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ABSTRACT

In this paper, we derive two robustness properties for the set-

membership normalized least-mean-square (SM-NLMS) al-

gorithm. The first property provides local bounds for the er-

ror/discrepancy in the coefficient vector at a given iteration,

whereas the second property expands the previous one for any

given iteration. As a result, this paper demonstrates for the

first time that the SM-NLMS algorithm is robust (l2-stable),
no matter how the algorithm parameters are set.

Index Terms— Adaptive filtering, set-membership, NLMS,

robustness, l2 stability, error bounds

1. INTRODUCTION

Adaptive signal processing, or simply adaptive filtering,

emerged with the proposal of the least-mean-square (LMS)

algorithm by Widrow and Hoff in 1960 [1]. Since then, adap-

tive filtering algorithms have been employed in a multitude

of applications, such as system identification, channel equal-

ization, echo cancellation, and signal enhancement, just to

mention a few examples [2–4].

In order to circumvent some of the issues of the LMS al-

gorithm [4], the normalized LMS (NLMS) algorithmwas pro-

posed in 1967 [5, 6]. Indeed, the NLMS algorithm resolves

the gradient noise amplification and facilitates the choice of

the step-size parameter without increasing significantly the

computational complexity, in comparison to the LMS algo-

rithm. Hence, it is not surprising that the NLMS algorithm is

so widely used and extensively studied [7–12].

In 1998, a data-selective version of the NLMS algorithm,

namely the set-membership NLMS (SM-NLMS) algorithm,

was proposed [13]. The SM-NLMS algorithm keeps the ad-

vantages of the NLMS algorithm, but its data-selective prop-

erty allows the algorithm to evaluate data before using them in

the learning stage. This way, it turns out that the SM-NLMS

algorithm is more accurate, more robust against noise, and

also saves computational resources by updating the filter co-

efficients only when the input data brings enough innovation,

as compared to the NLMS algorithm [2, 14, 15].
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Despite the aforementioned advantages, there are very

few studies on the properties of the SM-NLMS algorithm

and this is probably the reason why this algorithm is not so

widely used. To the best of our knowledge, only the steady-

state mean-squared error (MSE) analysis of the SM-NLMS

algorithm has been performed. The MSE analysis in [16,17],

which was further improved in [14], considers a more general

algorithm: the set-membership affine projection (SM-AP).

Such an analysis can also be used for the SM-NLMS algo-

rithm, as shown in [18]. The work [19] presents an alternative

approach to analyze the steady-state MSE of the SM-NLMS

algorithm. A comparison between these two MSE analyses

was presented in [18].

In this paper, the robustness (in the sense of l2 stabil-

ity [3, 20]) of the SM-NLMS algorithm is studied in some

detail. Sections 2 and 3 present some background material re-

garding the set-membership filtering (SMF) concept and the

SM-NLMS algorithm, respectively. Then, two main results

regarding the robustness of the SM-NLMS algorithm are de-

rived in Section 4, in which lengthy-mathematical manipu-

lations are left to the appendices. Finally, simulations that

illustrate these robustness results as well as the conclusions

are presented in Sections 5 and 6, respectively.

Notation: For a given iteration k, the adaptive filter coefficient
vector and input vector are denoted by w(k),x(k) ∈ R

N+1,

respectively. The desired signal, output signal, and error sig-

nal are respectively denoted by d(k), y(k), e(k) ∈ R and the

following relations hold: y(k) , x
T (k)w(k) = w

T (k)x(k)
and e(k) , d(k)− y(k).

2. SET-MEMBERSHIP FILTERING

The aim of the set-membership filtering (SMF) is to design

the coefficient/parameter vector w ∈ R
N+1 such that the

magnitude of the estimation error is upper bounded by a pre-

scribed parameter γ ∈ R+. The value of γ can change with

the specific application. If the value of γ is suitably chosen,

then there are many valid estimates forw. Assume that S de-

notes the set of all possible input-desired data pairs (x, d) of
interest and defineΘ as the set of all vectorsw whose magni-

tudes of their related estimation errors are upper bounded by

γ whenever (x, d) ∈ S . The set Θ, known as feasibility set,



is given by

Θ ,
⋂

(x,d)∈S

{w ∈ R
N+1 : |d−w

T
x| ≤ γ}. (1)

Let’s define the constraint set H(k) consisting of all vectors

w such that their estimation errors at time instant k are upper

bounded in magnitude by γ,

H(k) , {w ∈ R
N+1 : |d(k)−w

T
x(k)| ≤ γ}. (2)

The membership set ψ(k), defined as

ψ(k) ,

k⋂

i=0

H(i), (3)

will include Θ and will coincide with Θ if all data pairs in

S are traversed up to time instant k. Owing to difficulties to

compute ψ(k), iterative approaches are required [13]. The

easiest route is to compute a point estimate using, for exam-

ple, the information provided by the constraint set H(k) like
in the set-membership NLMS algorithm [13], or several pre-

vious constraint sets as the set-membership affine projection

algorithm does [21].

3. THE SET-MEMBERSHIP NLMS ALGORITHM

The set-membership NLMS (SM-NLMS) algorithm is char-

acterized by the following updating rule [2]:

w(k + 1) = w(k) +
µ(k)

‖x(k)‖2 + δ
e(k)x(k), (4)

where

µ(k) ,

{
1− γ

|e(k)| if |e(k)| > γ,

0 otherwise,
(5)

and γ ∈ R+ is the upper bound for the magnitude of the error

signal that is acceptable and it is usually chosen as a multiple

of the noise standard deviation [2,14]. The parameter δ ∈ R+

is a regularization factor, usually chosen as a small constant,

used to avoid divisions by 0.

4. ROBUSTNESS OF THE SM-NLMS ALGORITHM

Let us consider a system identification scenario in which the

unknown system is denoted by wo ∈ R
N+1 and the desired

signal d(k) is defined as

d(k) , w
T
o x(k) + n(k), (6)

where n(k) ∈ R represents the additive measurement noise.

One of the main difficulties of analyzing the SM-NLMS

algorithm is its conditional statement in (5). We can overcome

such difficulty by defining

µ(k) , 1−
γ

|e(k)|
(7)

and the indicator function f : R× R+ → {0, 1} as

f(e(k), γ) ,

{
1 if |e(k)| > γ,
0 otherwise.

(8)

In this way, the SM-NLMS updating rule can be rewritten as

w(k + 1) = w(k) +
µ(k)

α(k)
e(k)x(k)f(e(k), γ), (9)

where

α(k) , ‖x(k)‖2 + δ. (10)

Since we are interested in robustness properties, it is use-

ful to define w̃(k) ∈ R
N+1 as

w̃(k) , wo −w(k), (11)

i.e., w̃(k) is a vector representing the discrepancy between

the quantity we aim to estimate wo and our current estimate

w(k). Thus, the error signal can be rewritten as

e(k) = d(k)−w
T (k)x(k)

= w
T
o x(k) + n(k)−w

T (k)x(k)

= w̃
T (k)x(k)︸ ︷︷ ︸
,ẽ(k)

+n(k), (12)

where ẽ(k) denotes the noiseless error.
By using (11) in (9) we obtain

w̃(k + 1) = w̃(k)−
µ(k)

α(k)
e(k)x(k)f(e(k), γ), (13)

which can be further expanded by decomposing e(k) as in

eq. (12) yielding

w̃(k + 1) = w̃(k)−
µ(k)

α(k)
ẽ(k)x(k)f(e(k), γ)

−
µ(k)

α(k)
n(k)x(k)f(e(k), γ). (14)

After some mathematical manipulation of the previous

equation, the robustness property given in Theorem 1 follows.

Theorem 1 (Local Robustness of SM-NLMS). For the SM-

NLMS algorithm, it always holds that

‖w̃(k + 1)‖2 = ‖w̃(k)‖2, if f(e(k), γ) = 0 (15)

or

‖w̃(k + 1)‖2 +
µ(k)

α(k)
ẽ2(k) < ‖w̃(k)‖2 +

µ(k)

α(k)
n2(k) ,

(16)

if f(e(k), γ) = 1.



Proof. Proof is left to Appendix A.

Theorem 1 provides local bounds on the coefficient de-

viation when passing from an iteration to the next one. In-

deed, (15) states that when no coefficient update is actually

performed the coefficient deviation does not change, whereas

(16) provides a bound for ‖w̃(k + 1)‖2 based on ‖w̃(k)‖2,
ẽ2(k), and n2(k), when an update takes place. In addition,

the global robustness result in Corollary 1 can readily be de-

rived from Theorem 1.

Corollary 1 (Global Robustness of SM-NLMS). Consider

the SM-NLMS algorithm running from iteration 0 (initializa-

tion) to a given iterationK. It always holds that

‖w̃(K)‖2 +
∑

k∈Kup

µ(k)
α(k) ẽ

2(k)

‖w̃(0)‖2 +
∑

k∈Kup

µ(k)
α(k)n

2(k)
< 1, (17)

where Kup is the set comprised of the iterations in which

w(k) is indeed updated.

Proof. Proof is left to Appendix B.

Corollary 1 shows that, for the SM-NLMS algorithm, l2-
stability from its uncertainties {w̃(0), {n(k)}0≤k≤K} to its

errors {w̃(K), {ẽ(k)}0≤k≤K} is always guaranteed. Unlike

the NLMS algorithm, in which the step-size parameter must

be appropriately chosen to guarantee such l2-stability, for the
SM-NLMS algorithm it is taken for granted (i.e., no constraint

was imposed on γ).

5. SIMULATION

In this section, the SM-NLMS algorithm is applied to a sys-

tem identification problem. The unknown system is com-

prised of 10 coefficients drawn from the standard Gaussian

distribution. The input signal is a BPSK (binary phase-shift

keying) signal with unit variance. The signal-to-noise ratio

(SNR) is set to be 20 dB, i.e., the noise variance is σ2
n = 0.01.

The regularization factor is δ = 10−12, the initialization vec-

tor is w(0) = [0 · · · 0]T , and the error-bound parameter is

set as γ =
√
τσ2

n, with τ ∈ {2, 5}. In addition, we denote the
left hand side (LHS) and the right hand side (RHS) of (16) as

g1(k) and g2(k), respectively.
Fig. 1 depicts the results for g1(k) and g2(k) considering

the simulation scenario presented in the previous paragraph.

In this figure, for both values of γ, we can verify that g1(k)
is either strictly below the curve corresponding to g2(k) or is
overlaid with g2(k), i.e., g1(k) ≤ g2(k) for all k. In fact, we

noticed that when µ(k) = 0 and the SM-NLMS algorithm

does not implement an update, we have g1(k) = g2(k) (i.e.,
curves are overlaid), otherwise we have g1(k) < g2(k), con-
firming Theorem 1.
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Fig. 1. Values of g1(k) and g2(k) over the iterations.

6. CONCLUSION

In this paper, we have analyzed the robustness of the SM-

NLMS algorithm. First, we have discussed the local robust-

ness of the algorithm. Then, with the help of the local robust-

ness property, we have shown that the SM-NLMS algorithm

is robust globally, which means that the energy of the errors

obtained by applying the SM-NLMS algorithm are lower than

the energy of the existing uncertainties, no matter how the pa-

rameter γ is chosen. Therefore, in addition to all the advan-

tages of the SM-NLMS algorithm over the NLMS algorithm

commented in Section 1, the SM-NLMS is also naturally ro-

bust, in the sense of l2-stability.

A. PROOF OF THEOREM 1

We start by repeating equation (14), but to simplify the no-

tation we will omit both the index k and the arguments of

function f that appear on the right-hand side of that equation



to obtain:

w̃(k + 1) = w̃ −
µ

α
ẽxf −

µ

α
nxf. (18)

Then, by squaring both sides of the above equation we get

‖w̃(k + 1)‖2 =w̃
T
w̃ −

µ

α
ẽw̃T

xf −
µ

α
nw̃T

xf

−
µ

α
ẽxT

w̃f +
µ2

α2
ẽ2xT

xf2 +
µ2

α2
ẽnxT

xf2

−
µ

α
nxT

w̃f +
µ2

α2
nẽxT

xf2 +
µ2

α2
n2xT

xf2

=‖w̃‖2 −
µ

α
ẽ2f −

µ

α
nẽf

−
µ

α
ẽ2f +

µ2

α2
ẽ2‖x‖2f2 +

µ2

α2
ẽn‖x‖2f2

−
µ

α
nẽf +

µ2

α2
nẽ‖x‖2f2 +

µ2

α2
n2‖x‖2f2

=‖w̃‖2 − 2
µ

α
ẽ2f − 2

µ

α
nẽf

+ (ẽ+ n)2
µ2

α2
‖x‖2f2

=‖w̃‖2 + (ẽ+ n)2
µ2

α2
‖x‖2f2 − 2

µ

α
ẽ2f

− 2
µ

α
nẽf −

µ

α
n2f +

µ

α
n2f

=‖w̃‖2 + (ẽ+ n)2
µ2

α2
‖x‖2f2 +

µ

α
n2f

− (ẽ+ n)2
µ

α
f −

µ

α
ẽ2f, (19)

where the second equality is due to the relation ẽ = w̃
T
x =

x
T
w̃, as given in eq. (12). Rearranging the terms in (19)

yields

‖w̃(k + 1)‖2 +
µf

α
ẽ2 = ‖w̃‖2 +

µf

α
n2 + c1c2, (20)

where

c1 ,
µf

α
(ẽ+ n)2, (21)

c2 ,
µf

α
‖x‖2 − 1. (22)

From (20), we observe that when f = 0 we have

‖w̃(k + 1)‖2 = ‖w̃(k)‖2 (23)

as expected, since f = 0 means that no update was per-

formed. However, when f = 1 we have 0 < µ < 1 and

(ẽ + n)2 = e2 > γ2 > 0. In addition, observe that 0 ≤
‖x‖2/α < 1 due to eq. (10) and the fact that δ > 0. Combin-

ing these inequalities leads to c2 < 0 and c1 > 0. Thus, when
f = 1 the product c1c2 < 0, which leads to the following

inequality:

‖w̃(k + 1)‖2 +
µ

α
ẽ2 < ‖w̃‖2 +

µ

α
n2. (24)

Returning with the omitted index k, for f(e(k), γ) = 1 we

have:

‖w̃(k + 1)‖2 +
µ(k)

α(k)
ẽ2(k) < ‖w̃(k)‖2 +

µ(k)

α(k)
n2(k).

(25)

B. PROOF OF COROLLARY 1

Define the set of all iterations under analysisK , {0, 1, 2, . . . ,
K−1}. Denote asKup the subset ofK comprised only of the

iterations in which an update occurs, whereasKc
up , K\Kup

contains the iteration indexes in which the filter coefficients

are not updated.

From Theorem 1, (16) holds when w(k) is updated. By

summing such inequality for all k ∈ Kup we obtain

∑

k∈Kup

(
‖w̃(k + 1)‖2 +

µ(k)

α(k)
ẽ2(k)

)

<
∑

k∈Kup

(
‖w̃(k)‖2 +

µ(k)

α(k)
n2(k)

)
. (26)

Similarly, we can use (15) to write, for all k ∈ Kc
up, the fol-

lowing equality:

∑

k∈Kc

up

‖w(k + 1)‖2 =
∑

k∈Kc

up

‖w(k)‖2. (27)

Combining (26) and (27) leads to

∑

k∈K

‖w̃(k + 1)‖2 +
∑

k∈Kup

µ(k)

α(k)
ẽ2(k)

<
∑

k∈K

‖w̃(k)‖2 +
∑

k∈Kup

µ(k)

α(k)
n2(k). (28)

But since several of the terms ‖w̃(k)‖2 get canceled from

both sides of the inequality (28), we find that it simplifies to

‖w̃(K)‖2 +
∑

k∈Kup

µ(k)

α(k)
ẽ2(k)

< ‖w̃(0)‖2 +
∑

k∈Kup

µ(k)

α(k)
n2(k) (29)

or, assuming a nonzero denominator,

‖w̃(K)‖2 +
∑

k∈Kup

µ(k)
α(k) ẽ

2(k)

‖w̃(0)‖2 +
∑

k∈Kup

µ(k)
α(k)n

2(k)
< 1. (30)

This relation holds for all K. The only assumption used in

the derivation is that Kup is a nonempty set. Otherwise, we

would have ‖w̃(K)‖2 = ‖w̃(0)‖2, which would happen only
if w(k) is never updated, which has no practical interest.
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