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Abstract—Block-based transceivers with minimum redundancy
induce a Toeplitz effective channel matrix that may lead to higher
noise gains than circulant channel matrices. This work proposes
an optimal power-allocation method that minimizes the noise
gains when channel-state information (CSI) is available at the
transmitter end. Simulation results demonstrate that the design
approaches allow higher throughputs in a number of situations,
revealing the potential usefulness of the proposed solutions.

I. INTRODUCTION

A significant part of physical- and link-layer research on

communication systems focuses on either developing new

methods or enhancing the existing ones in order to increase

throughput. From a practical point of view, these investigations

should always take into account the fundamental trade-off

between performance gains and cost effectiveness. In this

work, performance improvements mean higher throughputs,

whereas low costs mean low power consumption and easy-to-

implement characteristics.

The computational complexity is amongst the factors that

directly affects the cost effectiveness of new advances in

communications. This explains why linear transceivers are

still preferred in most applications. The choices of orthogonal

frequency-division multiplex (OFDM) and single-carrier with

frequency-domain equalization (SC-FD) by several practical

systems are good examples of this preference [1].

By taking these facts into account, recent works have pro-

posed high-throughput transceivers that are cost effective [2],

[3], [4]. These transceivers can achieve higher throughputs

because they use only half the amount of redundancy em-

ployed in standard OFDM and SC-FD systems, i.e., they use

L/2 redundant elements instead of L, considering Lth-order

channels. In addition, they are cost effective because their

associated equalization processes require only O(M log2 M)
complex-valued numerical operations per block of size M .

Nevertheless, it has been observed that, after the equal-

ization process, these high-throughput transceivers may suf-

fer from noise gains more than traditional OFDM and SC-

FD systems do (see the simulation sections in [2], [3]).

This occurs because of the additional difficulty in equalizing

the Toeplitz effective channel matrix induced by the high-

throughput transceivers, as compared to the circulant channel

matrix associated with OFDM and SC-FD systems [2]. This

fact motivated us to perform research on methods to minimize

these noise gains.

A. Main Contributions of This Work

In this work, we consider a scheme where high-throughput

block transceivers have CSI available at the transmitter end.

We use this information to distribute the available transmitter

power among the symbols. The power allocation is performed

in order to minimize the noise gains at the receiver end.

The proposed power-allocation method is implemented by

multiplying each symbol to be transmitted by a positive real

number. These real numbers are the solutions of a constrained

optimization problem: to minimize the power of the noise

vector after the receiver processing, without changing the

average transmission power of the transmitted data block.

B. Organization

We organized this paper in the following manner: Sec-

tion II describes the basic framework of high-throughput

block transceivers. The special case of DFT-based systems

with minimum redundancy [2] is reviewed. The proposed

power-allocation method is derived in Section III. Numerical

examples are presented in Section IV. The paper ends with

some concluding remarks in Section V.

C. Notation

The notations E[·], [·]T , [·]H , and [·]−H stand for expected

value, transpose, Hermitian transpose, and Hermitian transpose

of inverse operations on [·], respectively. An optimal value

that minimizes a given real function f(x) is denoted by x∗.

The sets of real, positive real, and complex numbers are

respectively denoted by R, R+, and C. The set C
M×N denotes

all M × N matrices comprised of complex-valued entries,

whereas C
M×N [x] denotes all polynomials in the variable x

with M × N complex-valued matrices as coefficients. The

notation ‖·‖2 denotes the standard norm-2 of a vector. The op-

erator diag{·} generates a diagonal matrix whose elements are

the entries of the argument vector. The trace matrix operator,

denoted by tr{·}, calculates the sum of the diagonal elements

of a given square matrix. The symbols 0M×N and I denote

an M × N matrix with zero entries and the identity matrix

with a compatible dimension. When we refer to computational

complexity, we mean the total amount of complex-valued
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Fig. 1. Mathematical transceiver model with a diagonal precoder (power allocation).

operations (additions and multiplications). In this context, an

algorithm is O(f(M)) when it is possible to implement it

with at most cf(M) complex operations, for some positive

real constant c.

II. HIGH-THROUGHPUT BLOCK TRANSCEIVERS

Consider a vector s comprised of M symbols from a given

constellation. Before transmitting this vector through an Lth-

order channel [5] H(z) , HISI + z−1HIBI ∈ C
N×N [z−1],

a linear processing takes place by multiplying s by the

transmitter matrix F , [FT
0 0M×

L

2

]T , where F0 is a

unitary M × M matrix and N , M + L
2

. At the receiver

end, the received vector is linearly processed by means of the

receiver matrix G , [0M×
L

2

G0 ], where G0 is an M × M

equalizer matrix. Note that GH(z)F = G0H0F0, where H0

is a Toeplitz effective channel matrix [2], [3], [4]. The general

architecture of the described high-throughput transceiver is

depicted in Fig. 1. Meanwhile, we assume that T = I.

This is a minimum-redundancy system that completely

eliminates the interblock interference (IBI) [5]. The specific

way the matrices F0 and G0 are designed depends on the

figure of merit to be optimized. Practical systems tend to

use the simplest methods that are good enough to satisfy the

performance requirements of the involved applications. This

explains why zero-forcing (ZF) and minimum mean-square

error (MMSE) solutions are widely used to either eliminate or

reduce the intersymbol interference (ISI) [1].

By assuming both that H0 is known at the receiver end and

that F0 was previously chosen, it has been recently shown

that [2]:

G0 ,
1

2
FH

0 WH
M

(

R
∑

r=1

Dp̃r
WMDWMDq̃r

)

WH
MDH , (1)

where WM is the M × M normalized DFT matrix, Dx =
diag{x} for any vector x, D = diag{e π

M
m}M−1

m=0 , and p̃r and

q̃r are vectors that depend on H0 (see [2] for further details).

The parameter R defines the number of parallel branches used

for equalization at the receiver end [2], [3], [4]. A ZF solution

uses R = 2 branches, whereas an MMSE solution uses R =
4 branches. A single-carrier transceiver can be designed by

setting F0 = I, whereas a multicarrier system can be designed

by setting F0 = WH
M for both MMSE and ZF designs.

III. OPTIMAL POWER ALLOCATION

The multicarrier transceivers with minimum redundancy

proposed in [2], [3], [4] were not designed to take into account

channel-state information at the transmitter end. Hence, they

do not apply any kind of bit and/or power loading to the

subchannels. Rather, they transmit equal-power signals on ev-

ery subchannel. In fact, the problem of power loading aiming

at maximizing the channel capacity has not been addressed

in the context of practical high-throughput transceivers. This

problem appears to be more complex than in the traditional

DMT schemes (employing full-redundancy), since the effec-

tive channel matrix is not diagonalized in high-throughput

transceivers.

This section describes mathematically the proposal of this

work. The idea is simple: to include at the transmitter and

receiver ends two real-valued diagonal matrices T−1 and T,

respectively (see Fig. 1 and consider now that T 6= I). The

matrix T is designed in order to minimize the mean-square

value of the noise after the processing at the receiver end,

while keeping the same overall transmitter power. Note that

this is not a unitary-precoder problem [1], since T is not a

unitary or an orthogonal matrix. An analogous problem was

proposed and solved in [6] for cyclic-prefix-based OFDM

systems. This work, however, considers only a diagonal matrix

T in order to avoid increasing the computational complexity

of the transceiver significantly.

Given a noise vector v0 drawn from a zero-mean white

process containing M independent and identically distributed

(i.i.d.) elements, the resulting processed noise at the receiver

end is TG0v0. Thus, the average noise power (ANP) after the

receiver processing is given by:

ANP ,
1

M
E
{

tr
[

TG0v0v
H
0 GH

0 TH
]}

=
σ2

v

M
tr{THTG0G

H
0 }, (2)

where E{v0v
H
0 } = σ2

vI, with σ2
v ∈ R+. Hence, by defining

the mth diagonal element of T as tm, and the mth row-vector

of G0 as gm, we have the following optimization problem:

min

M−1
∑

m=0

t2m‖gm‖2
2 , subject to

M−1
∑

m=0

t−2
m = M. (3)

The constraint in (3) models the fact that, for a zero-mean

white input s such that E{ssH} = σ2
sI, with σ2

s ∈ R+, the
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Fig. 2. Multicarrier minimum-redundancy block transceiver (ZF-MC-MRBT) with power allocation.

average transmission power (ATxP) is kept constant, that is

ATxP ,
1

M
E
{

tr
[

F0T
−1ssHT−HFH

0

]}

=
σ2

s

M
tr{T−1T−HFH

0 F0}

=
σ2

s

M
tr{T−2} =

σ2
s

M

M−1
∑

m=0

t−2
m

= σ2
s =

1

M
E
{

tr
[

ssH
]}

, (4)

since FH
0 F0 = I and tr{T−2} is constrained to be M .

By applying the Lagrange-multiplier method, we have the

following cost-function (see also [6]):

J(t0, · · · , tM−1) ,

M−1
∑

m=0

t2m‖gm‖2
2 + λ

(

M−1
∑

m=0

t−2
m − M

)

, (5)

which can be optimized by finding its associated extreme

points, as follows:

∂J(t0, · · · , tM−1)

∂tm′

= 2tm′‖gm′‖2
2 − 2λt−3

m′ . (6)

Thus, for m ∈ {0, 1, · · · ,M − 1}, we have

∂J(t0, · · · , t∗m, · · · , tM−1)

∂tm
= 0 ⇔ t∗m = 4

√

λ

‖gm‖2
2

, (7)

in which we only considered the positive real root. Now, we

can substitute the values t∗m into the constraint described in (3)

in order to determine λ. Hence, we have

M−1
∑

m=0

‖gm‖2√
λ

= M ⇔
√

λ =

M−1
∑

m=0

‖gm‖2

M
. (8)

Now, by using (8) in (7), we obtain the optimal solution

t∗m =

√

√

√

√

√

M−1
∑

m′=0

‖gm′‖2

M‖gm‖2

, ∀m ∈ {0, 1, · · · ,M − 1}. (9)

Note that this solution is associated with the minimization

of the cost-function J : R
M −→ R, defined in (5). In fact,

from (6), we have

∂2J(t0, · · · , tM−1)

∂tm′′∂tm′

= 6λt−4

m′ δ[m
′ − m′′] , (10)

where δ[x] = 1 when x = 0, and δ[x] = 0 otherwise. Thus,

the Hessian matrix associated with the cost-function J is a

diagonal matrix. From (8), we know that λ > 0. Each diagonal

element of the Hessian matrix is, therefore, positive, yielding

a positive-definite Hessian matrix.

Fig. 2 depicts the detailed structure of the zero-forcing

multicarrier transceiver with minimum redundancy. This

transceiver employs the optimal power-allocation scheme that

we have just derived. The first step of the transmitter pro-

cessing is to multiply each symbol in a data block by a real

number (optimal weight 1/t∗m, for the mth symbol in the data

block). After that, the entire block is transformed through

the application of the IDFT and the L/2 guard-zeros are

introduced. At the receiver end, a prefilter may be included in

order to shorten the channel. After removing the guard period,

M parallel phase shifts are performed, where the mth phase

shifter, or rotator, is defined as e− π

M
m. The first equalization

step is performed after the application of the IDFT on the

data vector. Then, the resulting data vector is simultaneously

processed by two different branches of the transceiver. The

1-tap equalizers in this stage are the elements of the vectors

q̃1 and q̃2. After the application of the DFT, phase shifts are

performed again, but now the mth rotator is defined as e π

M
m.

Another equalization step is performed in each branch, after

the application of the DFT on the phase-shifted data vectors.

The 1-tap equalizers in this stage are the elements of the

vectors p̃1 and p̃2. The last step of the receiver processing is

to equalize the power throughout the whole data block. This is

implemented by multiplying the mth symbol estimate by t∗m.

The related MMSE transceiver has a similar structure, except

for the four parallel branches at the receiver end.
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IV. SIMULATIONS

We transmit 10,000 data blocks carrying M = 16 symbols

of a 16-QAM constellation. In fact, each data block stems

from 32 data bits that, after channel coding (with constraint

length 7, code rate Rc = 1/2, and octal generators g0 = [133]
and g1 = [165]) [7], yield 64 bits to be baseband modulated.

We assume that both symbol and channel models use the

sample frequency fs = 100 MHz. We also consider that

both synchronization and channel estimation are perfectly

performed at the receiver end. In addition, we only consider

multicarrier systems, since we verified that the proposals are

not effective for single-carrier systems.

In our first experiment, we assess the uncoded bit-error rate

(BER) performance of the multicarrier minimum-redundancy

block transceivers (MC-MRBT) in two configurations: without

precoding and with per-symbol precoding (each 1/t∗m in (9)

multiplies an element of the vector s), which is always

indicated by the letter P. In addition, we also depict the results

for the OFDM-based systems as a reference. The channel

model used here (channel A [8]) has zeros 1.2, −1.2, 0.7,
and −0.7, implying that L = 4. From Fig. 3(a), one can

verify that, in the SNR range above 15 dB, the gain from

using the power-allocation method proposed in this work is

noticeable. One must realize that this apparently modest gain

in uncoded-BER performance leads to a significant gain in

throughput, since the MC-MRBT systems use only L/2 = 2
redundant elements, whereas the OFDM uses L = 4 redundant

elements.

In our second experiment, we assess the throughput per-

formance of the same transceivers previously discussed. The

computation of the throughput is based on the expression

Throughput ,
M

M + K
ρRc(1 − BLER)fs bps, (11)

where ρ is the number of bits required to represent one

symbol in a given constellation, Rc is the code rate, K is the

amount of redundancy (L for standard OFDM and L/2 for

our proposals), fs = 100 MHz is the sample frequency, and

BLER is the block-error rate. We consider an error-free type

of application, so that a block error is computed whenever at

least one of the 32 data bits obtained after channel decoding is

erroneously detected. In addition, the channel model (channel

B [9]) is H(z) = 1 + 0.5z−1 − 0.7z−2 + 0.9z−3 + z−4.

From Fig. 3(b), one can verify the throughput gains due to

the proposed power allocation.

The third experiment is equal to the previous one, except

for the channel model (channel C [10]), whose zeros are 1,

0.9, −0.9, and 1.3e5π/8. Once again, the new proposals

outperform the existing systems, as depicted in Fig 3(c). More-

over, the performances of the minimum-redundancy systems

are much better than the performances of both the traditional

OFDM system and the precoded OFDM system. This occurs

since OFDM-based systems have poor performances when the

channel model has zeros on the unit circle [10], [1].

Note that when one employs the precoded systems, then

both ZF and MMSE solutions take into account the influence
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Fig. 3. (a) Uncoded BER using channel A, (b) throughput using channel B,
and (c) throughput using channel C.

of the noise. Hence, in the precoded case, we cannot expect

that the MMSE-based solutions always outperform their re-

lated ZF-based counterparts. Indeed, Fig. 3 exhibits a contrary

behavior: the performance of the P-ZF-MC-MRBT system

is sometimes slightly better than the P-MMSE-MC-MRBT

system. This is attractive from a computational-complexity
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point of view, since the ZF minimum-redundancy systems are

simpler than the MMSE ones.

The three experiments above use small values for M and

L, since we are not interested in the absolute values of M
and L, but in the relative value of M when compared to L.

For instance, as we have chosen M = 16 (to simplify the

simulations, as performed in [5], [10]), we set a value for

L such that the assumption L ≪ M is not valid. For those

transmissions where L ≪ M , one may prefer to use the tradi-

tional OFDM or SC-FD systems for two main reasons: (i) it

may not be worth increasing the non-asymptotic computational

complexity of the transceiver in order to lower the redundancy

that is already small; and (ii) the noise enhancement associated

with the proposed transceivers is larger when L ≪ M .

V. CONCLUDING REMARKS

We presented in this paper a power-allocation method

specially designed to minimize the noise gains inherent to

block-based transceivers with minimum redundancy. The re-

sulting transceivers still require O(M log2 M) complex-valued

numerical operations to equalize a received vector. In addition,

the throughput performance is enhanced as the simulation

results illustrate.

The problem of power allocation aiming at maximizing the

channel capacity remains open and should be addressed in a

future work.
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