current known update recursion of the NMEE algorithm in
Section IV. In addition, we propose a new update recursion related to
the original NMEE cost function in Section V. In Section VI, a system
identification simulation example is presented in an environment with
impulsive noise. The paper contains some concluding remarks in
Section VII.

C. Notation

All vectors are column vectors. The notations [·]T and E[·] stand for
transpose and expectation operations on [·], respectively. In general,
when we are dealing with variables that represent a signal or a system,
the italic symbol denotes a stochastic variable (e.g., v in the scalar
case, or v in the vector one), whereas a vertical symbol denotes a
sample or realization of a stochastic variable (e.g., v in the scalar case,
or v in the vector one). For error variables, we adopt some special
notations in order to avoid misunderstanding: an a priori error is
denoted by e in the stochastic case, and e in the deterministic case. On
the other hand, an a posteriori error is denoted by ε in the stochastic
case, and ǫ in the deterministic one.

II. ADAPTIVE DIGITAL SIGNAL PROCESSING

Consider that a random variable (RV) x is the input vector of an
adaptive filter parameterized by realizations of a RV-vector w. The
output and the desired output of the adaptive filter are denoted by
the scalar RVs y and d, respectively. Hereafter we will consider the
scalar field as being the real field R and that all vectors are elements
of a finite-dimensional real vector space (over a real field). Thus, we
have x ∈ R

N , with N ∈ N being the dimension of the vector, and
w ∈ R

M , with M ∈ N being the required number of parameters that
completely describe the adaptive system. In addition, let us consider
the RV n ∈ R as a measurement noise, which is added at the output
of the adaptive filter [1].

1The width of the window function used in the Parzen estimator [4]. The
kernel size should be chosen considering a trade-off between estimation bias
and variance [10].
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The output error e commonly associated with the adaptive filter
structure is given by e = d−y+n = d−fw (x)+n = e(w), where
fw : R

N → R is a possibly nonlinear parameterized function of the
N -dimensional input vector. Note that this function is deterministic
given the realization w = w.
Once the error signal is well-defined, the next step is to define

a cost or objective function. In general, this function traduces a
similarity measure between the variables d and y. Let C : R → R+

be a function that defines a positive value C(e) for each realization
e = e(w) of the error variable. If the whole ensemble is considered,
a cost function J : R

M → R+ can be defined as

J(w) =

Z ∞

−∞
C(e)pe(e)de, (1)

where pe(e) is the probability-density function (pdf) of the RV e.
One of the most popular examples of such similarity function is

C(e) = e
2. By using this definition, it is possible to define algorithms

whose aim is to achieve the MMSE. As previously mentioned, we
may define other alternative cost functions, as, for example, an error-
entropy-based cost function. Thus, another possible cost function J
can be defined by setting C(e) = − log[pe(e)], yielding

J(w) = −
Z ∞

−∞
log[pe(e)]pe(e)de. (2)

This cost function is associated with the usual definition of entropy
due to Shannon [3]. However, there are some other entropy definitions
such as the order-α Rényi’s entropy given by [2]:

Hα(e) =
1

1 − α
log

Z ∞

−∞
p

α
e (e)de, (3)

where α ∈ R+ \ {1}.
In fact, the order-α Rényi’s entropy2 in (3) is a generalization of

the standard Shannon’s entropy, which can be obtained in the limiting
case when α −→ 1 [2].
By observing (3) we can define the so-called order-α information

potential Vα(e) as [5]:

Vα(e) =

Z ∞

−∞
p

α
e (e)de = ‖pe‖α

α, (4)

with ‖ · ‖α being the standard norm-α in Lα.
By using the Rényi’s entropy or information potential, with α = 2,

which is the most common option for reasons that will be clearer
later on, another possible cost function J can be defined by setting
C(e) = pe(e), leading to

J(w) =

Z ∞

−∞
pe(e)pe(e)de. (5)

The minimization of error entropy (or maximization of the infor-
mation potential for α > 1) has another profound statistical meaning.
Consider that we are trying to disclose the hidden model f and that
d = f(x). From the statistical point of view, this hidden model can
be completely described through the joint pdf px,d (let’s consider
the noise equal to zero for the time being). Thus, we are eventually
trying to “approximate” in some sense the actual pdf px,d by using
the joint pdf px,y . In [6], it was shown that minimizing the error
entropy is equivalent to minimizing the “distance” between px,y and
px,d, measured by the Rényi’s divergence, which is an important
particular case of the Csizar’s distance [2], [6], [7].
Rényi’s quadratic entropy (α = 2) is preferred in practice due

to the computational efficiency of its nonparametric estimator (see
Section III). On the other hand, Shannon’s entropy is difficult to
estimate from samples without assuming a model [6].

III. MINIMUM ERROR-ENTROPY ALGORITHMS

This section provides a brief review of the main concepts related
to the minimum error-entropy (MEE) algorithms. A more detailed
description can be found in [2], [4], [6], [7].

2A more accurate name for this quantity is differential entropy [3]. We are
omitting the name differential since we only work with continuous RVs.

A. Rényi’s Entropy and Parzen Window

MEE algorithms must compute the entropy H(e) = Hα(e)
in order to find its minimum solution. In general the entropy is
not accessible since it is a function of the pdf of the related RV.
Therefore, the entropy should be estimated by using some specific
method. Recent works have shown that the Parzen window technique
is an effective way of estimating the quadratic (α = 2) Rényi’s
entropy [5], [7].
Parzen window is a density estimation technique that constructs

an estimate of the pdf from the observed data in a nonparametric
manner [7], [10]. As a result, it is not necessary to assume a priori
knowledge of the parameterized distribution related to the data in
order to estimate the parameters. A Parzen window estimator is also
known as kernel estimator, since it is based on kernel functions K :
R → R+, such that [10]:

Z ∞

−∞
K(τ)dτ = 1. (6)

Given a set of L ∈ N statistically independent samples
{e1, e2, · · · , eL} ⊂ R of a univariate RV e, the main idea of Parzen
window is to compute the following estimator for the pdf pe [10]:

p̂e(e) =
1

Lσ

L
X

l=1

K
“

e − el

σ

”

=
1

L

L
X

l=1

Gσ (e − el) , (7)

in which we utilized the Gaussian kernel function as an important
particular case for the Parzen window, with:

Gσ (e − el) =
1√
2πσ

exp



− (e − el)
2

2σ2

ff

, (8)

where σ ∈ R+ is the so-called kernel size.
Principe and co-workers [5], [6], [7], [4] are the main contributors

to the ongoing work of adaptive information filtering. Their work
shows that it is possible to estimate Vα(e) (and hence, Hα(e)) in a
very simple way, whenever α = 2 and the kernel is Gaussian [5]–[7].

The estimated information potential V̂ (e) is given by [5], [2], [6],
[7], [4]:

V̂ (e) =
1

L2

L
X

l1=1

L
X

l2=1

Gσ
√

2 (el1 − el2) , (9)

for α = 2 and K( t
σ
) = σGσ(t). Notice that the estimator is exactly

computed by this expression.
Another important result related to the Parzen window estimate

of the quadratic Rényi’s entropy is that the global solution of
the maximization of V (e) coincides with global solution of the

maximization of V̂ (e). Besides, the global solution is achieved when
all the related errors are constant, i.e., e1 = e2 = · · · = eL. Based
on this, the maximum value of V (e) is denoted by V (0), and a
similar notation is used for the estimate, whose maximum value is
denoted by V̂ (0) [6], [7]. In this case, we have:

V̂ (0) =
1

2
√

πσ
. (10)

B. Update Recursions of MEE

One of the main reasons for the choice of Parzen window is its
inherent characteristic of smoothness, which is essential for designing
efficient and practical online adaptive algorithms. Based on this
property, the first developed algorithm adopted to maximize the
information potential is the gradient ascent direction of search [4],
[6], [7]. The update recursion of the MEE algorithm is

w(k + 1) = w(k) + µ
∂V̂L (e(k))

∂w(k)
, (11)

with µ ∈ R+. The approximation V̂L(e(k)) ≈ V̂ (e(k)) represents a
stochastic gradient approximation of (9) for online applications where
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V̂L(e(k)) can be expressed as:

V̂L(e(k)) =
1

L

k−1
X

l=k−L

Gσ
√

2 (e(k) − ǫ(k, l)) , (12)

with e(k) = d(k) − f
w(k)(x(k)) being the a priori error, and

ǫ(k, l) = d(l)− f
w(k)(x(l)), for l ∈ {k−L, k−L+1, · · · , k− 1},

being the L previous a posteriori errors calculated based on the filter
parameters of the kth instant. In the linear-in-parameter case, we have
e(k) = d(k) − w

T(k)x(k) and ǫ(k, l) = d(l) − w
T(k)x(l). In this

case, the dimension M of the parameter vector is equal to N .
The hypothesis behind this approximation is that, during each L

consecutive samples, the stochastic process e(k) is stationary in such
a way that its pdf (and, hence, its information potential) does not
change. In addition, it is assumed that e(k) is ergodic since time
calculations using the samples are used to infer statistical quanti-
ties. Although not mentioned in Principe’s work, those assumptions
restrict the application of the algorithms based on MEE.
The expression of the gradient in (11) is given by:

∂V̂L(e(k))

∂w(k)
=

1

2σ2L

k−1
X

l=k−L

Gσ
√

2 (e(k) − ǫ(k, l)) (e(k) − ǫ(k, l))

×
„

∂f
w(k)(x(k))

∂w(k)
− ∂f

w(k)(x(l))

∂w(k)

«

. (13)

A more computational efficient algorithm can be derived if ǫ(k, l)
is replaced by e(l), for l ∈ {k−L, k−L+1, · · · , k−1}, as suggested
in [4], [8].

C. Normalized Minimum Error Entropy

One of the main drawbacks of the MEE algorithm is its strong
dependency on the window size σ and on the input signal power. In
order to avoid these problems Han et al [4], [8] proposed an MEE-
based normalized algorithm, namely: the normalized minimum error
entropy (NMEE).
The proposed parameter estimate for the NMEE is given by:

w(k + 1) = arg

(

min
∀w∈RN

‖w − w(k)‖2
2

subject to : V̂L(0) − V̂L(ε(k)) = 0

)

, (14)

where the RV ε(k) = d(k)−fw(x(k)) is the a posteriori error. The

quantity V̂L(0) is obtained when all the related errors are constant,

and V̂L(ε(k)) is given by:

V̂L(ε(k)) =
1

L

k−1
X

l=k−L

Gσ
√

2(ǫ(k) − ǫ(l)), (15)

where ǫ(l) = d(l)− fw(x(l)) represents the a posteriori error at the
lth instant, for l ∈ {k − L, k − L + 1, · · · , k}.
There are two distinct proposals for the update recursions in the

case of linear-in-parameter filter. The first one was proposed in [8]:

w(k + 1) = w(k) + µ
e(k)

∇V̂ T

L (ε(k + 1, k))x(k)
∇V̂L(ε(k + 1, k)),

(16)
with e(k) = d(k)−w

T(k)x(k) being the a priori error, ε(k+1, k) =
d(k) − w

T(k + 1)x(k), and

∇V̂L(ε(k + 1, k)) =
∂V̂L(ε(k + 1, k))

∂w(k + 1)
. (17)

An alternative update recursion was independently suggested in [4]
and [9]:

w(k + 1) = w(k) + µ

k−1
P

l=k−L

ǫd(k, l)

∇V̂ T

L (ε(k + 1, k))
k−1
P

l=k−L

xd(k, l)

×

×∇V̂L(ε(k + 1, k)), (18)

with ǫd(k, l) = e(k)− ǫ(k, l), xd(k, l) = x(k)−x(l), and ǫ(k, l) =
d(l) − w

T(k)x(l), for l ∈ {k − L, k − L + 1, · · · , k − 1}.
IV. NEW COST FUNCTION FOR THE CURRENT NMEE RECURSION

If we consider that the constraint V̂L(0) − V̂L(ε(k + 1, k)) = 0
holds, then ∇V̂L(ε(k + 1, k)) = 0, i.e., the denominators of the
fractions in (16) and (18) are zero, turning their implementation
impossible. In [4], [8] this question is not addressed. In [9], it is stated

that ∇V̂L(ε(k+1, k)) = 0. However, no solution was proposed there
to circumvent the problem of division by zero.
Indeed, we have observed that the actual cost function related to

the update recursion (18) is the following:

w(k+1) = arg

8

>

<

>

:

min
∀w∈RN

‖w − w(k)‖2
2

subject to : 1
L

k−1
P

l=k−L

(ǫ(k) − ǫ(l)) = 0

9

>

=

>

;

, (19)

whose solution is given by3 (including a step-size µ ∈ R+)

w(k+1) = w(k)+µ

k−1
P

l=k−L

ǫd(k, l)

k−1
P

l1=k−L

k−1
P

l2=k−L

xT

d(k, l1)xd(k, l2)

k−1
X

l=k−L

xd(k, l) .

(20)
We can confirm this relationship by adjusting (18) through a limit

process. As ∇V̂L(ε(k + 1, k)) exists, then all directional derivatives

exist and are equal to ∇V̂L(ε(k + 1, k)). In particular, we can state
that

∇V̂L(ε(k + 1, k)) = lim
δ→0

1

2σ2L

k−1
X

l=k−L

Gσ
√

2 (δ) δxd(k, l)

= lim
δ→0

Gσ
√

2 (δ) δ

2σ2L

k−1
X

l=k−L

xd(k, l). (21)

Then, by substituting this expression in (18) we have another
solution that is equal to (20). This solution is the same as that
proposed in [9], however we obtained it without any assumption
related to the window length L or the kernel size σ.
As a conclusion, we verify that (18) is not a solution for the

problem stated in (14). In fact, the inaccuracy in the deduction of
the update recursion [4], [9] was to assume that only one constraint

is present in the problem. However, the nonlinear constraint V̂L(0)−
V̂L(ε(k + 1, k)) = 0 entails L linear constraints, as will be clearer
in the next section.

V. NEW UPDATE RECURSION FOR THE NMEE ALGORITHM

Now, we will derive a new version for the linear-in-parameter
NMEE algorithm. The solution of (14) is equivalent to (see Sub-
section III-A):

w(k + 1) = arg

8

<

:

min
∀w∈RN

‖w − w(k)‖2
2

subject to : ǫ(k) − ǫ(l) = 0,
∀l ∈ {k − L, · · · , k − 1}

9

=

;

. (22)

The explicit solution for w(k + 1) starts by minimizing the
following unconstrained cost function including Lagrange multipliers:

J(w) = (w − w(k))T(w − w(k)) +

k−1
X

l=k−L

λl(ǫ(k) − ǫ(l)) (23)

The minimum is reached when the gradient of J(w) with respect
to w is zero. The solution is given by

w(k + 1) = w(k) +
1

2
Xd(k)λ, (24)

3The derivation is straightforward by applying Lagrange-multiplier method.
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where Xd(k) = [xd(k, k − 1),xd(k, k − 2), · · · ,xd(k, k − L)] ∈
R

N×L, and λ = [ λk−1, λk−2, · · · , λk−L ] ∈ R
L×1.

The L Lagrange multipliers may be computed by using the L
constraint equations ǫ(k + 1, k) = ǫ(k + 1, l), ∀l ∈ L = {k −
L, · · · , k − 1}. These identities are equivalent to:

d(k) − w
T(k)x(k) −

1

2
λ

T
X

T

d (k)x(k) = d(l) − w
T(k)x(l)

−
1

2
λ

T
X

T

d (k)x(l), (25)

∀l ∈ L. Thus, we have that:
2

6

6

4

e(k) − ǫ(k, k − 1)
e(k) − ǫ(k, k − 2)

...
e(k) − ǫ(k, k − L)

3

7

7

5

= ǫd(k) =
1

2
X

T

d(k)Xd(k)λ

m
λ = 2

“

X
T

d(k)Xd(k)
”−1

ǫd(k), (26)

where it is assumed that X
T

d(k)Xd(k) ∈ R
L×L is nonsingular4.

Hence, the update recursion for the NMEE is (including a step-size
factor µ):

w(k + 1) = w(k) + µXd(k)
“

X
T

d(k)Xd(k)
”−1

ǫd(k). (27)

There is an obvious resemblance between this update recursion and
the affine projection algorithm [11]. The differences between them
rely on the fact that the NMEE algorithm is based on differences of
the input and error vectors. As highlighted in [7], these differences
may be interpreted in terms of derivative of the involved signals,
which are eventually related to their entropy.
Note that the resulting update recursions in (20) and (27) do not

depend on the kernel size σ. In addition, both of them are normalized,
yielding algorithms that are rather insensitive to the input power.
Finally, it is worth to point out that, as a drawback, the computational
complexity of the proposed NMEE is higher than the traditional
NMEE due to the additional matrix inversion.

VI. SIMULATION RESULTS

The aim of this section is to compare the performance of the
proposed NMEE update recursion against the traditional NMEE [4],
[9] and MEE algorithms. In order to do that, our setup consists of a
system identification problem with measurement noise. The plant to
be identified is an FIR filter whose coefficients are [4], [9]:

wo = [ 0.1 0.2 0.3 0.4 0.5 0.4 0.3 0.2 0.1 ]T. (28)

Besides, we assume that the measurement noise is impulsive. The
impulsive noise is created by means of a Gaussian mixture (GM) [4]
model described by the following pdf:

pn(n) = δGσ1
(n) + (1 − δ)Gσ2

(n), (29)

in which, σ1, σ2 ∈ R+ are standard deviation of the involved
Gaussian functions, with σ2 ≫ σ1, and δ ∈ (0, 1) ⊂ R+, with
δ ≈ 1. The values of the involved parameters in the simulations are
σ2

1 = 10−4, σ2
2 = 10, and δ = 0.95 [4].

The adopted figure of merit is the weighted signal-to-noise ratio
(WSNR). This quantity is analytically defined by [4]:

WSNR [dB] = 10 log10 E

 ‖wo‖2
2

‖w − wo‖2
2

ff

, (30)

in which wo represents the true system impulse response and the RV
w is the estimated impulse response. This quantity is more suitable
in impulsive noise environments than the traditional MSE [4].
We also set the window length L = 8, the kernel size σ = 1, and

define the input of the adaptive system as a white Gaussian process
with zero mean and unit variance. The results obtained by averaging

4In general, we use a regularization factor γ ≪ 1, so that the matrix
X

T

d
(k)Xd(k) + γIL is nonsingular.
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Fig. 1. WSNR (dB) versus iteration.

the outcomes of 20,000 independent runs are depicted in Fig. 1, where
we also plot the traditional NLMS [1] algorithm to have a MSE-
based algorithm for comparison. The step sizes were heuristically
chosen in order to guarantee a fair comparison in terms of speed of
convergence and final WSNR. However, we were not able to equalize
either of these features (speed of convergence or final WSNR) for
all the algorithms. One can see that the traditional NMEE has the
same performance of the NLMS for this particular setup, whereas
the MEE achieves a higher WSNR value faster than both NMEE and
NLMS. In addition, one can verify that the proposed NMEE is much
faster than the other algorithms, keeping a competitive WSNR after
convergence when compared to the traditional MEE algorithm.

VII. CONCLUSIONS

In this paper we revisited two central aspects of the NMEE
algorithm: the cost function and the update recursion. We have shown
that the existing update recursion may be derived from a cost function
distinct from the original NMEE cost function. In addition, we
derived a new update recursion for this original NMEE cost function.
The simulation example shows that the new resulting algorithm is
more effective than the traditional NMEE algorithm in impulsive
noise environments.
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