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ABSTRACT
A class of algorithms known as feature least-mean-square (F-
LMS) has been proposed recently to exploit hidden sparsity
in adaptive filter parameters. In contrast to common sparsity-
aware adaptive filtering algorithms, the F-LMS algorithm de-
tects and exploits sparsity in linear combinations of filter co-
efficients. Indeed, by applying a feature matrix to the adap-
tive filter coefficients vector, the F-LMS algorithm can reveal
and exploit their hidden sparsity. However, in many cases
the unknown plant to be identified contains not only hidden
but also plain sparsity and the F-LMS algorithm is unable to
exploit it. Therefore, we can incorporate sparsity-promoting
techniques into the F-LMS algorithm in order to allow the
exploitation of plain sparsity. In this paper, by utilizing the
l0-norm, we propose the l0-norm F-LMS (l0-F-LMS) algo-
rithm for sparse lowpass and sparse highpass systems. Nu-
merical results show that the proposed algorithm outperforms
the F-LMS algorithm when dealing with hidden sparsity, par-
ticularly in highly sparse systems where the convergence rate
is sped up significantly.

Index Terms— LMS algorithm, lowpass system, high-
pass system, hidden sparsity, plain sparsity

1. INTRODUCTION

The least-mean-square (LMS) is one of the most popular
algorithms in the field of adaptive learning. Since the LMS
algorithm has been proposed [1], it has been considering as a
touchstone for adaptive filtering algorithms. Due to their low
computational complexity and simple implementation [2], the
LMS algorithm and its variants have been utilized in many
problems, such as adaptive beamforming [3], multidimen-
sional signal processing [4, 5], system identification [6], echo
cancellation [7], just to name a few.

Sparsity is a fundamental characteristic of many signals
and systems in real applications. Numerous works have
shown that exploiting signals and systems sparsity can im-
prove steady-state mean-squared error (MSE), convergence

rate, computational burden, etc [8–13]. Recently, hidden
sparsity is discussed and exploited by the feature LMS (F-
LMS) algorithm [14]. Indeed, the sparsity arising from linear
combinations of the parameters of an adaptive filter is called
hidden sparsity, and the F-LMS algorithm tries to seek the
feature of the system and exploit it in order to improve steady-
state MSE and convergence speed.

In many applications we observe plain sparsity besides
hidden sparsity; however, the F-LMS algorithm is not able to
exploit plain sparsity. Therefore, by imposing plain sparsity
regularization on the adaptive filter itself, we may improve the
F-LMS algorithm so that it can exploit both hidden and plain
sparsity [15]. To this end, we introduce the l0-norm F-LMS
(l0-F-LMS) algorithm by incorporating the l0-norm penalty
into the F-LMS algorithm. Hence, the l0-F-LMS algorithm
will outperform the F-LMS algorithm when the system con-
tains many zeros or small parameters, such as sparse lowpass
and sparse highpass systems.

This work is organized as follows. Section 2 introduces
the l0-F-LMS algorithm. Some examples of l0-F-LMS al-
gorithms for sparse systems with lowpass and highpass spec-
trum are proposed in Section 3. Section 4 contains the numer-
ical results. Finally, the conclusions are drawn in Section 5.

Notation: Scalars are described by lower-case letters.
Vectors (matrices) are represented by lowercase (uppercase)
boldface letters. At iteration k, w(k),x(k) ∈ R

N+1 stand
for the weight vector and the input vector, respectively, where
N is the adaptive filter order. For a given iteration k, the
error signal is given by e(k) � d(k) − wT (k)x(k), where
d(k) ∈ R is the desired signal. The l0-norm and l1-norm of
a vector w ∈ R

N+1 is defined by ‖w‖0 = #{i : wi �= 0}

and ‖w‖1 =
∑N

i=0 |wi|, respectively, where # denotes the
cardinality of a finite set.

2. THE l0-NORM FEATURE LMS ALGORITHMS

In this section, we propose the l0-norm feature LMS (l0-F-
LMS) algorithm for setting forth a hidden feature of the un-
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known parameters and exploiting hidden and plain sparsity
in the system parameters. The feature LMS (F-LMS) algo-
rithm, for narrowband lowpass and narrowband highpass sys-
tems, has already been proposed [14] to exploit hidden spar-
sity in the linear combinations of the adaptive filter parame-
ters. However, the F-LMS algorithm is unable to detect and
impose plain sparsity regularization on the adaptive filter it-
self. Therefore, we introduce the l0-F-LMS algorithm to ex-
ploit hidden and plain sparsity of unknown systems.

The objective function of the l0-F-LMS algorithm is pro-
posed as

ζl0-F-LMS =
1

2
|e(k)|2︸ ︷︷ ︸

LMS term

+α‖F(k)w(k)‖1︸ ︷︷ ︸
feature-inducing term

+ λ‖w(k)‖0︸ ︷︷ ︸
plain sparsity-promoting

,

(1)

where α, λ ∈ R+ are weights given to the l0- and l1-norms,
respectively, and they are generally adopted as 0 < α, λ � 1.
Matrix F(k) is called feature matrix and is utilized for ex-
posing the hidden sparsity, and F(k) must be adopted so that
F(k)w(k) becomes a sparse vector [14]. Therefore, practical
selections of F(k) must be based on some a priori informa-
tion about the unknown system to be estimated.

The third term in (1) is related to the l0-norm, and thus
we have some difficulties in using the gradient methods due
to the discontinuity of the l0-norm. To address this problem,
we can employ the Geman-McClure function (GMF) as an
estimate for the l0-norm [8, 10]. The GMF is given by

Gβ(w) �

N∑
i=0

(
1−

1

1 + β|wi|

)
, (2)

where the function of β ∈ R+ is to control the trade-off be-
tween the smoothness of Gβ and the quality of approxima-
tion. Then we express the gradient of Gβ as

∇Gβ(w) = gβ(w) = [gβ(w0) · · · gβ(wN )]T , (3)

where gβ(wi) �
∂Gβ(w)

∂wi
, for i = 0, 1, · · · , N , is described

by

gβ(wi) =
βsgn(wi)

(1 + β|wi|)2
, (4)

sgn(·) standing for the sign function.
Therefore, using the GMF function, the optimization cri-

terion of the l0-F-LMS algorithm can be described by

ζl0-F-LMS =
1

2
|e(k)|2 + α‖F(k)w(k)‖1 + λGβ(w(k)). (5)

After using the gradient method, the recursion rule of the l0-
F-LMS algorithm can be given by

w(k + 1) = w(k) + μe(k)x(k)− μ(αp(k) + λgβ(w(k)),
(6)

where the step-size μ ∈ R+ should be adopted small enough
to guarantee convergence [2], and p(k) ∈ R

N+1 is the gradi-
ent of ‖F(k)w(k)‖1.

3. EXAMPLES OF l0-F-LMS ALGORITHMS

In the previous section, we introduced the l0-F-LMS algo-
rithm. Indeed, l0-F-LMS designates a family of algorithms:
depending on the selection of F(k), a different member of this
family is chosen which can exploit hidden and or plain spar-
sity of unknown systems. In the following, we assume F(k)
to be time-invariant feature matrix F, and we introduce two
members of the l0-F-LMS family: (i) the l0-F-LMS algorithm
for sparse lowpass systems, and (ii) the l0-F-LMS algorithm
for sparse highpass systems.

3.1. The l0-F-LMS algorithm for sparse lowpass systems

In general, many systems found in real applications have
lowpass spectrum. A system with lowpass spectrum has
a smoothly varying impulse response. When this impulse
response also contains many zeros or small coefficients, it
is termed sparse lowpass system. Therefore, we have two
kinds of sparsity in sparse lowpass systems, namely hidden
sparsity and plain sparsity. Since the coefficients of sparse
lowpass system vary smoothly, the difference between ad-
jacent coefficients is close to zero, and this feature is called
hidden sparsity. Moreover, since it has many coefficients
equal to zero or extremely close to zero, it has plain sparsity.
Hence, we can exploit the hidden sparsity of lowpass sys-
tems by adopting the proper feature matrix in the l0-F-LMS
algorithm. To this end, we choose F as Fl ∈ R

N×(N+1) [14],

Fl =

⎡
⎢⎢⎢⎣

1 −1 0 · · · 0
0 1 −1 · · · 0
...

. . . . . .
0 0 · · · 1 −1

⎤
⎥⎥⎥⎦ , (7)

and ‖Flw(k)‖1 =
∑N−1

i=0 |wi(k) − wi+1(k)|. Note that
Flw(k) is a sparse vector for lowpass systems.

Therefore, the objective function in (5), apart from mini-
mizing the squared error and exploiting plain sparsity (by the
first and third terms, respectively), it also minimizes the dis-
tances between adjacent coefficients of w(k) (by the second
term). Finally, the l0-F-LMS algorithm for sparse lowpass
systems is characterized by the update equation in (6), but
vector p(k) is replaced by pl(k) described by [14]

pli(k) =

⎧⎪⎪⎨
⎪⎪⎩
sgn(w0(k)− w1(k)), if i = 0
−sgn(wi−1(k)− wi(k))
+sgn(wi(k)− wi+1(k)), if i = 1, · · · , N − 1
−sgn(wN−1(k)− wN (k)), if i = N

(8)

An important example of sparse lowpass systems is up-
sampled lowpass systems by factor L, where 2 ≤ L � N .
To exploit hidden sparsity, we must utilize matrix FL

l ∈
R

(N−L+1)×(N+1) such that it has the same structure as Fl,
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but L− 1 zeros are inserted between ±1 entries, and

‖FL
l w(k)‖1 =

N−L∑
i=0

|wi(k)− wi+L(k)|. (9)

Then the update rule of the l0-F-LMS algorithm utilizing FL
l

is given by (6), but p(k) is substituted by pL
l (k) described as

pLli(k) =

⎧⎪⎪⎨
⎪⎪⎩
sgn(wi(k)− wi+L(k)), if i = 0, L− 1
−sgn(wi−L(k)− wi(k))
+sgn(wi(k)− wi+L(k)), if i = L, · · · , N − L

−sgn(wi−L(k)− wi(k)), if i = N − L+ 1, N

(10)

3.2. The l0-F-LMS algorithm for sparse highpass systems

For unknown systems with highpass spectrum, the absolute
values of the coefficients vary smoothly, but they have differ-
ent signs. Also, Highpass systems with many zeros are called
sparse highpass systems. Therefore, a sparse highpass sys-
tem, besides plain sparsity in its impulse response, has hidden
sparsity since the sum of adjacent coefficients is close to zero.
Hence, by choosing the feature matrix F to be time-invariant
matrix Fh ∈ R

N×(N+1) [14] as

Fh =

⎡
⎢⎢⎢⎣

1 1 0 · · · 0
0 1 1 · · · 0
...

. . . . . .
0 0 · · · 1 1

⎤
⎥⎥⎥⎦ , (11)

the vectorFhw(k) becomes a sparse vector, and ‖Fhw(k)‖1 =∑N−1
i=0 |wi(k) + wi+1(k)|. Thus, the objective function (5),

besides minimizing the squared error, can exploit the hidden
and plain sparsity of sparse highpass systems.

Ultimately, the l0-F-LMS algorithm for sparse highpass
systems is described by the recursion rule presented in (6),
but p(k) is replaced by ph(k), which is defined as [14]

phi
(k) =

⎧⎪⎪⎨
⎪⎪⎩
sgn(w0(k) + w1(k)), if i = 0
sgn(wi−1(k) + wi(k))

+sgn(wi(k) + wi+1(k)), if i = 1, · · · , N − 1
sgn(wN−1(k) + wN (k)), if i = N

(12)

Furthermore, similar to the lowpass systems, interpolated
highpass systems by factor L, for 2 ≤ L � N , are significant
examples of sparse highpass systems. To exploit the feature
of interpolated highpass systems by factor L, we should use
FL

h ∈ R
(N−L+1)×(N+1) in the objective function (5), where

FL
h has the same structure as Fh, but it is obtained by insert-

ing L− 1 zeros between two nonzero entries equal to 1, and

‖FL
hw(k)‖1 =

N−L∑
i=0

|wi(k) + wi+L(k)|. (13)

Therefore, the recursion rule of the l0-F-LMS algorithm em-
ploying FL

h is characterized by (6), but p(k) is replaced by
pL
h (k) expressed as

pLhi
(k) =

⎧⎪⎪⎨
⎪⎪⎩
sgn(wi(k) + wi+L(k)), if i = 0, L− 1
sgn(wi−L(k) + wi(k))
+sgn(wi(k) + wi+L(k)), if i = L, · · · , N − L

sgn(wi−L(k) + wi(k)), if i = N − L+ 1, N

(14)

4. SIMULATIONS

In this section, we utilize the LMS, the proportionate LMS
(PLMS) [16, 17], the F-LMS, and the l0-F-LMS algorithms
to identify unknown sparse lowpass and sparse highpass sys-
tems. All unknown systems have order 99, i.e., they have 100
coefficients. The first system, wo,l, is a block sparse low-
pass system such that the first 30 coefficients are constant
and equal to 0.4 and other coefficients are zero. The sec-
ond system, wo,h, is a block sparse highpass system, the first
30 coefficients are nonzero, and others are equal to zero, the
nonzero coefficients with even and odd indexes are -0.4 and
0.4, respectively. The third system, w2

o,l, is a lowpass sys-
tem upsampled by 2, and the nonzero coefficients are equal
to 0.4. Thus, w2

o,l contains 50 zeros such that between any
two nonzero coefficients there is a zero. The fourth system,
w2

o,h, is a highpass system interpolated by 2. The coefficients
of w2

o,h with even indexes are nonzero, and they are -0.4 and
0.4 alternately, and the coefficients with odd indexes are zero.
The fifth system, w4

o,l, is a lowpass system similar to w2
o,l, but

it is upsampled by 4, and it has an abrupt change at the 1500th
iteration. Finally, the sixth system, w4

o,h, is a highpass system
similar to w2

o,h, but it is interpolated by 4, and it has an abrupt
change at the 1500th iteration.

The input signal is a zero-mean white Gaussian noise with
unit variance, and the signal-to-noise ratio (SNR) is 20 dB.
All algorithms are initialized with w(0) = [0 · · · 0]T , more-
over, β = 20, α = 0.05, and λ = 0.005. Also, the values
of the step-size μ are informed later at figures. Furthermore,
the MSE learning curves of the experimented algorithms are
computed by averaging the outcomes of 200 independent en-
sembles.

Figures 1(a) and 1(b) illustrate the MSE learning curves of
the LMS, PLMS, F-LMS, and l0-F-LMS algorithms consider-
ing the block sparse lowpass system wo,l and the block sparse
highpass system wo,h, respectively. As can be seen, the l0-
F-LMS algorithm has the lowest MSE, followed by the F-
LMS, PLMS, and LMS algorithms. Although the difference
between the MSE of l0-F-LMS and F-LMS algorithms is not
remarkable, the convergence rate of l0-F-LMS algorithm is
significantly higher than that of the F-LMS algorithm. Indeed,
the l0-F-LMS algorithm has the best convergence rate as com-
pared to the other algorithms. Therefore, for scenarios con-
taining plain sparsity, the l0-F-LMS algorithm outperforms
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Fig. 1. MSE learning curves of the LMS, PLMS, F-LMS,
and l0-F-LMS algorithms considering: (a) wo,l and pl(k); (b)
wo,h and ph(k); (c) wo,l, pl(k), and correlated input signal;
(d) wo,h, ph(k), and correlated input signal.
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Fig. 2. MSE learning curves of the LMS, PLMS, F-LMS,
and l0-F-LMS algorithms considering: (a) w2

o,l and p2
l (k);

(b) w2
o,h and p2

h(k); (c) w4
o,l and p4

l (k); (d) w4
o,h and p4

h(k).

the F-LMS algorithm. Furthermore, Figures 1(c) and 1(d)
show the MSE learning curves of the mentioned algorithms
considering the systems wo,l and wo,h, respectively, when
the input signal is correlated with eigenvalue spread equal to

20. In this case, α and λ are selected as 0.01. Observe that,
in the case of correlated input signal, the l0-F-LMS algorithm
has the best performance as compared to the F-LMS, PLMS,
and LMS algorithms.

Figures 2(a), 2(b), 2(c), and 2(d) depict the MSE learn-
ing curves of the LMS, PLMS, F-LMS, and l0-F-LMS algo-
rithms, when they are employed to identify the systems w2

o,l,
w2

o,h, w4
o,l, and w4

o,h, respectively. We can observe that the
MSE of l0-F-LMS algorithm is competitive with those of the
F-LMS and PLMS algorithms. Moreover, the convergence
rate of l0-F-LMS algorithm is higher than those of the other
tested algorithms. In fact, the l0-F-LMS algorithm outper-
forms the F-LMS and PLMS algorithms due to its capability
of exploiting the hidden and plain sparsity; however, the F-
LMS and PLMS algorithms can only exploit the hidden and
plain sparsity, respectively.

Finally, for all examples, we observed that the l0-F-LMS
algorithm has higher convergence rate. Furthermore, when
we have more plain sparsity, such as examples in Figure 1,
the l0-F-LMS algorithm can attain lower MSE as compared to
other tested algorithms. Also, note that to obtain these good
results by the l0-F-LMS algorithm, we do not require high
computational complexity as compared to the F-LMS algo-
rithm. Indeed, in comparison with the F-LMS algorithm, at
each iteration we need to compute the extra term λgβ(w(k))
in Equation (6), where its computational burden is insignifi-
cant. Moreover, when the system contains only hidden spar-
sity without plain sparsity, μλgβ(w(k)) is almost equal to
zero vector, and the l0-F-LMS and F-LMS algorithms have
similar performances.

5. CONCLUSIONS

In this paper, we generalized the F-LMS algorithm and pro-
posed the l0-F-LMS algorithm so that it can exploit hidden
and plain sparsity in unknown systems. Indeed, hidden spar-
sity is disclosed by applying feature matrix to adaptive filter
coefficients so that it constructs a sparse vector , and then it is
exploited using the l1-norm. Furthermore, plain sparsity is ex-
ploited by utilizing the l0-norm. Therefore, by taking advan-
tage of plain and hidden sparsity, the l0-F-LMS algorithm of-
fers excellent potential for improving the performance of the
F-LMS algorithm. In particular, we elaborated some promi-
nent examples of the l0-F-LMS algorithm for sparse lowpass
and sparse highpass systems. However, for any structure, if
we know the feature of the system, this strategy can be uti-
lized in the presence of hidden and plain sparsity. Finally,
simulation results corroborate the superiority of the l0-F-LMS
algorithm over the F-LMS, PLMS, and LMS algorithms.
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