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Abstract—The aim of this paper is to investigate the steady-
state mean square error (MSE) performance of the set-
membership (SM) normalized least-mean-square (NLMS) algo-
rithm. Until recently there was no analysis tool available for
the SM-NLMS algorithm, mainly due to its inherent nonlinear
selective update which requires more involved mathematical
treatment. The few recent available works invoke some unrealistic
assumptions in order to simplify the problem. This paper
investigates the validity of these assumptions and their influence
in the accuracy of the resulting relations. Some simulation results
are included in order to verify how reliable and accurate are the
discussed analysis methods of the SM-NLMS algorithm.

I. INTRODUCTION

Although the set-membership normalized least-mean-square

(SM-NLMS) algorithm may be seen as a generalization of the

well-known normalized least-mean-square (NLMS) algorithm,

it inherits some desired features of the set-membership filter-

ing (SMF) approach. Some of these features are: robustness

against noise, reduced number of arithmetic operations (espe-

cially after convergence) and lower steady-state mean square

error (MSE) if the parameters are properly chosen [1].

In the last few years, many papers have confirmed these

good features of set-membership (SM) algorithms in a number

of applications such as interference suppression for CDMA

systems [2], semi-blind equalization [3] [4], and echo cancel-

lation [5]. To the best of our knowledge, the available literature

on this topic has always shown that the SM algorithms

outperform their non-SM counterparts.

Nevertheless, there is a lack of literature addressing the

analysis of SM algorithms. More specifically, since these

algorithms have more degrees of freedom than conventional al-

gorithms, it would be useful to come up with some guidelines

to set the parameters in order to achieve a good performance,

such as low MSE.

Works [6] and [7] represent two first attempts to understand

the influence of input-parameters on the steady-state MSE of

SM algorithms. The first work deals with the SM-NLMS,

whereas the latter deals with a more general algorithm, namely

the set-membership affine projection (SM-AP). Therefore, the

analysis developed in [7] can also be applied to the SM-NLMS

algorithm.

This paper discusses these two analysis methods, empha-

sizing their differences, common features, and assumptions.

Our main target is to understand the consequences of the

assumptions applied in each approach in order to answer

the question which of the analyses is more suitable to each

application.

This paper is organized in the following way. In Section II

we introduce the SM-NLMS algorithm. Some important defi-

nitions are introduced in Section III. Section IV discusses the

two first approaches to analyze the SM-NLMS, highlighting

their necessary assumptions, and interpreting their results.

Finally, in Section V, simulations in different scenarios are

described in order to compare the theoretic expressions of the

steady-state MSE generated by these two approaches.

II. SM-NLMS ALGORITHM

Let w(k) ∈ R
N+1 be the coefficients of an FIR adaptive

filter of order N . Let x(k) ∈ R
N+1 and d(k) ∈ R be the

input vector (also called regressor [8]) and desired-output at

iteration k, respectively. Let n(k) ∈ R be the noise disturbance

on d(k) at iteration k. The adaptive filter output is given by

y(k) = w
T (k)x(k) and the error signal is e(k) = d(k)−y(k).

So, the SM-NLMS algorithm is characterized by the following

updating rule [1]

w(k + 1) = w(k) +
µ(k)

‖x(k)‖2 + δ
e(k)x(k) , (1)

with

µ(k) =

{

1 − γ
|e(k)| if |e(k)| > γ

0 otherwise
,

where γ, chosen assuming some knowledge of the noise

standard deviation σn, represents an upper bound for the

magnitude of the error signal. The parameter δ is a regulariza-

tion factor, usually chosen as a small constant, used to avoid

divisions by 0.

III. DEFINITIONS

The analyses presented in the next section lead to expres-

sions for the steady-state MSE (ξ), excess of MSE (EMSE),

and misadjustment (M). Therefore, it is important to under-

stand how these quantities relate to each other. These relations

978-1-4244-6316-9/10/$26.00 © 2010 IEEE ISWCS 2010389



are summarized below [7], [8]:

ξ = lim
k→∞

E[e2(k)] = σ2
n + EMSE , (2)

EMSE = ξ − σ2
n , (3)

M =
EMSE

σ2
n

. (4)

IV. STEADY-STATE MSE OF SM-NLMS

In this section we discuss the two existing approaches to

analyze the SM-NLMS algorithm. Although both of them are

based on the energy conservation method [8], they are very

different in essence, as it will be clear from their first steps.

The energy conservation method is very attractive because it

avoids the analysis of the transient, which is not an easy task

for SM algorithms. In the following subsections we exhibit the

differences and commonalities between these two approaches

and try to interpret the final results.

A. Common Arguments

Here we present some arguments and/or assumptions that

are common to both approaches. Starting from the basics, both

of them utilize the same signal model, see Def. 1 below.

Definition 1 (Signal Model). The data {d(k),x(k), n(k)}
satisfy the following conditions:
(a) ∃wo ∈ R

N+1 : d(k) = w
T
o x(k) + n(k);

(b) The random variables d(k), n(k),x(k) have zero mean;

(c) n(k) is white Gaussian noise, and thus i.i.d., with vari-

ance σ2
n;

(d) n(k1) is independent of x(k2), ∀k1, k2;

(e) The initial condition w(0) is independent of the random

variables d(k),x(k), n(k).

Besides, both approaches assume the MSE sequence
{

E
[

e2(k)
]}

to be convergent, and the mean square deviation

sequence
{

E
[

‖∆w(k)‖2
]}

, where ∆w(k) = w(k) − wo, to

be bounded.

The model and assumptions presented so far are applied,

sometimes implicitly, in almost all steady-state behavior anal-

yses. The last assumption we present is not so justifiable as

the previous ones. The two analyses assume that, at steady-

state, the noiseless a priori error signal ẽ(k) = ∆w
T (k)x(k)

(sometimes called a priori estimation error [8]) is a zero-mean

Gaussian random variable. Although this assumption is, in

general, not true, it is a key assumption in order to simplify

the expectations of nonlinear functions of ẽ(k) by invoking

Price’s theorem, e.g., see [1] or [8].

B. First Approach (1st App.)

Let us first consider the analysis developed in [6] for

the SM-NLMS with relaxation factor µ (also known as step

size). Here, since we are considering the SM-NLMS given by

Eq. (1), we eliminate the relaxation parameter by choosing

µ = 1.
The first step of this approach is to rewrite Eq. (1) as

w(k + 1) = w(k) +
e(k) − f(e(k), γ)

‖x(k)‖2 + δ
x(k) , (5)

where f(e(k), γ) is defined as

f(e(k), γ) =
|e(k) + γ| − |e(k) − γ|

2
. (6)

Then, the following assumptions are used:

(B.1) The process ‖x(k)‖2 is strict-sense stationary (SSS);

(B.2) At steady-state, the random variable

‖x(k)‖2(‖x(k)‖2 + δ)−2 is uncorrelated with the

random variables n(k)f(e(k), γ), |e(k)|I[−γ,γ]C (e(k)),
and I[−γ,γ]C (e(k))1;
(B.3) At steady-state, both (‖x(k)‖2 + δ)−1 and

‖x(k)‖2(‖x(k)‖2 + δ)−2 are uncorrelated with the random

variables ẽ2(k) and ẽ(k)f(e(k), γ);
(B.4) At steady-state, the following separations of expectations

are considered valid:

E

[

ẽ2(k)

‖x(k)‖2 + δ

]

=
E[ẽ2(k)]

E[‖x(k)‖2] + δ
;

E

[

ẽ(k)f(e(k), γ)

‖x(k)‖2 + δ

]

=
E[ẽ(k)f(e(k), γ)]

E[‖x(k)‖2] + δ
;

E

[

ẽ2(k)‖x(k)‖2

(‖x(k)‖2 + δ)2

]

=E

[

‖x(k)‖2

‖x(k)‖2 + δ

]

E

[

ẽ2(k)

‖x(k)‖2 + δ

]

;

E

[

ẽ(k)f(e(k), γ)‖x(k)‖2

(‖x(k)‖2 + δ)2

]

=E

[

‖x(k)‖2

‖x(k)‖2 + δ

]

E

[

ẽ(k)f(e(k), γ)

‖x(k)‖2 + δ

]

This analysis leads to an equation which must be solved in

the variable ξ in order to find the steady-state MSE. In fact, the

algorithm analyzed is a relaxed-version of the SM-NLMS and,

therefore, the resulting expression is a little bit more complex

(see Theorem 3.1 of [6]). Below, we state the expression that

can be applied to the SM-NLMS algorithm (see Corollary 3.2

of [6])

ξ = σ2
n + C







σ2
n + γ2 − γ

√

2ξ

π

exp(−γ2

2ξ )

1 − erf( γ√
2ξ

)







, (7)

where C = 1 under (B.3) or C = E
[

‖x(0)‖2
]

E
[

‖x(0)‖−2
]

under (B.4).

C. Second Approach (2nd App.)

Now we consider the analysis developed in [7]. In fact, that

paper proposed an analysis of the set-membership affine pro-

jection (SM-AP) algorithm. However, the SM-AP parameters

were chosen in such a way that the analysis results encompass

the SM-NLMS algorithm, and many others as well. So, by

choosing the data reuse factor L equal to 0, we get the SM-

NLMS algorithm.

According to [7], the EMSE of the SM-NLMS algorithm is

EMSE=

[

σ2
n+γ2−2γσ2

nρ0(k)
]

Pup

[(2 − Pup) − 2(1 − Pup)γρ0(k)]
(8)

1
I
AC (z) is the indicator function of the set AC , defined as

I
AC (z) =



1 if z ∈ AC

0 otherwise
,

where the superscript C stands for the complementary set, i.e., AC = R−A.
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where ρ0(k) and Pup, explained later in (C.1), are given by

ρ0(k) =

√

2

π
(

2σ2
n + γ2

) (9)

Pup = 2Q

(

γ

σe

)

(10)

where Q (·) is the complementary Gaussian cumulative dis-

tribution defined by Q (x) =
∫ ∞

x
1√
2π

e−t2/2dt, and σe is an

estimate of the standard deviation of the error signal.

The required assumptions of [7] that concern the SM-NLMS

algorithm are listed below:

(C.1) The first step of this analysis is to rewrite Eq. (1) as

w(k + 1) = w(k) + Pup(k)

(

1 − γ
|e(k)|

)

‖x(k)‖2 + δ
e(k)x(k) , (11)

where Pup(k) ∈ [0, 1] is a function that represents the

probability of updating the filter coefficients at a given iteration

k, i.e., Pup(k) = P [|e(k)| > γ] which, at steady-state, we

assume it to be a constant Pup;

(C.2) At steady-state, the random variable (‖x(k)‖2 + δ)−1

is uncorrelated with the random variables ẽ2(k), ẽ(k)n(k),
ẽ(k)sign[e(k)], n(k)sign[e(k)], and n2(k)2;
(C.3) At steady-state, both e(k) and ẽ(k) are wide-sense

stationary (WSS);

(C.4) Pup ≪ 1 in order to neglect terms depending on P 2
up.

Some other assumptions used in [7], such as the diagonally

dominant assumption, were not mentioned above because they

do not concern the SM-NLMS, since there are no matrices.

D. Discussion

Here we comment on the two approaches considered in the

last two subsections.

The first important comment is related to how each approach

eliminated the if statement of Eq. (1). In the 1st App. no

assumptions were made in order to rewrite (1) as (5). However,

it was necessary to use the nonlinear function f(e(k), γ) which
appears in a number of assumptions. The 2nd App. utilized a

simplified model, see (11), that represents an average behavior

of Eq. (1). The motivation for this model is that the target is

to analyze an average behavior of the SM-NLMS, and thus

the analysis mainly concerns keeping the averages unaltered.

Examining the stationarity constraints we have (B.1) for the

1st App. and, for the 2nd App. we have (C.3). It is clear that

a WSS assumption is easier to be satisfied than an SSS one.

Moreover, at steady-state, it is very likely that e(k) and ẽ(k)
are WSS, especially for values of γ that lead to small values of

Pup. On the other hand, (B.1) represents a strong constraint on

the probability distribution of the input vector energy, which

can be reasonable in applications where the input signal is

chosen.

Analyzing the uncorrelation assumptions, we have (B.2) and

(B.3) or (B.4) for the 1st App., while for the 2nd App. we only

have (C.2). At first sight, an uncorrelation assumption between

2Where sign[·] is the sign function.

a function of the input signal and a function of the error

signal may not make sense. However, it can be a reasonable

assumption at steady-state, since the statistics of the error is

likely to vary slowly, especially when the probability of update

is small. Nevertheless, the uncorrelation constraints in (B.2)

are a little less reasonable. For example, the random variable

|e(k)|I[−γ,γ]C (e(k)) accounts for the situations where e(k) is

updating and, therefore, more dependent on the input signal.

Finally, 2nd App. used (C.4) in order to produce a more

compact result, see Eq. (8). However, this assumption is clearly

not true for small values of γ in which the probability of

updating can not be neglected. See Fig. 7 for an example of

the steady-state probability of update Pup versus τ , where γ =
√

τσ2
n. Nonetheless, this is not a big issue because in general

we choose γ > σn, that is τ > 1, in order to guarantee that wo

belongs to the constraint set with high probability regardless

the noise distribution and, for this range of τ , (C.4) is valid.

An interesting comment is that if we use Eq. (2) in Eq. (8)

and compare the result with Eq. (7) we verify some similarities

between these expressions. Indeed, when γ = 0, for example,

both approaches lead to the same steady-state expressions

derived for the NLMS algorithm [8].

V. SIMULATION RESULTS

In this section we consider six different simulation scenar-

ios. All of them consist of a system identification configuration

where the unknown system is modeled as an FIR filter of order

N . We consider two unknown systems, namely h1 and h2,

whose impulse responses were generated using the MATLAB

command randn(N+1,1), with N equal to 9 and 29,
respectively, and then normalizing them to obtain the following

unitary-energy impulse responses

h1 = [−0.0520 −0.1228 0.1624 0.1592 −0.4400
−0.0153 −0.0839 0.3193 0.5561 0.5643]T

h2 = [ 0.1911 −0.2428 −0.0051 −0.0715 −0.0782
−0.0276 −0.1944 0.1012 0.1292 −0.1876

0.0561 −0.2558 0.2959 0.2176 −0.1800
−0.2709 −0.0755 0.1409 −0.3866 −0.2359

0.2245 −0.1557 0.0450 −0.1084 0.0606
−0.1550 −0.0534 0.1604 0.2920 −0.1508]T

The input signals employed are of four types:

T1: white signal drawn from a standard normal

distribution (eigenvalue spread equal to 1);
T2: signal with eigenvalue spread equal to 80, gener-
ated by passing T1 through a first-order autoregres-

sive system;

T1+: similar to T1, but modeling the variance of the

Gaussian as a discrete random variable;

T2+: similar to T2, but modeling the variance of the

Gaussian as a discrete random variable.

The common parameters to all six scenarios are the additive

white Gaussian noise variance σ2
n = 10−3 and δ = 10−12 ≈

03. Besides, the adaptive filter order is also N and the initial

condition is w(0) = 0.

3In order to be consistent with the analyses presented in the last section.
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Table I specifies each of the six scenarios by defining the

parameters in which they differ.

Figures 1 to 6 depict the steady-state misadjustment versus

τ , where τ is an auxiliary variable that defines γ =
√

τ × σ2
n,

for each scenario.

In each scenario we considered an ensemble composed of

100 independent experiments. For each experiment we let the

adaptive filter run for 15×103 iterations, averaged the last 104

samples of the squared-error4, and averaged the result over the

whole ensemble in order to get the experimental MSE, EMSE,

and misadjustment. The theoretic curves of misadjustment for

the 1st App. and 2nd App. are the result of applying the

relations presented in Section III to the steady-state MSE of

Eq. (7) and EMSE of Eq. (8), respectively.

Some comments on Figs. 1 to 6 follow below:

1) There is no curve representing the 1st App. under (B.4)

since, for all the scenarios, the value of C under (B.4) was

C > 1 which eliminated the feasible roots of Eq. (7), i.e.,

there were no roots in the interval [σ2
n, σ2

n + Cσ2
n] [6];

2) Considering the first four scenarios, the 1st App. provided

a better result when the input signal was white, whereas 2nd

App. provided better results for colored input signal when

(C.4) is valid, usually for τ > 1;
3) Considering the first four scenarios, an increase in the value

of N generated few changes in the experimental curves. For

the 1st App., it seems that when N grows the accuracy of

the theoretic formula improves if the input signal is white,

whereas it decreases if the input signal is colored. For the 2nd

App., it works exactly in the opposite way, i.e., it leads to

more accurate results for colored signals when N grows;

4) Considering the shape of the curves, both of them have

some unpredictable behavior. The curve due to the 1st App. is

always monotonically decreasing, not matching the practice,

see the experimental misadjustment of Figs. 2, 4 and 6. The

intuition points to some increase in the steady-state MSE, and

thus misadjustment, if we do not let the algorithm update for

high values of error. This case corresponds to use a high value

for γ in which the algorithm still converges. On the other hand,

the curve due to the 2nd App. has also a shape that does not

match the practice. The reason for this remains unclear. An

interesting observation is that for L > 0, 2nd App. provides

curves that have a shape similar to the experimental one, see

[7]. In other words, this shape problem happens only to the

SM-NLMS algorithm;

5) Most of the signals in nature, e.g. the voice, are not

stationary. So, in order to test the sensitivity of the two

4We observed that for each scenario the adaptive algorithm converges in
less than 5 × 103 iterations, no matter the scenario.

TABLE I
SCENARIO SPECIFICATIONS.

Scen1 Scen2 Scen3 Scen4 Scen5 Scen6
`

unknown
system

´

h1 h1 h2 h2 h1 h1

N 9 9 29 29 9 9
input signal T1 T2 T1 T2 T1+ T2+
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Fig. 1. Scen1: Misadjustment
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Fig. 2. Scen2: Misadjustment

approaches when the input signals are not stationary, we

generated the input signals T1+ and T2+ that do not satisfy

(B.1), but are still very simple signals. We can see in Figs. 5

and 6 that 2nd App. provided better results for almost all

values of τ > 1.
Finally, Fig. 7 depicts the steady-state probability of update

Pup obtained in Scenario 2. As observed the theoretic curve

follows closely the experimental one.

VI. CONCLUSION

In this paper we studied the analysis of the SM-NLMS al-

gorithm. We discussed the two existing approaches to analyze

this algorithm, and compared the accuracy of the theoretical

expressions in six different simulation scenarios. We could see

that both analyses have their pros and cons. The first approach

[6] provided excellent results for simple input signals such as

the white signal, but as the input signal became more colored

and less liable to meet the constraints on the input vector the

results got worse. On the other hand, the second approach [7]

has the advantage of being more general and not constraining

too much the input signal. However this generality implies that

one must not expect from the second approach to produce a
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Fig. 3. Scen3: Misadjustment
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Fig. 4. Scen4: Misadjustment
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Fig. 5. Scen5: Misadjustment

perfect match result for a certain type of input signal, since it

does not use/assume any knowledge of the input signal.
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