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Abstract—Recently, a Sparsity-aware Set-Membership Affine
Projection (SSM-AP) algorithm has been developed, which
presents lower Mean-Squared Error (MSE), lower misalignment,
and lower computational complexity, as compared to other
sparsity-aware algorithms under the same conditions. The SSM-
AP updating rule is governed by a vector parameter, called the
Constraint Vector (CV). Currently, there are two main choices for
the CV: one leads to faster convergence, whereas the other yields
lower MSE and complexity. This paper proposes an alternative
to those choices, which can improve both convergence speed and
steady-state MSE of the SSM-AP algorithm with a given CV,
while also decreasing the overall number of updates.

Index Terms—adaptive filtering, sparsity, set-membership, set-
membership affine projection

I. INTRODUCTION

The widespread use of all kinds of sensors has generated

large amounts of data to be processed and stored. In this

scenario, the use of traditional signal processing techniques

may become unfeasible in real-time applications [1]. To deal

with this Big Data issue, several techniques, whose goal is

to efficiently manage and use data, were proposed and/or

revisited. Among these techniques, compressive sensing [2]–

[4], which essentially concerns the representation and recovery

of sparse signals, has received substantial interest.

Even before the emergence of Big Data, adaptive signal

processing exploiting sparsity of signals was already used in

some applications, such as echo cancellation [5]. In general,

adaptive filtering algorithms that take into account sparsity

can be divided into two categories [6]: (i) the proportionate

algorithms, whose filter coefficients are updated by a quantity

that is proportional to its current value [5], [7]–[10]; and (ii)

the regularized algorithms, which adds a sparsity-promoting

function/regularization to the optimization problem [11]–[16].

In addition to techniques that exploit sparsity, another inter-

esting property that is capable of reducing the computational

burden is the data selectivity or data selection. In adaptive

filtering, this property is found in the algorithms that employ

the Set-Membership Filtering (SMF) concept [17], such as the

Set-Membership Affine Projection (SM-AP) algorithm [18]. In

comparison to the classical algorithms, like the Least-Mean-

Square (LMS) and its many variations, SMF-based algorithms

are less complex and more robust to noise effects [19].

The combination of data selection and sparse modeling led

to the development of the two sparsity-aware data-selective

algorithms proposed in [6]. Such algorithms overcame their

main competitors in terms of Mean-Squared Error (MSE)

and misalignment, and also exhibited the lowest complexity,

considering both sparse and compressible signals.

This work proposes a modification on an internal param-

eter, which is related to the constraint vector (CV), of the

Sparsity-aware Set-Membership Affine Projection (SSM-AP)

algorithm [6]. Such a parameter has a fundamental role in

the algorithm behavior, being responsible for characteristics

such as convergence speed, complexity, and steady-state MSE.

The proposed modification not only generalizes the two CVs

described in [6], but also adds some degrees of freedom that

can be further exploited by the system designer.

This paper is organized as follows. In Section II, the SSM-

AP algorithm is described and the main CVs are shown. These

CVs are used to motivate the proposed modification, which

is introduced in Section III. In Section IV, the performance

of the proposed modified SSM-AP (M-SSM-AP) algorithm

is compared against the SSM-AP. Section V presents the

conclusions of this work.

II. SPARSITY-AWARE SET-MEMBERSHIP

AFFINE PROJECTION ALGORITHM

The SM-AP algorithm [18] combined the concepts of

data reuse and selective updating, giving rise to a powerful

technique with fast convergence and reduced computational

complexity [20]. The SSM-AP algorithm proposed in [6]

presented an alternative by incorporating a nonconvex sparsity-

promoting penalty to the SM-AP’s objective function. In this

section, the SSM-AP algorithm is briefly described and the two

main CVs are presented. Further details can be found in [6].

A. The Notation

For the reader convenience, the notation used throughout

this paper is described in this subsection.

The error, desired, and input vectors are denoted as

e(k),d(k) ∈ R
L+1 and x(k) ∈ R

N+1, respectively, where

L,N ∈ Z+ represent the data-reuse factor and the filter order.

The input matrix is given by X(k) ∈ R
(N+1)×(L+1). The
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adaptive filter coefficients are denoted as w(k) ∈ R
N+1.

The error vector is defined as e(k) � d(k) − X
T (k)w(k).

The constraint vector (CV) is denoted as γ(k) ∈ R
L+1. In

addition, S(k) �
[
X

T (k)X(k) + δI
]
−1

∈ R
(L+1)×(L+1),

where δ ∈ R+ is a regularization factor used to avoid

numerical issues due to matrix inversion. The error bound

specification is given by the parameter γ ∈ R+.

The inner structure of the following variables is helpful in

further discussions:

X(k) = [x(k) x(k − 1) . . . x(k − L)]
x(k) = [x(k) x(k − 1) . . . x(k −N)]T

w(k) = [w0(k) w1(k) . . . wN (k)]T

d(k) = [d(k) d(k − 1) . . . d(k − L)]T

γ(k) = [γ0(k) γ1(k) . . . γL(k)]
T

e(k) = [e0(k) e1(k) . . . eL(k)]
T

. (1)

B. The SSM-AP Algorithm

For the iterations in which an update takes place (i.e., when

the magnitude of the a priori error is above a prescribed

threshold, |e0(k)| = |d(k) − x
T (k)w(k)| > γ), the SSM-AP

algorithm adds a sparsity-promoting penalty to the SM-AP’s

objective function. As described in [6], this sparsity-promoting

penalty was initially chosen as the l0 “norm” of the adaptive

filter coefficients, leading to:

min
w(k+1)

‖w(k + 1)−w(k)‖22 + α‖w(k + 1)‖0

s. t. d(k)−X
T (k)w(k + 1) = γ(k). (2)

However, solving (2) directly is impractical in real-time ap-

plications. Thus, an approximation to the l0 norm is used and

the optimization problem that is actually minimized by the

SSM-AP algorithm is:

min
w(k+1)

‖w(k + 1)−w(k)‖22 + αFβ(w(k + 1))

s. t. d(k)−X
T (k)w(k + 1) = γ(k). (3)

Function Fβ(w(k+1)) is an almost everywhere differentiable

nonconvex function which approximates ‖w(k + 1)‖0 and

allows solving the problem in (3) by using stochastic gradient

methods [6].

One of the most widely used nonconvex approximations to

the l0 norm is the Geman-McClure function (GMF) [16], [21],

[22], defined by the following expression:

Fβ(w(k)) =
N∑

n=0

(
1−

1

1 + β|wn(k)|

)
. (4)

In [6], the objective function described in (3) is transformed

into a Lagrangian unconstrained optimization. After solving

the Lagrangian optimization, an updating rule for the SSM-

AP algorithm is reached:

w(k + 1) = w(k) +X(k)S(k)[e(k)− γ(k)]

+
α

2
[X(k)S(k)XT (k)− I]fβ(w(k)), (5)

whenever |e0(k)| > γ̄. If |e0(k)| ≤ γ̄, then w(k+1) = w(k),
as dictated by the SMF principle.

C. The Constraint Vector (CV)

Based on the optimization problem in (3), one can observe

that the CV γ(k) is responsible for determining L + 1 hy-

perplanes in the space of the parameters w(k). The constraint

d(k)−X
T (k)w(k + 1) = γ(k) states that w(k + 1) will lie

on the intersection of such hyperplanes.

In [6], [18], the Simple Choice Constraint-Vector (SC-CV)

is defined such that its 0th entry is γ0(k) = γ̄sign[e0(k)],
whereas the remaining entries are given by γl(k) = el(k), for

1 ≤ l ≤ L. Function sign[·] returns +1, 0, or −1 for positive,

zero, or negative arguments, respectively. The definition of the

SC-CV implies the following relation:

e(k)−γ(k) =
[
e0(k)− γ̄sign[e0(k)] 0 0 . . . 0

]T
. (6)

In general, the use of the SC-CV demands more iterations

for the convergence of the SSM-AP algorithm, but it also

leads to low computational complexity, due to the amount

of zeroes in the expression e(k) − γ(k) and to the fact that

such CV usually allows the SSM-AP algorithm to update

less frequently. Besides that, the final MSE of the SSM-AP

algorithm may be smaller than for other CVs [6].

The Exponential Decay Constraint-Vector (ED-CV) de-

scribed in [6] aims at increasing convergence speed by taking

into account more information in the expression e(k)−γ(k),
as opposed to Eq. (6). For the ED-CV, the lth entry of γ(k)
is γl(k) = γ̄l+1sign[el(k)]. In comparison to Eq. (6), the

following relation is established for the ED-CV:

e(k)− γ(k) =

⎡
⎢⎢⎢⎣

e0(k)− γ̄sign[e0(k)]
e1(k)− γ̄2sign[e1(k)]

...

eL(k)− γ̄L+1sign[eL(k)]

⎤
⎥⎥⎥⎦ . (7)

When the ED-CV is used, the SSM-AP algorithm converges

in fewer iterations than in the case of using the SC-CV. On

the other hand, the final MSE and the misalignment of the

SSM-AP with ED-CV is often higher than the SSM-AP with

SC-CV. In terms of computational complexity, the use of the

ED-CV tends to increase the number of operations, since the

amount of non-zero elements of e(k)− γ(k) increases when

Eq. (7) is compared to Eq. (6). An experimental comparison

between these CVs is presented in [23].

III. THE PROPOSED MODIFIED SSM-AP ALGORITHM

In the comparison between the SC-CV and the ED-CV

mentioned in Subsection II-C and performed in [6], the

SSM-AP algorithm with SC-CV presents lower computational

complexity and lower steady-state MSE. On the other hand,

the SSM-AP with ED-CV converges faster. The goal of the

Modified SSM-AP (M-SSM-AP) algorithm proposed here is

to take advantage of the main characteristics of both of these

CVs, i.e., converge in fewer iterations than SC-CV, while

maintaining lower computational complexity and steady-state

MSE than the ones obtained by the use of the ED-CV. The
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main idea of the M-SSM-AP algorithm is to include a real-

valued vector parameter a(k) ∈ R
L+1 to control the quantity

e(k)− γ(k) in the following way:

w(k + 1) = w(k) +X(k)S(k)[a(k)� (e(k)− γ(k))]

+
α

2
[X(k)S(k)XT (k)− I]fβ(w(k)), (8)

where � denotes the Hadamard product and a(k) should be

chosen such that the quantity a(k)�(e(k)−γ(k)) exhibits the

SC-CV and the ED-CV as limiting cases, i.e., such a quantity

will result in a vector whose entries are in-between the ones

given in Eqs. (6) and (7). From these two equations, one

observes that the 0th entry of γ(k) remains the same for both

CVs and, therefore, a(k) should have the following general

form:

a(k) =
[
1 a1(k) a2(k) . . . aL(k)

]T
. (9)

In addition, since the entries in Eq. (7) are usually greater

than 0, it is interesting to constrain the entries of a(k) to be

0 ≤ al(k) ≤ 1, for 1 ≤ l ≤ L.

Hence, the M-SSM-AP algorithm uses the ED-CV as its CV

γ(k) and is capable of controlling the relation e(k) − γ(k)
through a(k). If we use al(k) = 1 for 1 ≤ l ≤ L, then

the M-SSM-AP algorithm becomes the SSM-AP algorithm

employing the ED-CV. On the other hand, if we set al(k) = 0
for 1 ≤ l ≤ L, then the M-SSM-AP algorithm becomes the

SSM-AP using the SC-CV. Simulations in Section IV indicate

that some choices for al(k) make M-SSM-AP update less than

both versions of SSM-AP.

IV. SIMULATIONS

The performance of the proposed M-SSM-AP algorithm

was assessed through simulations, considering the problem

of identifying an unknown system whose impulse response

is modeled as a 16-tap FIR filter. The SSM-AP algorithm

employing both the SC-CV and the ED-CV was used for

benchmarking. For the proposed algorithm, vector a(k) was

chosen as a1 = a2 = · · · = aL = a = 0.2. The error

threshold was set as γ =
√
5σ2

n for all three algorithms,

where σ2
n denotes the variance of the additive noise [6]. In our

simulation, σ2
n = 0.01. The results were obtained by averaging

2, 000 Monte Carlo runs, each with 2, 500 iterations.

In our first experiment, we verified the algorithms per-

formances in a non-sparse scenario. In order to do so, we

employed as input signal a white Gaussian noise (WGN), with

variance equal to 1, while the system to be identified had an

impulse response with non-zero taps. Figures 1 and 2 [6] show

the misalignment and the MSE along the iterations, respec-

tively. From these figures, it is possible to observe that the

M-SSM-AP presented lower MSE with similar misalignment

when compared to the benchmarks. In addition to the better

performance in terms of MSE, the proposed solution decreased

the overall computational complexity. Indeed, the M-SSM-AP

updated during 6.84% of the iterations. On the other hand,

when SC-CV was used, SSM-AP updated during 7.56% of the
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Figure 1. Misalignment measured for the non-sparse scenario. M-SSM-AP
performs better than SC-CV and worse than ED-CV, and M-SSM-AP has the
least computational complexity.
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Figure 2. MSE measured for the non-sparse scenario. M-SSM-AP performs
better than ED-CV and similar to SC-CV, and M-SSM-AP has the least
computational complexity.

iterations, whereas the use of ED-CV made SSM-AP update

during 13.07% of the iterations.

In our second experiment, the system to be identified

presents a very sparse 16-tap impulse response with only one

non-zero coefficient. The input signal is a 4th-order Auto-

Regressive (AR) process. In Figures 3 and 4, the results

unveiled the same advantages of the proposed algorithm as

presented in the non-sparse scenario, that is, the M-SSM-

AP presents lower MSE and similar misalignment. When

computational complexity is compared, our proposal updated

during 8.06% of the iterations, whereas the SSM-AP with SC-

CV updated during 10.50% of the iterations and the use of ED-

CV made the SSM-AP update during 23.82% of the iterations.

Until now, we have presented results considering a = 0.2,

which represents a good compromise between SC-CV and

ED-CV, as revealed in preliminary tests. In order to verify

the effect of changing the value of a, a third experiment was

performed using the same parameters of the previous experi-

ment. The results for a ∈ {0.1, 0.2, 0.4, 0.8} are presented in

Figure 5. In addition, Table I summarizes the corresponding

percentage of updates. It is noticeable the advantages of using

the proposed M-SSM-AP with a = 0.2 in terms of compu-

tational complexity, while attaining reasonable performance.

Experimental results indicate that 0 < al(k) < 0.5 leads

to lower MSE and complexity, thus being a guideline for
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Figure 3. Misalignment measured for the 4
th-order AR input and sparse

impulse response.
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Figure 4. MSE measured for the 4
th-order AR input and sparse impulse

response.
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Figure 5. MSE measured for the 4
th-order AR input and sparse impulse

response, and a ∈ {0.1, 0.2, 0.4, 0.8}.

choosing al(k).
A fourth experiment was conducted in order to evaluate the

algorithms speeds of convergence. The proposed M-SSM-AP

with a = 0.2 and a = 0.8 were simulated and compared

to the SSM-AP algorithm with SC-CV and ED-CV. All the

algorithms were set in order to present around the same steady-

state MSE. Therefore, the γ for the SSM-AP-ED-CV was

maintained in 0.223, the γ for the SSM-AP-SC-CV was set

to 0.559, the γ for the M-SSM-AP with a = 0.2 was set to

0.603, and finally the γ for the M-SSM-AP with a = 0.8
was set to 0.402. The number of iterations of each algorithm

was raised to 4, 500 in order to provide enough iterations for

Table I
COMPARISON OF THE PERCENTAGE OF UPDATES.

Algorithm Updates (%)

SSM-AP-SC-CV 10.50

SSM-AP-ED-CV 23.82

M-SSM-AP (a = 0.1) 8.27

M-SSM-AP (a = 0.2) 8.06

M-SSM-AP (a = 0.4) 9.94

M-SSM-AP (a = 0.8) 18.67
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Figure 6. MSE measured for the SSM-AP with SC-CV and ED-CV, and for
the M-SSM-AP with a = 0.2 and a = 0.8. All the algorithms were adjusted
for presenting the same final MSE.

all the algorithms to converge, considering the new values for

γ. All other parameters used in this experiment are identical

to the previous ones. The results are presented in Figure 6,

which shows that the SSM-AP with ED-CV and the M-SSM-

AP with a = 0.8 were the fastest algorithms. In terms of

computational complexity, the SSM-AP with ED-CV updated

during 23.59% of the iterations, while the M-SSM-AP updated

during 4.27% of the iterations. The slowest algorithms, namely

the SSM-AP with SC-CV and the M-SSM-AP with a = 0.2,

presented similar convergence curves. The SSM-AP with SC-

CV updated during 1.79% of the iterations, while the M-SSM-

AP with a = 0.2 updated during 0.73% of the iterations.

For similar speed of convergence, the M-SSM-AP tends to

present less updates than the SSM-AP, which implies less

computational complexity.

V. CONCLUSIONS

In this paper, a new algorithm was proposed: the M-SSM-

AP algorithm. Such an algorithm generalizes two of the most

widely used configurations of the SSM-AP algorithm and

introduces additional degrees of freedom, by means of vector

a(k), which allows the customization of the M-SSM-AP for a

target application. For instance, for applications involving only

stationary signals, a(k) could be initialized as al(k) = 1 for

1 ≤ l ≤ L, and as the learning process progresses, such entries

could slowly decrease to 0. The simulation results confirm

that the proposed algorithm is capable of benefiting from the

interesting features of both the SC-CV and ED-CV, i.e., the

M-SSM-AP algorithm exhibited fast convergence, low steady-

state MSE, and updated its coefficients rarely.
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