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ABSTRACT

In this paper, we use the set-membership normalized least-
mean-square (SM-NLMS) algorithm to censor the data set
in big data applications. First, we use the distribution of the
noise signal and the excess of the steady-state mean-square
error (EMSE) to estimate the threshold for the desired up-
date rate in the single threshold SM-NLMS (ST-SM-NLMS)
algorithm. Then, we introduce the double threshold SM-
NLMS (DT-SM-NLMS) algorithm which defines an accept-
able range of the error signal. This algorithm censors the
data with very low and very high output estimation error.
Numerical results confirm the effectiveness of the estimated
threshold and corroborate the superior performance of the
DT-SM-NLMS algorithm.

Index Terms— Adaptive filtering, set-membership filter-
ing, big data, data censoring, SM-NLMS

1. INTRODUCTION

Data redundancy, a feature of the big data, appears in different
application areas and causes immense data processing costs
such as energy consumption, computational time, and mem-
ory. In order to decrease the high cost of analysis, we should
exploit the data redundancy. For this purpose, we can censor
the data and choose only the informative subset of the data.
Censoring data appears in various applications in engineer-
ing such as online censoring for large-scale regression [1],
multi-sensor fusion for robust localization of indoor mobile
robots [2], estimation of the communication channels [3] and
power scheduling of Kalman filtering [4] in wireless sensor
networks, online reconstruction from big data [5], and data-
selective adaptive filters for sparse systems [6]. These works
show the competitive performance of the censored measure-
ments compared to the uncensored ones.

A powerful approach to separate the data into two groups,
informative and non-informative, is the set-membership fil-
tering (SMF). In SMF technique, we desire to select the
data which carry innovation in the desired analysis. To this
end, the SMF approach implements new update in the al-
gorithm when the output estimation error is larger than a
prescribed value, otherwise it avoids new update reducing

computational costs. The set-membership normalized least-
mean-square (SM-NLMS) algorithm [7, 8] is a leading one
in this family which keeps the advantages of the normalized
least-mean-square (NLMS) algorithm and reduce the com-
putational costs via censoring the data. Various applications
of the set-membership algorithms and their advantages have
been presented in the literature [9–14].

However, by using SMF technique in big data applica-
tions the amount of informative data can still be large due to
the volume of the whole data set. Therefore, initially, it could
be more practical to prescribe a percentage of the amount of
data we intend to utilize to achieve the desired performance.
This percentage will be defined in accordance with our ability
to analyze the data, taking into consideration the constraints
on energy, computational time, and memory restrictions. Af-
ter adopting a percentage of updatings, our goal is to select
the most informative data to be part of the corresponding se-
lected percentage. Here, by taking the probability of updating
into consideration, we will estimate the threshold in the SM-
NLMS algorithm which is responsible for censoring the data
in accordance with the adopted percentage of the update.

The single threshold SM-NLMS (ST-SM-NLMS) algo-
rithm censors the data based on the energy of the error sig-
nal. That is, if the energy of the error signal is larger than the
threshold, the algorithm will update. However, some samples
of the error signal can have very high energy and being ir-
relevant (e.g., in the existence of outliers), thus it would be
more reasonable to censor them. To this end, we utilize dou-
ble threshold SM-NLMS (DT-SM-NLMS) algorithm which
defines an acceptable range for the absolute value of the error
signal to censor useless data and obtain a better performance.
This algorithm will perform the update when the absolute
value of the error signal is between two thresholds. Note that
a modified version of this algorithm has been previously uti-
lized in another context [15].

The present paper reviews the ST-SM-NLMS algorithm
in Section 2 and the estimation of the threshold for this algo-
rithm is obtained in Section 3. Section 4 introduces the DT-
SM-NLMS algorithm. Section 5 contains the simulations and
numerical results. The conclusions are presented in Section 6.

Notation: Scalars (column vectors) are denoted by lower-
case (boldface) letters. For a given iteration k, the optimal
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solution, the adaptive filter coefficient vector, and the input
vector are denoted by wo, w(k), x(k) ∈ RN+1, respectively.
The desired signal, output signal, error signal, and noise sig-
nal are denoted by d(k), y(k), e(k), n(k) ∈ R, respectively,
where e(k) ! d(k) − y(k) ! d(k) − wT (k)x(k) and the
superscript (·)T denotes vector transposition. Also, the noise-
less error signal is denoted by !e(k) ! [wo −w(k)]Tx(k).

2. THE ST-SM-NLMS ALGORITHM

To apply the SMF technique, we introduce the ST-SM-NLMS
algorithm and use it to censor the data. The ST-SM-NLMS
algorithm is presented by the following update equation [8]:

w(k + 1) = w(k) +
µ(k)

∥x(k)∥2 + δ
e(k)x(k), (1)

where

µ(k) !
"
1− γ

|e(k)| if |e(k)| > γ,

0 otherwise,
(2)

and γ ∈ R+ is the upper bound for the magnitude of the
error signal and it defines our criteria to censor the data. The
parameter δ ∈ R+ denotes a regularization factor, generally
selected as a small constant, utilized to prevent divisions by
0. Our objective is to choose γ leading to the desired update
rate.

3. ESTIMATING γ IN ST-SM-NLMS ALGORITHM

In this section, we intend to estimate γ in the ST-SM-NLMS
algorithm to censor the data corresponding to the chosen up-
date rate.

We want to obtain γ such that the algorithm considers
the desired percentage of data to update Eq. (1). In fact, if
the magnitude of output estimation error is larger than γ, the
Eq. (1) will update, because the current input and desired sig-
nals carry enough innovation.

In general, for the desired update rate, p, we require com-
puting γ such that

P[|e(k)| > γ] = p. (3)

where P[·] denotes the probability operator. Note that p rep-
resents the update rate of the algorithm, i.e., the percentage of
the data which we consider most informative data.

Given the probability density function of the error signal,
then it is possible to compute γ. Since the error signal is the
difference between the desired and output signals, i.e.,

e(k) ! d(k)− y(k) ! wT
o x(k) + n(k)−wT (k)x(k)

= [wo −w(k)]Tx(k) + n(k) = !e(k) + n(k). (4)

It is also known that the ST-SM-NLMS algorithm is robust
[16]. Therefore, in the steady-state environment ∥E[wo −

w(k)]∥22 < ∞ where E[·] is the expectation operator and, in
general, E[wo −w(k)] ≈ 0. Therefore, if you have sufficient
order for the adaptive system then in the steady-state the dis-
tribution of the error signal and the additive noise signal are
the same. Thus, we can use the distribution of the additive
noise signal in Eq. (3) to calculate the desired value of γ.

Assuming the distribution of the noise signal is Gaussian
with zero mean and variance σ2

n, an important case, we can
provide a solution for the threshold for this special case. If the
noiseless error signal is uncorrelated with the additional noise
signal, by Eq. (4), we have E[e(k)] = E[!e(k)] + E[n(k)] = 0
and Var[e(k)] = E[!e2(k)] + σ2

n where Var[·] is the variance
operator and E[!e2(k)] is the excess of the steady-state mean-
square error (EMSE) that in the steady-state environment is
given by [17]

E[!e2(k)] = (σ2
n + γ2 − 2γσ2

nρ0(k))p

[(2 − p)− 2(1− p)γρo(k)]
, (5)

where

ρ0(k) =

#
2

π(2σ2
n + γ2)

. (6)

However, to calculate E[!e2(k)] in Eq. (5) we require the
value of γ, while estimating γ is our purpose. To address this
problem, the natural approach is estimate it using numerical
integration or Monte-Carlo methods, but aiming to gain some
insight, at the first moment we can assume that in the steady-
state environment E[!e2(k)] = 0 and the distribution of e(k)
is the same as n(k), in order to calculate the estimation of
γ using Eq. (3). Then substitute the obtained value of γ in
Eq. (5) to compute E[!e2(k)]. Finally, by obtaining E[!e2(k)]
we can have a better estimation for the distribution of e(k).
Since the distribution of e(k) is the same as the distribution
of n(k), for the first estimation of γ we have

P[|e(k)| > γ] = P[|n(k)| > γ]

= P[n(k) < −γ] + P[n(k) > γ] = p, (7)

then because of symmetry in Gaussian distribution we have
P[n(k) > γ] = p

2 . Since n(k) has Gaussian distribution we
need to obtain γ from the following equation

$ ∞

γ

1%
2πσ2

n

exp(− r2

2σ2
n
)dr =

p

2
. (8)

Hence, given an update rate 0 ≤ p ≤ 1 we may use the stan-
dard normal distribution table and find the desired γ. As the
second step, for getting a better estimation of γ, we substi-
tute γ in Eqs. (5) and (6) to obtain E[!e2(k)]. We can now
use the zero mean Gaussian distribution with variance σ2

e =
E[!e2(k)]+σ2

n as the distribution of the error signal. Applying
this distribution in Eq. (3), we can obtain a better estimation
for γ through the following equation

$ ∞

γ

1%
2πσ2

e

exp(− r2

2σ2
e
)dr =

p

2
, (9)
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by using the standard normal distribution table, from where
we can find the new estimation of γ. It is worth mentioning
that the chosen desired update rate determines a loose rela-
tive importance of the innovation brought about by the new
incoming data set. Further studies on this matter are required.

4. DT-SM-NLMS ALGORITHM

In the previous section, we explained how to estimate the
threshold in the ST-SM-NLMS algorithm. In this section, we
aim to introduce the DT-SM-NLMS algorithm.

The SM-NLMS algorithm with single threshold just takes
care of the upper bound of the error signal and it performs
update when the absolute value of the error signal is large.
However, in practice, we can observe some samples with very
large and non-informative absolute values in the error signal.
These samples in the error signal do not carry any innova-
tion and they might be caused by different reasons such as
outlier, acquisition system saturation, and impulsive noise.
Therefore, it is more reasonable to ignore them and avoid the
new update. For this purpose, we can introduce an acceptable
range of the absolute value of the error signal between γ1 and
γ2, where γ1 < γ2. In other words, the DT-SM-NLMS al-
gorithm implements a new update when γ1 < |e(k)| < γ2,
where γ1 and γ2 are the lower and the upper thresholds, re-
spectively.

Therefore, the DT-SM-NLMS algorithm is described by
the following recursion:

w(k + 1) = w(k) +
µ(k)

∥x(k)∥2 + δ
e(k)x(k), (10)

where

µ(k) !
&
1− γ1

|e(k)| if γ1 < |e(k)| < γ2,

0 otherwise.
(11)

To estimate γ1, we can follow the presented procedure in the
previous section. However, the task of γ2 is to prevent new
update in the algorithm for an error signal induced by an out-
lier, thus depending on the applications we have to choose a
large enough value for γ2. In conclusion, we choose γ1 as
in the ST-SM-NLMS case, and γ2 should meet the threshold,
for example, determined by the saturation level of acquisition
devices.

5. SIMULATIONS

In this section, we have estimated the threshold for the desired
update rate p = 0.1. Then we have used the estimated thresh-
old in the ST-SM-NLMS and the DT-SM-NLMS algorithms
to identify an unknown system, wo, with 30 coefficients. The
coefficients of wo are produced through samples originating
from the normal distribution. We have examined three dif-
ferent kinds of input signals, i.e., Binary Phase-shift keying

Table 1. The results of update rates using the estimated γs for
the ST-SM-NLMS algorithm.

Input signal p = 0.1 p = 0.2 p = 0.3
BPSK 0.087 0.186 0.298
WGN 0.090 0.189 0.299
AR(1) 0.099 0.202 0.305

(BPSK), white Gaussian noise with zero mean and unit vari-
ance (WGN), and first-order autoregressive signal (AR(1))
generated as x(k) = 0.95x(k − 1) + n(k − 1). The addi-
tive noise signal is a zero mean Gaussian signal with variance
σ2
n = 0.01. The regularization factor and the initialization

vector are selected as δ = 10−12 and w(0) = [0 · · · 0]T ,
respectively. Also, we have compared the results of the SM-
NLMS algorithms with the NLMS and the data-adaptive cen-
soring least-mean-square (AC-LMS) [1] algorithms. For the
NLMS and the AC-LMS algorithms, aiming at the best sim-
ulations performances, the step sizes are 0.9 and 0.004, re-
spectively. Since a strategy to choose the censoring threshold
of the AC-LMS algorithm is unknown, we have chosen the
censoring threshold as 1.7 experimentally in order to obtain
10% update rate. The number of iterations is 5× 104 and the
results are averaged over 100 trials.

For the desired update rate p = 0.1 we have estimated
the threshold, as explained in Section 3, as 0.1875. The sec-
ond column of Table 1 presents the resulting update rates for
the ST-SM-NLMS algorithm using γ = 0.1875. The up-
date rates of the AC-LMS algorithm for BPSK, WGN, and
AR(1) input signals are 10.9%, 10.9%, and 15.7%, respec-
tively. In [13], γ = erfc−1(p)

%
2(M + 1)σn is suggested,

where erfc(·) is the complementary error function and M is
the desired misadjustment. If we choose p = 0.1, M = −19
dB, and σ2

n = 0.01, then γ = 0.1655. Using this thresh-
old and the three mentioned BPSK, WGN, and AR(1) input
signals, the resulting update rates for the ST-SM-NLMS algo-
rithm are 13.4%, 13.5%, and 14.6%, respectively. Therefore,
by comparing these results with the second column of Table 1,
although the lower threshold choice resembles the one pro-
posed by [13] the use of a fixed lower threshold chosen, as
we proposed, leads to more accurate prescribed probability of
update. Figure 1 shows the learning curves of the NLMS, the
AC-LMS, and the ST-SM-NLMS algorithms for γ = 0.1875
and three different input signals. In addition, we have esti-
mated the thresholds for p = 0.2 and 0.3 by our proposed
method as 0.1477 and 0.1194, respectively. The resulting up-
date rates using these two thresholds for the ST-SM-NLMS
algorithm are presented in Table 1. We can observe that by
utilizing the estimated γs the update rates for all input signals
are close to the values of p.

Also, we have implemented the NLMS, the robust AC-
LMS (rAC-LMS) [1], the ST-SM-NLMS, and the DT-SM-
NLMS algorithms for the same scenario when the desired
signal includes an outlier signal. This signal is added to the
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Fig. 1. The learning curves of the NLMS, the AC-LMS, and the ST-SM-NLMS algorithms using γ = 0.1875 and three different
input signals: (a) BPSK; (b) WGN; (c) AR(1).
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Fig. 2. The misalignment of the NLMS, the rAC-LMS, the ST-SM-NLMS, and the DT-SM-NLMS algorithms using γ1 = γ =
0.1875, γ2 = 1, and three different input signals: (a) BPSK; (b) WGN; (c) AR(1).

reference signal and is generated through a Bernoulli process,
which takes 1 with probability 0.05, multiplying uniformly
distributed random numbers in the interval (0, 50). In DT-
SM-NLMS algorithm, for p = 0.1 the estimated value of γ1

is, as before, 0.1875, and γ2 is equal to 1. Also, experimen-
tally, we have set the thresholds of the rAC-LMS algorithm
equal to 3 and 10 to obtain 10% update rate. The second col-
umn of Table 2 indicates the resulting update rates for the DT-
SM-NLMS algorithm applying the estimated threshold. The
update rates of the rAC-LMS algorithm for BPSK, WGN, and
AR(1) input signals are 10.2%, 10.2%, and 12.3%, respec-
tively. Figure 2 depicts the misalignment of the NLMS, the
rAC-LMS, the ST-SM-NLMS, and the DT-SM-NLMS algo-
rithms for γ1 = γ = 0.1875, γ2 = 1, and three distinct men-
tioned input signals. We can see that in the existence of out-
liers, the DT-SM-NLMS algorithm has lower misalignment
compared to the other three algorithms. In additional simu-
lations, for p = 0.2 and 0.3, in the DT-SM-NLMS algorithm
we have used the thresholds γ1 = 0.1477 and 0.1194, respec-
tively, and the resulting update rates are presented in Table 2.

Table 2. The results of update rates using the estimated γ1s
for the DT-SM-NLMS algorithm.

Input signal p = 0.1 p = 0.2 p = 0.3
BPSK 0.090 0.188 0.292
WGN 0.091 0.190 0.293
AR(1) 0.099 0.196 0.299

6. CONCLUSION

This work presented an estimation for the threshold in the
ST-SM-NLMS algorithm to censor the data set in accordance
with the desired update rate. To this end, we estimate the pa-
rameters related to the distribution of the noise signal and the
EMSE. Also, we introduced the DT-SM-NLMS algorithm to
censor the data more efficiently and avoid the effects of out-
liers. This algorithm has better performance compared to the
NLMS, rAC-LMS, and the ST-SM-NLMS algorithms. In ad-
dition, our approach outperforms the recently proposed data-
censoring LMS algorithm, another contribution of this work.
A subject for further investigation is how the data censoring
proposed here for online applications would perform in situa-
tions where large amounts of data are stored and methods like
Random Sample Consensus (RANSAC) is employed [18].
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