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ABSTRACT

In recent years, the interest in kernel methods has increased
exponentially, mainly due to applications including phenom-
ena that cannot be well modeled by linear systems. Further-
more, the demand for high-speed communications and im-
provement in computer capacity to process information leads
to the exploration of more sophisticated resources. The ker-
nel adaptive filtering is an alternative to deal with nonlinear
problems. In this paper, we propose the data selection kernel
conjugate gradient (DS-KCG) algorithm, which is capable of
classifying whether the currently available data brings suf-
ficient innovation to update the filter coefficients. The data
could be discarded, avoiding extra computation and perfor-
mance degradation.

Index Terms— Adaptive Filtering, Data-Selective
Learning, Kernel Conjugate Gradient, Non-Linear Systems

1. INTRODUCTION

In the last two decades, the interest in applying kernel meth-
ods to nonlinear problems of machine learning and signal pro-
cessing has been growing. These methods rely on the kernel
trick which, in simple words, consists of employing an arti-
fice to avoid the explicit mapping that occurs when a linear
algorithm is transformed into a non-linear one in the kernel
process.

Among the kernel adaptive filtering, the Kernel conju-
gate gradient (KCG) algorithm [1, 2, 3] is a popular choice
that balances convergence rate and computational complexity.
The KCG is also related to Krylov subspace methods [4, 5].
In fact, the KCG algorithm converges faster than the kernel
least mean squares (KLMS) algorithm [6, 7]. When com-
pared to the kernel recursive least squares (KRLS) algorithm
[8, 9, 10], in most applications both are equally fast, but the
computational cost of the KCG algorithm is lower than for the
KRLS algorithm.

In this work, we study the KCG algorithm in online mode,
without the inclusion of the exponential decaying method.

The authors would like to thank the research councils CNPq, FAPERJ
and CAPES for funding this research.

When working with online applications, we are concerned
about the increase in the number of coefficients as the amount
of samples grow. In order to mitigate this effect, the data
selection method is employed by considering only relevant
and non-redundant data to update the filter coefficients, thus
reducing the computational cost and a new KCG algorithm
is proposed. In addition to adaptive filtering, we can name
other nonlinear algorithms capable of operating with kernels,
such as Support Vector Machines (SVM), Principal Compo-
nent Analysis (PCA) and many others [11, 12, 13, 14, 15].

The structure of the paper is as follows. Section 2 reviews
the theory related to the kernel functions and Hilbert Spaces.
Section 3 describes online KCG adaptive filtering algorithm
and discusses how to estimate the MSE (Mean-Squared Er-
ror) after convergence. Section 4 shows how to apply the
data-selection strategy in KCG. Section 5 presents simulation
results to corroborate the validity of the proposed strategy and
Section 6 includes some concluding remarks.

2. CONCEPTS OF KERNEL METHOD

Non-linear transformations as Kernel are useful when the Eu-
clidean space inner product is not a suitable similarity mea-
sure. The strategy consists of mapping the vector entries into
a Hilbert Space H also known as feature space by using the
function,

υ : X → H (1)

whereX is a subset of RN and υ is known as feature function.
Hilbert spaces can be seen as a generalization of Euclidean
spaces which might be infinite dimensional. The kernel func-
tion κ(·,·) : X × X → R performs a mapping of two vectors
to a real value which is an inner product taken place at the
feature space as

κ(x1,x2) = 〈υ(x1),υ(x2)〉H (2)

where 〈·,·〉H is the inner product in the Hilbert Space H and
υ(x) = κ(·,x). In the kernel trick, input data is mapped into
a high-dimensional space through a reproducing kernel such
that the inner product in the Hilbert Space is computed using
equation (2). It releases us from performing computations in
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the high-dimension space while implementing the algorithm
and it is the fundamental key to success in kernel method.

Given the training data-set {(x(1), d(1)), (x(2), d(2)),
· · · , (x(I+1), d(I+1))}, the Kernel Adaptive filtering aims
at estimating the linear functional ϕ. To do so, it solves the
following optimization problem by minimizing the MSE,

min
ϕ∈H∗

I+1∑
i=1

|d(i)− 〈υ(x(i)),ϕ〉H|2 (3)

where H∗ is the dual space of H [12]. The optimal solu-
tion can be expressed as a linear combination of the functions
mapped in the input data

ϕo =

I+1∑
i=1

ζiυ(x(i)) =

I+1∑
i=1

ζiκ(·,x(i)), (4)

where ζi are the kernel coefficients [16].
By replacing (4) in equation (3), we obtain

min
ζ∈RI+1

‖d−K(I + 1)ζ‖2 , (5)

where d = [d(1), . . . , d(M)]T is the desired vector, ζ =
[ζ1, ζ2, · · · , ζI+1]

T are the coefficients to be minimized and
K(I + 1) is the Gram matrix whose (k,l)-th element is
κ(x(I + 1 − k),x(I + 1 − l)). The Gram Matrix is similar
to the correlation matrix in classic adaptive filtering and it
plays an important role in adaptive kernel filtering, since it
can assemble the similarity among I +1 input signal vectors.

3. ONLINE KERNEL CONJUGATE GRADIENT

In this section, we present the online Kernel conjugate gra-
dient (KCG) which is more suitable for applying the data-
selection method since its available information is updated at
each iteration of the algorithm and the computational cost is
expensive.

This online KCG is based on a least squares solution,
called Conjugate Gradient Least Squares (CGLS) [17] which
is a version of the CG algorithm [18, 19, 20]. Both CGLS and
basic CG algorithms aim at solving the quadratic problem

min
w

∥∥d−XTw
∥∥2 , (6)

where X = [x(1), . . . ,x(M)] is the input data matrix and
w is the adaptive filter coefficients. This approach aims to
simplify kernel operations in feature space by kernel trick.

One of the interesting characteristics of CG-based
algorithms is the conjugate property: a set of nonzero vec-
tor {u0, · · · ,uN−1} is said to be conjugate with a symmetric
positive definite (SPD) matrix A if uHi Auj = 0 for all i 6= j.

Given an initial point w(0) and a set of conjugate direc-
tions {c(0),..., c(N − 1)} obtained at each iteration, the co-
efficients are updated iteratively as

w(k) = w(k − 1) + α(k)c(k), (7)

where

α(k) =
gT (k)g(k)

vT (k)v(k)
=

π(k)

vT (k)v(k)
(8)

and v(k) = XT c(k) is an intermediate vector. The negative
gradient of the residual objective function is defined as

g(k) = Xr(k), (9)

where r(k) = r(k− 1)− α(k)v(k). Similarly, the conjugate
direction c(k + 1) can be expressed as

c(k + 1) = g(k) + β(k)c(k), (10)

where

β(k) =
gT (k)g(k)

gT (k − 1)g(k − 1)
(11)

is a step size used to ensure conjugate property and the con-
vergence of the algorithm. Before mapping to the feature
space, the coefficient vector w(k) should be expressed as in
equation (4):

∑M
i=1 ζix(i). Since g(k) = Xr(k) and by us-

ing equations (7) and (10), we can rewrite the coefficient vec-
tor as

w(k) = X

(
k∑
i=1

si(k)r(i− 1)

)
= X(Rr(k)s(k)) = Xζ(k)

(12)

where Rr(k) = [r(0), r(1), · · · , r(k − 1)],
si(k) =

∑k−1
j=i α(j)b

j−1
i +α(k)bki = si(k−1)+α(k)bki and

bji =

j∏
l=i

β(l) = β(i)β(i+ 1) · · ·β(j), bi−1i = 1. (13)

As defined in equation (1), the mapping of input matrix X
into the feature spaceH is υ(X) = [υ(x(1)), · · · , υ(x(M))]
and hence we can apply the kernel trick to obtain the error

e(k) = d(k)−wT (k − 1)υ(x(k))

= d(k)−
M∑
i=1

ζi(k − 1)κ(x(i),x(k)), (14)

considering the coefficient vector in equation (12). Since the
dimension of the feature space is high and possibly infinite
as in the case of the Gaussian kernel, the intermediate vector
v(k) is rewritten as

v(k) = υ(X)T c(k) = υ(X)T (g(k − 1) + β(k − 1)c(k − 1))

= Kr(k − 1) + β(k − 1)v(k − 1) (15)

where K = υ(X)Tυ(X).
The online version of the KCG algorithm can be derived

from the offline KCG algorithm. At iteration k, we consider
that the information available is X(k) = [x(1), · · · ,x(k)]
and d(k) = [d(1), · · · , d(k)]T .
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The mapping of matrix X(k) into the feature space H is
defined as Υ(k) = υ(X(k)) = [υ(x(1)), · · · , υ(x(k))] and
thus the Gram matrix K(k) can be obtained recursively as

K(k) = ΥT (k)Υ(k) =

[
K(k − 1) φ(k)

φT (k) q(k)

]
(16)

where q(k) = κ(x(k),x(k)) and φ(k) is defined as

φ(k) = [κ(x(1),x(k)), · · · , κ(x(k − 1),x(k))]T . (17)

Therefore, utilizing the kernel trick and equation (17), the
error signal is computed as

e(k) = d(k)− ζT (k − 1)φ(k). (18)

The main issue related to the online KCG algorithm is
how to update the kernel coefficients ζ(k). In fact, whenever
x(k) is added to the data dictionary, ζ(k) increases in size.
Moreover, it updates each coefficient. This can be solved by
setting the vector [ζT (k − 1), 0]T as the initial value in iter-
ation k, and then kup updates are performed with the Gram
matrix K(k) unchanged.

After performing kup updates, we obtain matrix Rr(k) =
[r(0), · · · , r(n)] and vector s(k) defined in equation (12).
The final expression for the coefficients is then obtained as

ζ̃(k) =

[
ζ̃(k − 1)

0

]
+ (Rr(k)s(k)) . (19)

4. DATA SELECTION KERNEL CONJUGATE
GRADIENT

In this section the data selection method is briefly explained,
and hence the DS-KCG algorithm is proposed.

The main goal of the data selection technique is to re-
duce the computational cost by exploring the fact that using
all available information is unnecessary. The data selection
method uses the error signal e(k) defined in equation (18) to
determine if the current data carries enough innovative infor-
mation to update the filter coefficients [21].

The normalized error distribution is considered Gaussian
(e/σe) ∼ N (0, 1), where σe is the error standard deviation.
In this way, if the current data leads to a small |e(k)|σe

then this
sample is not informative enough, whereas if the correspond-
ing |e(k)|σe

is too large the data is a possible outlier. Hence,

only if |e(k)|σe
is greater than a given threshold

√
τ(k) or if it

is below another threshold
√
τmax the filter coefficients are

updated [22, 23].
In the KCG case, if the selection criteria is satisfied,

the Gram Matrix is updated as in equation (16) and the
data sample is included in the data dictionary XI(k) =
[x1(k), · · · ,xI(k)], where xi(k) is the i-th input included
in the data dictionary until iteration k and I is the number
of vectors in this set. The Data selection - Kernel conjugate

Table 1. Data selection - Kernel Conjugate Gradient
DS-KCG algorithm
Initialize
X1(1) = x(1); q(1) = κ(x(1),x(1)); K(1) = q(1);
ζ̃(0) = d(1)/q(1); e(1) = 0;
Prescribe Pup, and choose τmax√
τ = Q−1(

Pup

2 ), I = 1
Do for k > 1
q(k) = κ(x(k),x(k));
φ(k) = [κ(x1(k − 1),x(k)), · · · , κ(xI(k − 1),x(k))]T ;

e(k) = d(k)− ζ̃
T
(k − 1)φ(k);

δ(k) =


0, if −

√
τ ≤ |e(k)|σe

≤
√
τ

0, if |e(k)|σe
≥ √τmax

1, otherwise
if δ(k) = 0

K(k) = K(k − 1); ζ̃(k) = ζ̃(k − 1);
XI(k) = XI(k − 1)

if |e(k)|σe
≥ √τmax

e(k) = 0; d(k) = 0
end if

else
I = I + 1
XI(k) = [XI−1(k − 1),x(k)]

K(k) =

[
K(k − 1) φ(k)

φT (k) q(k)

]
r(0) = d(k)−K(k)

[
ζ̃(k − 1)

0

]
π(0) = rT (0)K(k)r(0);
v(1) = K(k)r(0); β(0) = 1;
Do for i = 1, · · · , n
α(i) = π(i−1)

vT (i)v(i)
; si(k − 1) = 0; b = 1

Do for j = i,i− 1, · · · ,1
sj(k) = sj(k) + α(i)b; b = bβ(j);

end
r(i) = r(i− 1)− α(i)v(i)
g(i) = K(i)r(i)

π(i) = rT (i)K(i)r(i); β(i) = π(i)
π(i−1)

v(i+ 1) = g(i) + β(i)v(i)
end

ζ̃(k) =

[
ζ̃(k − 1)

0

]
+ (Rr(k)s(k))

end if
end

gradient (DS-KCG) algorithm is summarized in Table 1. To
represent how often the data are updated, the desired proba-
bility of update in steady state is

Pup = 2Qe
(√
τ
)
− 2Qe (

√
τmax) , (20)

where Qe(x) = 1/(2π)
∫∞
x
exp(−t2/2)dt is the comple-
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mentary Gaussian cumulative distribution function [24].
Since the second term in equation (20) is considered in-
significant, the parameter

√
τ is obtained as

√
τ = Q−1e

(
Pup

2

)
, (21)

where Q−1e (·) is the inverse of the Qe(·) function.
The empirical rule [25] is used to obtain τmax, the thresh-

old employed to identify possible outliers. In the first 20%
of data, τmax condition is not applied and we obtain an esti-
mate of the error behavior. In the remaining iterations, τmax

is calculated by
√
τmax = E[|e(k)|/σe] + 3Var[|e(k)|/σe]. (22)

To simplify it, the estimation error variance is obtained as

σ2
e = (1− λe)e2(k) + (λe)σ

2
e , (23)

where λe is a forgetting factor.

5. SIMULATION RESULTS

In this section, we present the results for the DS-KCG algo-
rithm in the non-linear system identification application.

The input signal x(k) is drawn from a uniform distribu-
tion (0,1) with variance σ2

x = 0.1, filtered by a finite impulse
response (FIR) filter specified by h1 = [1, −0.5]T . The ref-
erence signal is then built as the following nonlinear system

d(k) = −0.76x(k)− 1.0x(k − 1) + 1.0x(k − 2) + 0.5x2(k)

+ 2.0x(k)x(k − 2)− 1.6x2(k − 1) + 1.2x2(k − 2)

+ 0.8x(k − 1)x(k − 2) + n(k), (24)

where n(k) is Gaussian noise with zero mean and variance
σ2
n = 10−2.

The filter order is N = 10 and we utilize a polynomial
kernel of order 3. The prescribed probabilities of update are
varied from 0% to 100% and compared to the estimated prob-
ability P̂up to verify the performance of the algorithm when
the data selection is employed. The MSE is obtained as the
average of 100 independent Monte Carlo runs. The error vari-
ance was estimated as in equation (23) using λe = 0.99 and
the number of updates in each iteration is kup = 2.

We can verify in Figure 1(a) that the estimated probability
of update is quite close to the prescribed one. Figure 1(b)
depicts the MSE learning curves for the input signal filtered
by h1. The MSE obtained using only 40% of the input data is
almost the same of using the complete data-set unveiling the
data selection power in nonlinear applications.

In Table 2, we verify how the MSE is affected when out-
liers are present in the reference signal. The outliers are in-
serted in 2% of the output signal with an amplitude equal to
five. Indeed, when outliers are present and these are being
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Fig. 1. (a) Comparison between desired Pup and achieved
P̂up. (b) MSE learning curves for the data selection.

ignored, the MSE is worse. On the other hand, when we con-
sider the outliers by employing the τmax threshold, we obtain
a higher MSE level for Pup = 0.4 and Pup = 1.

Table 2. MSE (dB) for simulations with outliers
Outlier yes yes no no no
τmax yes no no yes no
Pup 0.4 0.4 0.4 1 1

MSE (dB) DS-KCG −8.12 −5.02 −13.14 −10.57 −13.22

6. CONCLUDING REMARKS

In this paper, we proposed a data selection version of KCG
algorithm. The KCG algorithm is chosen as it is faster than
KLMS and also as faster as KRLS, with the benefit of requir-
ing less computational effort. The simulation results indicate
that a good performance is achieved even when the filter coef-
ficients are updated on less than 50% of the iterations, reduc-
ing the computational cost. The algorithm is also capable of
identifying and discarding outliers and hence improving the
filter performance. Future work will address the application
of the data-selection concept to machine learning, where our
preliminary results are encouraging.
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