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Abstract—There are two main families of algorithms that
tackle the problem of sparse system identification: the pro-
portionate family and the one that employs sparsity-promoting
penalty functions. Recently, a new approach was proposed with
the l0-IPAPA algorithm, which combines proportionate updates
with sparsity-promoting penalties. This paper proposes some
modifications to the l0-IPAPA algorithm in order to decrease its
computational complexity while preserving its good convergence
properties. Among these modifications, the inclusion of a data-
selection mechanism provides promising results. Some enlighten-
ing simulation results are provided in order to verify and compare
the performance of the proposed algorithms.
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I. INTRODUCTION

Adaptive identification of sparse systems is useful in sev-
eral applications, such as echo cancellation [1], underwater
acoustic channel identification [2], and telephony [3]. Sparsity
is an inherent feature of models associated with many prac-
tical problems. Being able to exploit sparsity might lead to
computational and accuracy benefits. The search for efficient
sparsity-promoting algorithms is therefore a key aspect in
several applications.

A. Existing Algorithms

As shown in [4], [5], there are two main families of
adaptive sparse system identification algorithms. One of them
uses the proportionate approach [6], which performs coefficient
updates in proportion to the magnitudes of the coefficients
comprising the parameter vector of the adaptive filter. In the
other family of algorithms, a penalty term is added to the
cost function in such a way that a measurement of sparsity
is taken into account [7]. A comparison of these two families
of algorithms is conducted in [4], whose results indicate that
the penalty term in general provides faster convergence and
possibly higher steady-state Mean-Squared Error (MSE).

An algorithm, denominated l0-IPAPA (l0-norm Improved
Proportionate Affine Projection Algorithm), that aggregates
those two different sparsity-promoting strategies is proposed
in [2]. By merging a proportionate update with a penalty
based on an approximation to the “l0 norm”, the l0-IPAPA
achieves fast convergence and relatively low steady-state MSE.
The main drawback of the l0-IPAPA is its relatively high
computational complexity, as compared to standard affine

projection algorithms, due to the presence of two sparsity-
promoting terms in its updating recursion.

B. Motivation and Organization

This paper proposes some modifications to the l0-IPAPA
algorithm in order to decrease its overall computational com-
plexity while preserving its good convergence properties. A
key modification is the inclusion of a data-selection mechanism
based on Set-Membership (SM) filtering. Indeed, the addition
of such a mechanism to the learning process has proved to
yield some benefits like reduction of computational complexity
and performance enhancements [8], [9].

The paper is organized as follows. Section II shows the
l0-IPAPA algorithm, which is the basis for the proposals
in this paper. In Section III, three modifications on the l0-
IPAPA are proposed, all of them aiming at decreasing its
overall computational complexity. Section IV compares the
proposed algorithms to three benchmark algorithms from the
literature [1], [2], [5] in terms of MSE, misalignment, and
complexity. The conclusions are presented in Section V.

II. THE l0-IPAPA

Consider a time-varying unknown system to be identified
whose impulse response is assumed to remain unchanged for
at least N +1 samples. The samples of this impulse response
are stacked in an (N + 1)× 1 vector h(k). A sequence x(k)
is generated to be the input of both the unknown system and
an adaptive filter defined by the (N +1)× 1 parameter vector
w(k). The output of the adaptive filter is the sequence y(k).
The desired signal d(k) is a noisy version of the output of the
unknown system, in which the noise is denoted as n(k). This
scenario is the standard system-identification setup [8], and all
variables described here are real-valued.

The l0-IPAPA follows the affine projection paradigm,
which reuses previous data by retaining past input signal vec-
tors. Thus, by denoting the input signal vector at a given dis-

crete time k as x(k) = [x(k) x(k − 1) . . . x(k −N)]
T

,
the input data used by the l0-IPAPA is an (N + 1)× (L+ 1)
matrix defined as X(k) = [x(k) x(k − 1) . . . x(k − L)],
where the integer L represents the data-reuse factor.

The updating rule for w(k) in a sparse system identification
scenario should exploit the sparsity of h(k) in order to bring
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about benefits in terms of performance and computational
complexity. This is exactly what the so-called sparsity-aware
algorithms aim to do, usually by incorporating a proportionate
update or a sparsity-promoting penalty. The l0-IPAPA proposed
in [2], however, uses simultaneously these two strategies.
Indeed, in addition to an improved proportionate term, a
penalty term accounting for an approximation to the l0 norm is
also used. In this way, the following cost function is defined:

min
w

‖e(k)‖2 + δ[w −w(k)]TG(k)[w −w(k)] + ν‖w(k)‖0, (1)

where e(k) = d(k) − X
T (k)w(k) is the (L + 1) × 1 error

vector, d(k) = [d(k) d(k − 1) . . . d(k − L)]
T

, ‖·‖0 is an
approximation to the l0 norm, and G(k) is the (N+1)×(N+1)
diagonal proportionate matrix, whose diagonal elements gii(k)
can be written in a general form as follows:

gii(k) =
1− κα(k)

N + 1
+

κα(k)|wi(k)|

‖w(k)‖1
, (2)

where α(k) = µ for the l0-IPAPA (i.e., equal to the chosen
step-size), κ is a scaling parameter that ensures robustness
to the algorithm, wi(k) is the ith element of w(k), and
‖ · ‖1 represents the l1 norm. For the algorithms proposed in
Section III, a time-varying α(k) is adopted:

α(k) =







1−
γ̄

|e0(k)|
if |e0(k)| > γ̄

0 otherwise,
(3)

where e0(k) = d(k)−x
T (k)w(k) and γ̄ is a positive constant.

Regardless of the choice of α(k), the diagonal matrix G(k)
aims to promote sparsity on the parameter vector. Notice that
the proportionate term gii(k) in Eq. (2) is related to the l1
norm of w(k). By solving (1), it follows an updating rule for
w(k), which leads to faster convergence in both sparse and
dispersive environments [2], given by:

w(k + 1) =w(k) + µA(k)S(k)e(k)− τX⊥(k)fβ(w(k)), (4)

where τ = µν
2δ , A(k) = G

−1(k)X(k), S(k) = (XT (k)A(k)+
δI)−1, I is the (L + 1)-dimensional identity matrix, and
X

⊥(k) = (G−1(k)−A(k)S(k)AT (k)). The vector fβ(w(k))
is the gradient of the l0-norm approximation ‖w(k)‖0.
Throughout this paper, the Geman Mc-Clure function is used
as the approximation to the l0 norm, which leads to a gradient
fβ(w(k)) whose entries are defined as [5]:

fβ,i(w(k)) =
βsign(wi(k))

(1 + β|wi(k)|)
2 , (5)

where fβ,i(w(k)) is the ith element of fβ(w(k)), β is a
parameter that controls the quality of the approximation, as
explained in [5], and sign returns 1 for a positive argument,
−1 for a negative argument, and 0 for a null argument.

III. PROPOSED ALGORITHMS

In [2], the l0-IPAPA is shown to present fast convergence
and to reach low steady-state MSE. Since it employs two
sparsity-promoting terms, there is an increase in the overall
computational complexity of l0-IPAPA in comparison to either
penalty-based algorithms, such as the approach in [5], or
proportionate algorithms, such as those in [1].

In order to decrease the computational complexity of l0-
IPAPA, we propose three novel algorithms, which still belong
to the family of penalty-plus-proportionate sparsity-promoting
algorithms. Subsection III-A describes a set-membership ver-
sion of l0-IPAPA. In Subsection III-B, part of the affine
projection term is dropped, thus generating a Quasi-Affine-
Projection Algorithm (QAPA), following the reasoning in [10].
Subsection III-C replaces the l0 approximation used in the l0-
IPAPA with the reweigthed zero attractor (RZA) penalty [7].

A. SM-l0-IPAPA

The set-membership approach to adaptive filtering [8] is
based on a data-selection technique in which the algorithm
updates only when it considers the related data carries enough
innovation. By following this approach, the number of param-
eter updates decreases, which means there is a reduction in
the overall computational complexity. The elimination of un-
necessary updates also contributes to decreasing the system’s
misadjustment and misalignment [8].

The idea of the Set-Membership l0-IPAPA (SM-l0-IPAPA)
is to update only when the error e0(k) is greater than a pre-
determined threshold γ̄. Thus, the updates for the l0-IPAPA
are such that w(k + 1) = w(k) when |e0(k)| ≤ γ̄, otherwise

w(k + 1) =w(k) + µA(k)S(k)(e(k)− γ(k))

− τX⊥(k)fβ(w(k)). (6)

There are some works addressing the proper choice of
the constraint vector (CV) γ(k), such as [5]. In this work,
we use the so-called Simple Choice CV (SC-CV), which
yields a very good compromise between computational bur-
den and steady-state MSE. By using the SC-CV, γ(k) =

[γ̄sign[e0(k)] e1(k) . . . eL(k)]
T

, where el(k) denotes the

lth element of e(k). In this case, the expression e(k) − γ(k)
in Eq. (6) can be replaced by

e(k)−γ(k) = [e0(k)− γ̄sign[e0(k)] 0 0 . . . 0]
T
, (7)

whose zeros in the majority of the elements decreases the
number of overall computations.

B. SM-l0-IPQAPA

In [10], a QAPA is proposed with the primary objective
of decreasing the computational burden, which is eventually
accomplished by not projecting the derivative of the l0 approx-
imation on a subspace orthogonal to X(k). Since we aim to
reduce the overall computational complexity of the l0-IPAPA,
the QAPA principle is applied along with data selection,
generating the SM-l0-IPQAPA. Then, Eq. (6) is changed to

w(k + 1) =w(k) + µA(k)S(k)(e(k)− γ(k))− τ fβ(w(k)).
(8)

The choice of the CV may be performed by Eq. (7).

Since both matrices X(k) and A(k) are (N+1)×(L+1).
Then, nearly (N + 1)2(L + 1) + (L + 1)2(N + 1) + 2(N +
1)2 scalar multiplications are saved in each iteration requiring
update when using SM-l0-IPQAPA instead of SM-l0-IPAPA.
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C. SM-RZA-IPAPA

The use of two sparsity terms opens the possibility for
replacing the combination of proportionate and l0 approxima-
tion with the use of another penalty term. A lower complexity
penalty term is proposed in [7], denominated as Reweighted
Zero Attractor (RZA). In RZA, the ith coefficient zi(k) of the
penalty term is defined as zi(k) = sign(wi(k))/(1+ǫ|wi(k)|).

The coefficient update is such that w(k+1) = w(k) when
|e0(k)| ≤ γ̄, otherwise

w(k + 1) = w(k)+µA(k)S(k)(e(k)−γ(k))− τz(k). (9)

The computational savings are roughly the same as those
achieved by the algorithm described in Subsection III-B. Be-
sides that, in order to calculate z(k), one needs (N +1) fewer
multiplications per iteration that requires update, in comparison
to calculating fβ(w(k)).

A more direct comparison of the computational complexity
of each of the proposed algorithms is presented in Table I. The
reader should keep in mind that the number of multiplications
of l0-IPAPA is the same as in SM-l0-IPAPA, however l0-IPAPA
always updates whereas SM-l0-IPAPA updates in less than
50% of the iterations, as corroborated by the simulations in
Section IV.

TABLE I. COMPARISON OF THE NUMBER OF SCALAR

MULTIPLICATIONS REQUIRED BY EACH PROPOSED ALGORITHM, WHEN

THERE IS AN UPDATE.

Algorithm Scalar Multiplications

SM-l0-IPAPA 4(N + 1)2(L + 1) + 3(N + 1)(L + 1)2

+(N + 1)(L + 1) + 2(N + 1)2 + 6(N + 1)

SM-l0-IPQAPA 4(N + 1)2(L + 1) + 3(N + 1)(L + 1)2

+(N + 1)(L + 1) + 8(N + 1)

SM-RZA-IPAPA 4(N + 1)2(L + 1) + 3(N + 1)(L + 1)2

+(N + 1)(L + 1) + 7(N + 1)

IV. RESULTS

The proposed algorithms are alternatives to l0-IPAPA
that feature lower overall computational complexity. In order
to evaluate whether the computational complexity reduction
comes at the price of performance degradation, simulations as-
sessing the algorithms’ performances are conducted. The three
proposed algorithms described in Section III are evaluated in
terms of coefficient MSE, i.e.,

MSE(k) =
1

(N + 1)M

M
∑

m=1

‖h(m)(k)−w
(m)(k)‖22, (10)

where M denotes the amount of Monte-Carlo runs and the
notation [·](m) indicates the argument [·] corresponds to the
mth run. In our experiments, M = 1000.

Another figure of merit is the misalignment [5], defined as:

Misalignment(k) =
1

(N + 1)M

M
∑

m=1

‖h(m)(k)−w
(m)(k)‖22

‖h(m)(k)‖22
.

(11)

Three other algorithms are used as benchmark for the
performance of the proposed algorithms. The Sparsity-aware
Set-Membership Affine-Projection (SSM-AP) [5] is included
since it employs the same l0 approximation and uses an

0 500 1000 1500 2000 2500 3000
−20

−15

−10

−5

Number of iterations, k

M
S

E
 [

d
B

]

 

 
SSM−AP

SM−PAPA

l
0
−IPAPA

SM−l
0
−IPAPA

SM−l
0
−IPQAPA

SM−RZA−IPAPA

Fig. 1. MSE measured for the 4
th-order AR input and very sparse impulse

response.

SM approach. The SM-PAPA (SM Proportionate Affine-
Projection) [1] uses a proportionate term as well as the SM
paradigm. Besides SSM-AP and SM-PAPA, the l0-IPAPA
was also included, since it is the baseline algorithm for the
proposals.

In each Monte-Carlo run, 3, 000 input symbols are trans-
mitted. The signal power is normalized to 1 W. Noise is
modeled as a zero-mean additive white Gaussian (AWGN),
with noise power σ2

n = 0.01 W. The data-reuse factor is L = 4
and the set-membership threshold is γ̄ =

√

5σ2
n. The system

to be identified has a 16-tap impulse response, whose values
change at iteration 1, 000 in order to evaluate the ability of the
algorithms to track changes.

In the first experiment, the system to be identified is very
sparse, with all but the 4th tap equal to zero until iteration
1, 000, when the 15th tap also becomes 1. The input signal
is generated through the expression x(k) = 0.95x(k − 1) +
0.19x(k−2)+0.09x(k−3)−0.5x(k−4)+nx(k), where nx(k)
is a white noise, with zero mean and unit variance. Therefore,
it is a 4th-order autoregressive (AR) process. The simulation
results are shown in Fig. 1.

Fig. 1 shows that, in the first scenario, the SM-l0-IPAPA
presents higher steady-state MSE, whereas SM-l0-IPQAPA
and SM-RZA-IPAPA reaches the same steady-state MSE as
the benchmark algorithm, but with a slower convergence. In
terms of number of updates, SM-l0-IPAPA updates on 28.66%
of the iterations, SM-l0-IPQAPA updates on 13.42%, and SM-
RZA-IPAPA updates on 13.47% of the iterations. Then, we
can roughly say that one needs 15% to 30% of the floating
point operations (FLOPs) of l0-IPAPA to run the proposed
algorithms. Remember that each update of the l0-SM-IPQAPA
and SM-RZA-IPAPA is less complex than an l0-IPAPA update,
which makes the estimation of around 70% of reduction in
FLOPs count still quite pessimistic.

In the second experiment, the input signal is a first order
AR process generated by x(k) = 0.95x(k − 1) + nx(k), with
the same nx(k) previously used. The system to be identified
presents 4 non-zero taps. At iteration 1, 000, those 4 taps
become zero and other 4 taps become 1. The MSE results are
presented in Fig. 2 and the misalignment results are shown in
Fig. 3.

In this scenario, the steady-state MSE of SM-l0-IPQAPA
and SM-RZA-IPAPA are actually lower than the benchmark
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algorithms, particularly in comparison to l0-IPAPA. On the
other hand, the convergence of l0-IPAPA is faster than the
proposed algorithms. Regarding the computational complex-
ity, the SM-l0-IPAPA updates on 23.95% of the iterations,
the SM-l0-IPQAPA updates on 16.77%, and the SM-RZA-
IPAPA updates on 13.23% of the updates. Fig. 3 depicts the
misalignment curves in the same scenario. The misalignment
of the proposed algorithms converge slower than those of the
benchmark algorithms.

Achieving good performance in a sparse identification
setup is the main focus of this paper. Nonetheless, in order
to provide a more comprehensive evaluation, the proposed
algorithms are also tested to identify a fully dispersive impulse
response. The system impulse response to be identified has
all the coefficients equal 1. At iteration 1,000, half of the
coefficients are set to 2. The input symbols are generated by a
4th-order AR input, as in the previous experiments. The results
are shown in Fig. 4.

Fig. 4 shows that the proposed algorithms converge
slower than l0-IPAPA. Both SM-l0-IPAPA and SM-l0-IPQAPA
present a similar steady-state MSE in comparison to l0-IPAPA.
Nevertheless, SM-RZA-IPAPA presents higher steady-state
MSE. Concerning computational complexity, SM-l0-IPAPA
updates on 23.01%, SM-l0-IPQAPA updates on 19.97%, and
SM-RZA-IPAPA updates on 27.55% of the iterations, which
shows the ability of SM to reduce the overall computational
complexity of the sparsity-aware algorithms even in a disper-
sive identification scenario.
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Fig. 4. MSE measured for the 4
th-order AR input and dispersive impulse

response.

V. CONCLUSIONS

This paper addressed the problem of searching for effec-
tive sparsity-promoting algorithms including a data-selection
mechanism. We presented three proposals to reduce the overall
computational complexity of l0-IPAPA, which is an algorithm
presenting two sparsity-promoting terms. The measured reduc-
tion on computational complexity are at least 70% in the total
amount of FLOPs with small degradation in the measured
MSE and misalignment, when compared to l0-IPAPA and
two other benchmark algorithms from the literature [1] [5].
Several simulation results included in the paper corroborates
that the proper combination of the methods to exploit sparsity
and selection of data leads to effective algorithms for online
learning.
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