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Abstract— Multicarrier and single-carrier block-based transceivers
with minimum redundancy have proved to be an alternative to clas-
sical orthogonal frequency-division multiplex (OFDM) and single-carrier
with frequency-domain equalization (SC-FD) systems. In general, these
minimum-redundancy transceivers have superior throughput perfor-
mance than OFDM and SC-FD systems, requiring the same asymptotic
complexity, viz. O(M log2 M), for M data symbols. However, the pre-
vious proposals of such transceivers rely on the channel-state information
(CSI) assumption. In addition, they also assume that the equalizer was
previously designed, focusing on the equalization problem only. The aim
of this work is to present some theoretical results related to the design of
the equalizers that employ minimum redundancy, without assuming CSI.
The key result of this paper is to show that it is possible to design those
equalizers based on pilot information and using fast-converging iterative
algorithms that require O(M log2 M) operations per iteration.

I. INTRODUCTION

Redundancy plays a central role in communications systems.
Channel-coding schemes are good examples of how to apply re-
dundancy in order to achieve reliable transmissions. In addition,
redundancy is also employed in block-based transceivers, such as
OFDM and SC-FD, to eliminate the inherent interblock interference
(IBI) and to induce simple equalizer structures [1].

Even though reliability and simplicity are paramount in practical
applications, the amount of redundancy should be minimized to
guarantee a given throughput [1]–[3]. In the context of fixed and
memoryless block-based transmissions, Lin and Phoong showed that
the minimum redundancy required to eliminate IBI is only half
the amount of redundancy used by standard OFDM and SC-FD
systems [2].

Several fixed and memoryless block-based transceivers employing
minimum redundancy have been developed [4]–[8]. In general, they
feature higher throughput than traditional OFDM and SC-FD systems,
while keeping the same asymptotic computational complexity for the
equalization process, viz. O(M log2 M) operations. However, all of
these proposals assume CSI. Moreover, they also consider that the
equalizer have previously been designed, i.e., they only focus on the
symbol estimation.1

In this paper, we concentrate on the equalizer-design problem
related to the minimum-redundancy systems proposed in [5]–[8],
without assuming CSI. We do so by first adapting recently proposed
pilot-based channel estimation methods [10] to these minimum-
redundancy transceivers [5]–[8]. After that, we apply three iterative
algorithms to invert structured matrices in order to design the equal-
izers, namely: Newton’s iteration, homotopic Newton’s iteration [9],
[11], and preconditioned conjugate gradient (PCG) [12] methods.

A key feature of the proposed designs is that they employ superfast
algorithms that require only O(M log2 M) complex-valued opera-
tions. This is achieved by using the displacement approach [9], [13]
in association with all the utilized algorithms. It must be highlighted
that the proposals of this paper are preliminary theoretical results
from an ongoing research.

1The only exception is [7] in which we show how to design the related
equalizers using Pan’s divide-and-conquer algorithm [9] and assuming CSI.

We organized this paper in the following manner: Section II
describes the basic framework of minimum-redundancy block sys-
tems. The main mathematical tool that we used to develop superfast
transceivers is briefly described in Subsection II-A. The special case
of DFT-based transceivers with minimum redundancy [5] is described
in Subsection II-B. The problem of estimating the channel impulse
response related to minimum redundant transceivers is addressed
in Section III. The proposed equalizer designs are described in
Sections IV and V. A numerical example is presented in Section VI.
The paper ends with some concluding remarks in Section VII.

The notations [·]T , [·]−T , [·]∗, and [·]H stand for transpose,
transpose of inverse, conjugate, and Hermitian transpose operations
on [·], respectively. The set C

M×N denotes all M × N matrices
comprised of complex-valued entries, whereas C

M×N [x] denotes all
polynomials in the variable x with M ×N complex-valued matrices
as coefficients. The operator diag{·} generates a diagonal matrix
whose elements are the entries of the argument vector. The symbols
0M×N and I denote an M × N matrix with zero entries and the
identity matrix with a compatible dimension. Given two sets A and
B, the set A\B contains the elements of A that are not elements of
B. Given a real number x, �x� stands for the smallest integer greater
than or equal to x.

II. FIXED AND MEMORYLESS BLOCK-BASED TRANSCEIVERS

WITH MINIMUM REDUNDANCY

Consider that a vector s ∈ CM×1 ⊂ C
M×1, containing M ∈ N

symbols of a particular constellation C, will be transmitted through a
channel, whose finite impulse response (FIR) baseband model is h(l),
with l ∈ { 0, 1, · · · , L } ⊂ N. Before starting transmission, assume
that s is first processed by a linear transformation represented by the
matrix F = [FT

0 0M×K ]T , where F0 ∈ C
M×M and K ∈ N is the

amount of redundancy inserted in the transmission. By considering
that the received vector is also processed by a linear transformation
represented by the matrix G = [0M×(L−K) G0 ], where G0 ∈
C

M×(M+2K−L), it is possible to verify that [2], [4]:

ŝ = G(HISI + z−1HIBI)Fs + Gv = G0H0F0s + v0 , (1)

where we assume that L < M and HISI + z−1HIBI ∈ C
N×N [z−1]

is the channel matrix, with N = M + K. Such a matrix is
composed by intersymbol interference (ISI) and IBI parts [1], [2].
Furthermore, the additive noise at the receiver front-end is denoted
as v ∈ C

N×1 and we define v0 = Gv. The effective channel matrix
H0 ∈ C

(M+2K−L)×M is a Toeplitz matrix with first row given by
[ h(K) h(K − 1) · · · h(0) 01×(M−K−1) ] and first column given
by [ h(K) · · · h(L) 01×(M+3K−2L−1) ]T [2], [5].

Lin and Phoong [2], [4] showed that the number of redundant ele-
ments K must be drawn from the set { �L/2�, �L/2�+1, · · · , L }.
Thus, considering that the FIR channel model has even order L, the
minimum-redundancy transmission employing K = L/2 redundant
elements can be designed.2 In [5]–[8], the M ×M matrices F0 and

2When L is not even, we can pad the channel with one zero in order to
achieve an even order.
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G0 were designed in order to achieve either minimum ISI through
a ZF solution or minimum MSE. Both solutions were constrained
to employ either the discrete Fourier transform (DFT) and diagonal
matrices [5], or the discrete Hartley transform (DHT), diagonal, and
anti-diagonal matrices [6], [7]. The multiplication of a vector by these
matrices may be implemented using superfast algorithms [9].

From now on, we shall focus on the DFT-based transceivers
proposed in [5]. However, it is rather straightforward to extend the
proposals of this paper to the transceivers in [6]–[8].

A. Displacement Rank Approach

The DFT-based transceivers proposed in [5] were derived using the
displacement rank theory [9], [13]. This theory is characterized by the
following features [9]: compression, operation, and decompression.

When dealing with a structured matrix U ∈ C
M×M , the com-

pression stage aims at generating a new matrix with smaller rank,
entailing a reduced amount of parameters to operate on. Compression
is performed by using the following linear operators [9]:

∇X,Y : C
M×M → C

M×M

U �→ ∇X,Y(U) = XU − UY, (2)

ΔX,Y : C
M×M → C

M×M

U �→ ΔX,Y(U) = U − XUY, (3)

where the operator matrices X,Y ∈ C
M×M should be correctly

chosen in order to obtain a relatively small displacement rank, which
is the rank of ∇X,Y(U) or ΔX,Y(U).

After the compression stage, there are lots of results [5], [9] that
relate the operations on the compressed form of structured matrices to
the original structured matrix. This eventually means that operations
with structured matrices can be performed much faster by using their
displacements [9].

After the operation stage, the related matrices can be recovered
through decompression from their displacement [5], [9].

B. DFT-Based Transceivers with Minimum Redundancy

As shown in [5], the zero-forcing and the minimum mean-squared
error solutions for the receiver matrix G0 are respectively given by:

GZF
0 =

1

2
FH

0 WH
M

(
2∑

r=1

Dp̃rWMDWMDq̃r

)
WH

MDH , (4)

GMMSE
0 =

1

2
FH

0 WH
M

(
4∑

r=1

Dp̃rWMDWMDq̃r

)
WH

MDH , (5)

in which Dx = diag{x}, for any vector x ∈ C
M×1, and D =

diag{ej π
M

m}M−1
m=0 . In addition, the vectors p̃r and q̃r are the columns

of the matrices P̃ = −√
MWMP, and Q̃ =

√
MWMDZ−1Q,

respectively. The M × M matrix WM is the normalized DFT
matrix [5], whereas Zλ = [ e2 · · · eM λe1 ], for λ ∈ C. For each
m ∈ { 0, 1, · · · , M − 1 }, the mth element of vector em ∈ C

M×1

is 1, while all other elements are 0. It remains to define the matrices
P and Q. Their definitions depend on whether the solution is ZF or
MMSE.

For the ZF solution, P = −H−1
0 P̂ ∈ C

M×2 and Q = −H−T
0 Q̂ ∈

C
M×2, where the matrices P̂ and Q̂ are defined in such a way that

P̂Q̂T = ∇Z−1,Z1(H0). As shown in [5], the definition of P̂ and Q̂
is straightforward and does not require any multiplications.

On the other hand, for the MMSE solution we have that [5]:

P=

[
σ2

v

σ2
s

(
HH

0 H0 +
σ2

v

σ2
s

I

)−1

P̂′ − HH
0

(
H0HH

0 +
σ2

v

σ2
s

I

)−1

P̂

]
M×4

(6)

Q=

[(
H0HH

0 +
σ2

v

σ2
s

I

)−T

Q̂′
(
H0HH

0 +
σ2

v

σ2
s

I

)−T

H∗
0Q̂

]
M×4

, (7)

with (P̂, Q̂) ∈ C
M×2 × C

M×2 and (P̂′, Q̂′) ∈ C
M×2 ×

C
M×2 being the displacement generator pairs of ∇Z−1,Z1(H0)

and ∇Z1,Z−1(H
H
0 ), respectively, i.e. ∇Z−1,Z1(H0) = P̂Q̂T and

∇Z1,Z−1(H
H
0 ) = P̂′Q̂′T .

Based on (4) and (5), the single-carrier solution corresponds to
F0 = I, whereas the multicarrier solution corresponds to F0 =
WH

M for both MMSE and ZF designs. Fig. 1 depicts the resulting
multicarrier transceiver structure for the ZF case.

From (4) and (5), we note that the overall equalization process has
an asymptotic complexity of O(M log2 M), as the standard OFDM
and SC-FD transceivers. In those equations, the vectors p̃r and q̃r

define the equalizer completely, since they contain all the information
about the channel (all the remaining matrices are constant). However,
in order to calculate these vectors, it is necessary to solve some linear
systems. In the ZF case, for example, there are four linear systems
H0pr = p̂r and H0qr = q̂r , with r ∈ { 1 , 2 }. This stage is
the so-called receiver-design problem. The receiver-design problem
assumes that the channel is known. This implies that before solving
those linear systems, we first need to estimate the channel. In [5], we
assumed that the receiver design was previously performed employing
CSI.

In this work, we show how to estimate the channel when minimum-
redundancy transceivers are employed and how to use this estimate
in order to solve the linear systems that define the equalizers. The
key feature of our proposals is the fact that we perform all these tasks
by using superfast algorithms, as we shall clarify.

III. CHANNEL ESTIMATION USING MINIMUM REDUNDANCY:
A TIME-DOMAIN APPROACH

Traditional OFDM systems use the fact that, after the transmitter-
receiver processing, the channel model is diagonalized and estimation
of the channel-frequency response is much easier. Based on this fact,
practical systems estimate only some bins in the frequency domain
and, after that, perform an interpolation in order to estimate the whole
channel-frequency response [10].

As highlighted in [10], a more efficient technique is to estimate
the channel-impulse response using least-square (LS) estimation.
Considering that L+1 < M , we have that the number of coefficients
to be estimated in the time domain, L + 1, is smaller than the
number M in the frequency domain. In addition, we will use the same
reasoning developed in [10] in order to employ superfast algorithms
for the implementation of the channel estimator.

Let us start with the single-carrier system with minimum redun-
dancy. From (1), we have that, after discarding the L/2 redundant
symbols, the received vector y ∈ C

M×1 is given by:

y = H0s + v′, (8)

where v′ ∈ C
M×1 contains the last M elements of v. Thus, assuming

that the set M = { 0, 1, · · · , M − 1 } is partitioned in three disjoint
sets M0 = { 0, 1, · · · , L/2 }, M1 = {L/2 + 1, L/2 + 2, · · · , M −
2−L/2 }, and M2 = {M − 1−L/2, M −L/2, · · · , M − 1 }, the
mth element of y can be expressed as:

y(m) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

L
2 +m∑
l=0

h
(

L
2

+ m − l
)

s(l) + v′(m), ∀m ∈ M0

L∑
l=0

h (L − l) s
(
l + m − L

2

)
+ v′(m), ∀m ∈ M1

( L
2 +M−1−m)∑

l=0
h (L − l) s

(
l + m − L

2

)
+ v′(m), ∀m ∈ M2

. (9)

After a change of variables and considering that the vector t = s
(single-carrier transmission) or t = WH

Ms (multicarrier transmission)
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Fig. 1. Multicarrier system with minimum redundancy: ZF solution [5].

contains only pilot symbols, the former equation can be rewritten as:

y(m) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

L
2 +m∑
l′=0

t
(

L
2

+ m − l′
)

h(l′) + v′(m), ∀m ∈ M0

L∑
l′=0

t
(

L
2

+ m − l′
)

h(l′) + v′(m), ∀m ∈ M1

L∑
l′=( L

2 −M+1+m)

t
(

L
2

+ m − l′
)

h(l′) + v′(m), ∀m ∈ M2

, (10)

which yields the following identity:

y = Th + v′, (11)

where T ∈ C
M×(L+1) is a Toeplitz matrix containing the pilot sym-

bols. The first row of T is [ t(L/2) t(L/2− 1) · · · t(0) 01×L/2 ]
and the first column is [ t(L/2) · · · t(M − 1) 01×L/2 ]T .
Moreover, the vector h ∈ C

(L+1)×1 contains the channel-impulse-
response coefficients. The LS solution for the problem described
in (11) is given by [10]:

ĥ =
(
THT + ρIL+1

)−1

THy, (12)

in which the regularization parameter ρ ∈ R+ may be chosen in
a similar a way as performed in MMSE-based solutions, i.e., it is
possible to use the a priori knowledge about the signal-to-noise ratio
(SNR) at the receiver front-end in order to set ρ = 1/SNR.

Note that, unlike [10], the product THT is not a Toeplitz matrix.
This implies that we cannot use the Gohberg-Semencul formula [9],
[10] to implement the product of

(
THT + ρIL+1

)−1
TH by the

received vector in a superfast way. This occurs since the traditional
Gohberg-Semencul formula describes a superfast decomposition of
inverses of Toeplitz matrices only. However, we still can adapt the
results of Theorems 2 and 3 from [5] in order to produce a super-
fast decomposition for the resulting matrix

(
THT + ρIL+1

)−1
TH .

Hence, even though the pilot matrix does not induce a Toeplitz
correlation-pilot matrix as in [10], we have just verified that it is
still possible to recover an estimate for all channel taps in the time-
domain using only O((L + 1) log2(L + 1)) operations per iteration.

This discussion did not take into account the fact that, in order to
apply Theorems 2 and 3 from [5], we need to solve eight structured
linear systems. A reasonable assumption is to consider that those
linear systems were previously solved [10] since they are related
to pilot symbols only, which do not have to be time-variant. In
this case, at least 8(L + 1) coefficients must be stored, since the
minimum amount of pilots in order to guarantee that the matrix THT
is nonsingular is L+1 and we need eight vectors that are the solutions
of the eight linear systems. However, these linear systems can also
be solved using the techniques described in Sections IV and V.
As previously mentioned, these techniques also employ superfast
algorithms, requiring O(M log2 M) operations.

IV. EQUALIZER DESIGNS USING NEWTON’S ITERATION

The equalizer-design problem consists in solving four linear sys-
tems in the ZF solution and eight linear systems in the MMSE solu-
tion. Those solutions can be achieved by using Newton’s iteration [9],
[11].

The idea behind Newton’s iteration is to generalize the traditional
Newton’s method to find zeros of a given function to the case in
which the domain and the range of the function are comprised of
matrices [9]. Thus, let us define the function

fX : C
M×M → C

M×M

U �→ U − X−1, (13)

where X ∈ C
M×M is a nonsingular matrix, whose inverse we want

to compute. It is possible to show that Newton’s iteration improves
an initial approximation U0 ∈ C

M×M to the inverse of X by using
the following iteration step [9], [11]:

Ui+1 = Ui(2I − XUi), (14)

for i ∈ N. A sufficient constraint to guarantee convergence of
the algorithm is that the initial approximation U0 must respect the
following inequality [9], [11]:

‖I − XU0‖2 < 1, (15)

where ‖ · ‖2 stands for the induced Euclidean norm of matrices [9],
[11]. As all the involved matrices can be compressed using the
displacement approach, it is possible to implement each recursion
step using only O(M log2 M) operations [9], [11]. In addition, this
algorithm features quadratic convergence rate, which is a very high
speed of convergence to these types of problems [9], [11].

We now propose the following application of the Newton’s iteration
method: consider that we have a previous estimate for the inverse of
the effective channel matrix H0(k − 1) at the time instant indexed
by k − 1 ∈ N. Consider that, after applying the channel estimation
method proposed in Section III, we also know the actual effective
channel matrix H0(k). The problem is to find H−1

0 (k), given that
we know H0(k− 1), H−1

0 (k− 1), and H0(k). If the channel varies
slowly with time, H−1

0 (k − 1) is a good estimate for the inverse of
H0(k), in the sense that ‖I − H0(k)H−1

0 (k − 1)‖2 < 1. Thus,
by setting U0 = H−1

0 (k − 1), we have that the application of
the Newton’s iteration according to (14) has guaranteed (quadratic)
convergence. The reader should refer to [9], [11] in order to verify
the details related to the implementation of this recursion using only
O(M log2 M) operations.

A fundamental assumption of the aforementioned method is that
the channel varies slowly with time. However, this is a strong
assumption in several applications, such as wireless systems. A
possible solution for this case is to use the homotopic Newton’s
iteration [9]. Once again, we assume that we know the matrices
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H0(k−1), H−1
0 (k−1), and H0(k), but now we define the homotopic

transformation [9]:

H
(i)
0 (k) = H0(k − 1) + [H0(k) − H0(k − 1)]τi, (16)

for i ∈ I = { 1, 2, · · · , I } ⊂ N and τi ∈ ( 0, 1 ] ⊂ R. In addition, it
is assumed that 0 < τ1 < τ2 · · · < τI = 1. In general, τi = i/I . In
such a case, the number I should be chosen as the smallest natural
number that yields:∥∥∥∥I − H

(i)
0 (k)

[
H

(i−1)
0 (k)

]−1
∥∥∥∥

2

< 1, ∀i ∈ I \ {1}. (17)

Consequently, if I is properly chosen, we can apply Newton’s
iteration method for each i ∈ I \ {1}, where we assume that we
know H

(i−1)
0 (k), [H

(i−1)
0 (k)]−1, and H

(i)
0 (k) in order to compute

[H
(i)
0 (k)]−1. At the end, we have that [H

(I)
0 (k)]−1 = H−1

0 (k).
There are other alternatives to solve the linear systems that define

the ZF and MMSE equalizers. Among them, the preconditioned
conjugate gradient (PCG) algorithms have an important position.

V. ALTERNATIVE HEURISTICS TO DESIGN EQUALIZERS

WITH MINIMUM REDUNDANCY USING PCG

The idea of PCG methods is to solve the problem H0p = p̂ by
solving the equivalent problem P−1H0p = P−1p̂, which is better
conditioned than the original problem, using conjugate gradient algo-
rithms [12]. The matrix P is the so-called preconditioner matrix and
should be much easier to invert than matrix H0 and, simultaneously,
should be a good approximation for H−1

0 , that is, P−1H0 ≈ I [12].
As all involved matrices are structured, this type of algorithm can also
be implemented using only O(M log2 M) operations per iteration.

The PCG method (see [12] and references therein) features super-
linear convergence rate (slower than Newton’s iteration). Nonetheless,
it can be very useful when associated to Newton’s iteration method. In
fact, when the channel varies rapidly with time, the PCG approach can
be used to refine the crude initial approximation U0 = H−1

0 (k − 1)
for the inverse of H0(k) and, after that, to apply the Newton’s
iteration or the homotopic Newton’s iteration method [9].

VI. NUMERICAL EXAMPLE

Some experiments were included to verify the performance of the
superfast algorithms previously described when applied to the de-
sign of minimum-redundancy transceivers. There are many different
configurations to be tested, however, we assess the performance only
when a PCG method is first employed in order to refine a crude initial
approximation for the inverse of H−1

0 .
The channel model is a 3G-LTE-based extended typical urban

(ETU) channel, whose power-delay profile is described in [14]. The
resulting impulse response has order L = 22. We consider that
M = 32. We generate 6000 distinct channels and each new channel
used the inverse of the previous effective channel matrix as a initial
approximation to the current inverse of the channel matrix. The
performance assessment is based on the normalized error associated
to the estimation of matrix P in a ZF solution (see (4)), i.e. the
performance of the algorithms was verified based on the quantity
(‖P − P̄‖F)/‖P‖F, where ‖ · ‖F is the usual Frobenius norm of
matrices [9] and P̄ is the related estimate.

Fig. 2 depicts the empirical cumulative distribution function (CDF).
The number of iterations of the PCG algorithm to achieve this
performance is around 14 ± 3. We verified that PCG algorithm
would take much more iterations to further decrease the resulting
normalized error. This justifies the use of a more sophisticated
method, as Newton’s iteration. From Fig. 2, one may conclude that
with just two or three Newton’s iterations (black and magenta lines,
respectively), the percentage of channels whose the associated value
10 log10

[
(‖P − P̄‖F)/‖P‖F

]
is, e.g., lower than −100 dB is much

greater than that when using the initial estimate obtained with the
PCG method (blue line).
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Fig. 2. Probability of channels versus normalized error (dB): CDF.

VII. CONCLUSIONS

In this work, we proposed new methods to design memoryless
block-based equalizers with minimum redundancy. The new propos-
als are based on pilot transmission and require only O(M log2 M) to
estimate the related time-domain model of the channel. In addition,
the new proposals also employ iterative algorithms that require
only O(M log2 M) operations per iteration. These are preliminary
theoretical results from investigations that are in progress.
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