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ABSTRACT

Orthogonal frequency-division multiplexing (OFDM) sys-
tems have championed the elimination of inter-symbol in-
terference (ISI) and inter-block interference (IBI) originated
from multi-path fading. By introducing some redundant sym-
bols at the transmitter such as zero padding (ZP), spectral
efficiency is reduced. The amount of redundancy is related
to the channel-model order, an information carrying some
uncertainty in practical situations, particularly when one is
willing to increase data transmission. The recent trend of
utilizing neural networks to address some communication
issues sparkled the idea of exploiting machine-learning (ML)
to improve the performance of ZP-OFDM transceivers when-
ever the channel order is not known. This work presents a
novel application of ML to address ZP-OFDM physical layer
issues. The simulation results show that the ML ZP-OFDM
brings about performance improvements, such as reduced
bit-error-rate (BER), when the amount of redundancy is in-
sufficient and some form of nonlinearity is present at the
transmitter end.

Index Terms— machine-learning, channel-estimation,
symbol-detection, ZP-OFDM, reduced-redundancy

1. INTRODUCTION
The OFDM systems are the most widely used block-based

wireless communications solutions to tackle multi-path fad-
ing in the physical layer. Their main attraction originates
from their robustness and low complexity in combating inter-
symbol interference (ISI) and inter-block interference (IBI)
induced by the channel memory [1]. Whatever configuration
of the transceiver, the solution to address IBI and ISI requires
extra bandwidth utilized to transport some redundant sym-
bols. The prefix consists of a cyclic prefix (CP) or zero prefix
(ZP) giving rise to distinct types of OFDM transceivers with
frequency-domain equalization, see [1] for details. Usually,
the length of the prefix relates to the channel order denoted by
L, that for wideband channels might waste substantial spec-
trum with redundancy.
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Since the maximum channel delay spread can be un-
known or difficult to estimate, it might exceed the redundancy
length and the interference is not eliminated [2]. Although
using extra long redundancy can solve the interference prob-
lem, it wastes the bandwidth. A prefix-free block-based
system would be the desired solution [3] if it is possible to
configure the transceiver accordingly. Alternatively, the zero
padding zero jamming (ZPZJ) OFDM allows zero-forcing
solution with the minimum amount of redundancy of L/2,
for even L [4, 5]. Unfortunately, this solution is prone to face
numerical difficulties.

Motivated by the recent use of neural networks (NNs) to
address wireless communications problems [3,6–12], we pro-
pose its application to ZP-transceivers such as ZP-OFDM-
OLA (overlap-and-add) and ZPZJ-OFDM [1]. In this paper,
we propose a two-block ML-based reception for ZP-OFDM
operating with reduced redundancy. Our work provides the
answer of how to would perform a solution lying between a
ZP-free OFDM and ZP-OFDM. The simulations confirm that
ML applied to ZP-OFDM brings about better reception per-
formance and spectrum utilization.

The paper is organized as follows. Section 2 defines the
system model, the channel estimation and the equalizer so-
lutions for the ZP-OFDM transceivers. Section 3 proposes
a ZF-OFDM system based on ML and discusses some issues
related to the insufficient redundancy. Section 4 evaluates and
compares several ZP-OFDM solutions through simulations.
Some conclusions are drawn in Section 5.

2. SYSTEM MODEL
The transmitter design is equivalent for both the ZP-

OFDM-OLA and ZPZJ-OFDM, as illustrated in Figure 1.
The M -ary quadrature amplitude modulation (M -QAM) in-
put symbols are converted to a parallel data stream x ∈
CN×1. The signal x is converted to the time domain
x = WH

Nx by the N -point inverse fast Fourier transform
(IFFT), in which WN is the unitary N × N FFT matrix.
By adding a K-length trailing zeros, we obtain u = AZPx ,
where

AZP =
[

IN
0K×N

]
∈ CS×N . (1)

To reduce the peak-to-average power ratio (PAPR), u is
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Fig. 1: Basic ZP-OFDM system block diagram.

often clipped before being transmitted. The clipped u is

uc =
u

|u|
(CRσu) if |u| ≥ (CRσu), (2)

where CR is the clipping ratio and σu is the root mean square
(RMS) value of the OFDM signal [13]. Otherwise, if |u| <
(CRσu) then uc = u. As clipping is a nonlinear process, it
degrades the BER performance [13]. A low clipping ratio CR

leads to more severe nonlinear distortion, whereas CR → ∞
represents absence of clipping noise. Then S = N +K sub-
carriers are used to transmit the OFDM symbol.

2.1. Channel estimation
The channel model between transmitter and receiver has

the impulse response h = [h(0) h(1) · · · h(L)]T. As shown
in Figure 1, the pilot signal uc,P is transmitted using all the S
subcarriers to estimate the channel impulse response, ĥ. The
received pilot signal in the time-domain is

yP (k) = HISIuc,P (k) + HIBIuc,P (k − 1) + v(k), (3)

where HISI ∈ CS×S and HIBI ∈ CS×S represent ISI and
IBI effects produced by the wireless channel [1]. The signal
is also corrupted by an additive Gaussian noise vector v(k)
with zero mean and covariance matrix σ2

vIS .
The pilot signal is multiplied by the receiver matrix

RZP =

[
IK

IN
0(N−K)×K

]
∈ CN×S , (4)

so that, in the absence of noise we obtain

yP (k) = RZPHISIAZPxP (k) + RZPHIBIAZPxP (k − 1).
(5)

If K ≥ L, then RZPHIBIAZP = 0N , which means that
IBI is eliminated. Moreover, the matrix product RZPHISIAZP

results in a circulant matrix Hc. Hence, equation (5) becomes

yP (k) = HcxP (k) = hN ~ xP (k), (6)

in which hN is the first column of Hc. By using the circular
convolution theorem, we can employ the FFT to transform
the circular convolution into component-wise multiplication.
Hence, the least squares (LS) channel estimate ĥLS ∈ CN×1

can be written for each subcarrier

ĥLS(n) =
yP (n)

xP (n)
for n = 1, · · ·N, (7)

where xP ∈ CN×1 and yP ∈ CN×1 are the transmitted and
received pilot signals in the frequency domain.

To obtain channel state information (CSI), we can also
employ the linear minimum mean-squared error (LMMSE)
estimator

ĥLMMSE = RhN ĥLS

(
RhNhN

+
σ2
v

E[||xP ||2]
IN

)−1
ĥLS,

(8)
where RhN ĥLS

is the cross-correlation matrix between
the true channel vector and channel estimate vector in the
frequency domain. The auto-correlation matrix of hN is
RhNhN

. The energy of the transmitted symbol is E[||xP ||2]
and hN is hN , the first column of HISI, in the frequency
domain. This solution has some practical forms of imple-
mentation, see [14].

2.2. Equalization
After channel estimation, β blocks of data signal are trans-

mitted and ĥ is used to perform equalization and recover the
transmitted data signals, as also shown in Figure 1.

In the case of ZP-OFDM-OLA, the received data signal
yD(k) is multiplied by the receiver matrix in equation (4).
After performing the FFT, the estimated signal is

y′D(k) = EWNHcW
H
NxD(k) + EWNRZPv(k), (9)

in which E = (WNHcW
H
N )−1 is the frequency domain

equalization (FDE) matrix. If K ≥ L, Hc is a circulant ma-
trix, and it can be diagonalized by using the FFT and IFFT
matrices. Therefore, E = Λ−1, where Λ is a diagonal matrix
with the FFT of hN = [h 0(N−L−1)×1]

T as diagonal [1].
Hence, equation (9) can be written for each subcarrier as

y′D(n) =
yD(n)

ĥLS(n)
for n = 1, · · ·N, (10)

in which yD = WNHcW
H
NxD + WNRZPv(k). After

equalization, the resulting symbols y′D can be demodulated
and the received bits estimated.

For ZPZJ-OFDM, the receiver matrix is defined as

RZPZJ = [ 0N×(L−K) G ] ∈ CN×S , (11)

where G ∈ CN×(N+2K−L) is the equalization matrix. As in
the ZP-OFDM-OLA, if K ≥ L, RZPZJHIBIAZP = 0N and
the IBI is eliminated. However, the matrix product

RZPZJHISIAZP = H ∈ C(N+2K−L)×N (12)

results in a rectangular Toeplitz matrix which is not easily
diagonalized as in the ZP-OFDM-OLA and CP-OFDM cases.
For the ZPZJ-OFDM, the equalizer can be defined as in [1],

G =

{
(H

H
H)−1H

H
, for ZF equalization,

(H
H
H+

σ2
v
σ2
x
IN )−1H

H
, for MMSE equalization.

(13)

Another possible equalizer is

G = (H
H

H + λIN )−1H
H
, (14)
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in which λ is a constant regularization factor. After equaliza-
tion, we perform the FFT and the resulting symbols y′D can
be demodulated and the received bits estimated.

3. MINIMUM REDUNDANCY ZP-OFDM RECEIVER
We define the minimum redundancy (MR) ZP-OFDM re-

ceiver as the one with total redundancy length equal to L/2.
We proposed two MR ZP-OFDM receivers. The first one
is composed of the improved channel estimator (ICE) sub-
net, which is responsible for obtaining a refined channel es-
timate, and the basic FDE equalizer (BFDE), as shown in
Figure 2. The second MR ZP-OFDM receiver includes ICE
subnet, the BFDE and the symbol detector minimum redun-
dancy (SDMR) subnet which aims at detecting the received
symbols. Once trained, the ML-based receivers require few
matrix computations to estimate the channel and the symbols.

ICE + BFDE

ICE + SDMR

Fig. 2: Proposed minimum redundancy ZP-OFDM receivers

As shown in [15,16], a ZF solution is achievable in ZPZJ-
OFDM if H in equation (12) is full-rank, then inequality
N ≤ min{(N+2K−L), N}must be satisfied, which implies
that N ≤ N + 2K − L → K ≥ L/2. Although, efficient
procession of the inverse of H is demonstrated in [4, 5], if
H is ill-conditioned, its inverse is still difficult to compute.
Consider now using K = L/2 in ZP-OFDM-OLA. In this
case, Hc is no longer circulant, Hr 6= 0N and hence the FDE
does not provide the ZF solution. However, as we employ
a NN after the FDE to detect the symbols, the performance
is improved. This allows the use of a reduced ZP length, al-
leviating the necessity of knowing the channel order exactly.
Furthermore, some of the subcarriers are saved to transmit
information data.

3.1. ICE subnet
As shown in Figure 3a, the ICE subnet has one hidden

layer with hyperbolic tangent as activation function. Since
the channel coefficients are complex, the ICE subnet input
is the real-valued block version of the LS estimate in equa-
tion (7) [7]. The ICE subnet is trained by minimizing the
mean squared error (MSE) between a noisy version of the
actual channel in the frequency domain hN and the predic-
tion ĥICE by using the adaptive moment estimator (Adam)
optimizer with learning rate µ = 0.001. Since obtaining the
true channel response is difficult in practice, the noisy channel
training labels are more suitable than the ones used in [3, 7].
We define hN = hN + v, where v is an additive Gaussian
noise vector with zero mean and covariance matrix σ2

vIN .
The training set contains 3000 samples. The mini-batch size

(a) ICE subnet (b) SDMR subnet

Fig. 3: Neural Networks Subnets.

is composed by 50 samples, and 200 epochs are required to
train ICE subnet.

3.2. SDMR-subnet
The proposed symbol detection subnetwork is a NN with

three hidden layers, as illustrated in Figure 3b [17]. The hid-
den layers have as activation function the hyperbolic tangent.
Unlike [6, 7] works concerning bits estimation, the SDMR
subnet output function is linear since it provides a better esti-
mation for the symbols.

We first obtain the frequency domain equalizer solution,
y′D(n) = yD(n)/ĥICE(n) for n = 1, · · ·N, in which ĥICE

is the channel estimate obtained in the ICE subnet. Then, the
real-valued block version of y′D is used as input in the SDMR
subnet. The output ŷ is converted to complex vector x̂ and it
is demodulated to obtain the estimated bits.

The SDMR subnet is also trained by minimizing the mean
squared error (MSE) between the actually transmitted symbol
x and the prediction ŷ by using the Adam optimizer with
learning rate µ = 0.0001. The training set contains 15000
samples. The batch size and epochs are set to 50 and 600,
respectively.

4. SIMULATION RESULTS
In this section, we consider an OFDM system with S =

N + K = 64 subcarriers. The input symbols are 16-QAM
samples. The OFDM frame consists of one pilot symbol
and β ∈ {1, 10} data OFDM symbols. We consider the
ITU Pedestrian A channel [18] generated with Matlab’s
stdchan using the channel model itur3GPAx with a
carrier frequency fc = 2 GHz, 4 km/h as velocity, Ts = 200
ns and length L + 1 = 11. The wireless world initiative for
new radio (WINNER II) [19] in urban scenario with L = 19
is also considered. As specified in subsections 3.1 and 3.2,
the NNs are trained for each signal-to-noise ratio (SNR). The
NNs converge to MSE = 0.5 · 10−4 in 300 epochs. The bit
error rate (BER) is presented as a function of the SNR, by
averaging 2000 independent runs.

The tested methods consist of one channel estimator
and one equalizer. For example, ‘LS+BFDE’ represents the
LS channel estimator in equation (7) and the basic FDE in
equation (10). ‘Exact’ means that perfect CSI is consid-
ered. ‘LMMSE’ represents the LMMSE channel estimator
in equation (8), where Perfect CSI is assumed to compute
the correlation matrices. We consider the LMMSE solution
as a standard method for comparison. ‘ICE’ is our proposed
channel estimator, and ‘SDMR’ consists of our proposed
equalizer/symbol detector. Moreover, ‘ZP’ stands for ZP-
OFDM-OLA receiver, whereas ‘ZPZJ’ denotes ZPZJ-OFDM
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receiver. Regarding the ZPZJ-OFDM, the equalizer ‘MMSE’
is used when K = L and ‘reg’ is used when K = L/2.
‘MMSE is defined in equation (13), and ‘reg’ in equation
(14) with λ = 10−3.

In the nonlinear scenario, we include the nonlinear clip-
ping distortion with clipping ratio CR = 1.3 at the transmit-
ter side. The nonlinear clipping distortion is not known to the
‘Exact’ method. The ‘Exact’ method ignores the nonlinearity
and considers the exact linear-channel model. Besides, the
linear scenario is defined by using CR →∞.

Figure 4 depicts the BER curves for the linear scenario,
that is, when the transmitter is free from nonlinear distortions.

10 20 30 40
SNR(dB)

10 5

10 4

10 3

10 2

10 1

100

B
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R

ZP: LS+BFDE (K=0)
ZP: LS+BFDE (K=5)
ZP: Exact+BFDE (K=10)
ZP: LMMSE+BFDE (K=10)
ZPZJ: ICE+reg (K=5)
ZPZJ: LS+reg (K=5)
ZP: ICE+BFDE (K=5)
ZP: ICE+BFDE (K=0)
ZP: ICE+SDMR (K=0)
ZP: ICE+BFDE (K=10)
ZPZJ: ICE+MMSE (K=10)

(a) ITU Pedestrian A channel, L = 10
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(b) WINNER II channel, L = 18

Fig. 4: Average BER for ZP-OFDM receivers. The scenario
is linear, that is, the clipping ratio is CR →∞.

For both ITU Pedestrian A and WINNER II, the combina-
tion of ‘ICE+SDMR’ provides an improvement only for ZP-
OFDM-OLA when K = 0. When K = L/2, the ICE subnet
is adequate to make both ZPZJ-OFDM and ZP-OFDM-OLA
outperform LMMSE channel estimator for SNR< 25dB with
the benefit of requiring less redundant elements as shown in
Figure 4a. In fact, since the information rate is increased
when K = L/2, considering the Eb/N0 instead of SNR
highlights the superior performance of the ICE subnet. The
results with Eb/N0 can be found in [20]. As depicted in Fig-
ure 4b for WINNER II channel, H can be ill-conditioned
when ZPZJ is operating with K = L/2, and the BER per-
formance is degraded. By using ICE subnet with K = L,
ZPZJ-OFDM and ZP-OFDM-OLA approximate or even out-
perform the ZP-OFDM-OLA with perfect CSI.

The BER curves for the nonlinear scenario, are shown in
Figure 5 only for the ITU Pedestrian A channel. The BER
curves for the WINNER II channel are similar, but they are
not included due to lack of space. All the BER curves are de-
graded due to the nonlinear distortion. Since this distortion is
present at the transmitter side, the ‘Exact’ channel estimator
does not know it. One can observe that ‘ZP ICE+BFDE’ with
K = L/2 outperforms ‘Exact+BFDE’ using less redundancy.
It unveils that ICE subnet can handle the nonlinear distortion
caused by clipping process. In Figure 5b, we investigate how
the resulting BER is affected when β = 10 data OFDM sig-
nals are sequentially transmitted at a slowly-varying channel.
The overall performance is degraded, but the impact is less
severe when SNR is above 20 dB.

10 20 30 40
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100
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(a) Number of transmitted data blocks, β = 1
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10 2

10 1

100
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(b) Number of transmitted data blocks, β = 10

Fig. 5: Average BER for ZP-OFDM receivers with ITU
Pedestrian A channel. The scenario is nonlinear, that is, the
clipping ratio is CR = 1.3.

5. CONCLUSION
In crucial applications where the spectrum efficiency is at

stake in ZP-OFDM systems, the use of ML learning solu-
tions, as preliminary discussed in this work, consists of a vi-
able solution. It is shown that reduced BER performance can
be achieved utilizing ZP-OFDM transceivers using two NNs
and employing reduced redundancy. The simulations show
that with linear channels and clipping nonlinear distortion at
the transmitter, with insufficient redundancy, the ML-based
solution provides more performance benefits.

Future studies will address the use of the ML-based ZP-
OFDM transceivers with varying amounts of redundancy. We
will also investigate the impact on the DNNs performance
when the training and test datasets are mismatched. For in-
stance, when the SNR and clipping factor used in training are
different from the ones considered in testing.
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II channel models,” Radio Technologies and Concepts
for IMT-Advanced, pp. 39–92, 2009.

[20] M. O. K. Mendonça, “Code repository,”
https://gitlab.com/marcele.kuhfuss/zp ofdm ml, Ac-
cessed: 2021-05.

2021 IEEE Statistical Signal Processing Workshop (SSP)

978-1-7281-5767-2/21/$31.00 ©2021 IEEE 30

Authorized licensed use limited to: UNIVERSIDADE FEDERAL DO RIO DE JANEIRO. Downloaded on August 23,2021 at 13:21:36 UTC from IEEE Xplore.  Restrictions apply. 


		2021-08-17T15:10:40-0400
	Preflight Ticket Signature




