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ABSTRACT

The carrier frequency offset (CFO) is a major impairment de-

grading orthogonal frequency-division multiplexing (OFDM)

systems. The CFO is first estimated and then compensated

in order to mitigate its negative effects on the system. This

article describes a combination of ESPRIT and MUSIC al-

gorithms for blind CFO estimation. This proposed scheme

requires only a small increase in the overall complexity in

comparison to the ESPRIT algorithm, while being more ac-

curate than each of the original algorithms, especially for high

signal-to-noise (SNR) scenarios. Another combination is also

proposed for two MUSIC stages with more accurate results in

comparison to the original algorithms.

Index Terms— CFO, OFDM, ESPRIT, MUSIC

1. INTRODUCTION

Multicarrier modulation is a widely used approach with ef-

ficient spectrum usage and strong immunity to the multipath

fading effects [1]. Its applications include 4th generation long-

term evolution (LTE) mobile systems and digital video broad-

cast (DVB) standard for digital TV. Early implementations of

5th generation systems also use multicarrier systems [2].

Carrier frequency offset (CFO) is an impairment that de-

grades the OFDM performance, in particular, and multicar-

rier systems, in general [1]. It is important to develop an

algorithm that presents a low complexity estimation of the

CFO, since it is performed in a mobile station. For exam-

ple, in [3], a low complexity CFO estimation is presented fo-

cused on low power consumption. Some early developments

in CFO estimation were based on either the cyclic prefix con-

tent or a training system, as given in [4]. Among the various

algorithms that estimate CFO, some of them are denominated

blind, which avoid using a training sequence for its estima-

tion [5] [6] [7] [8]. In [5], a Maximum Likelihood (ML) al-

gorithm is presented.

∗Thanks to CNPq, CAPES and FAPERJ for funding.

Most blind CFO estimation algorithms are subspace-

based frequency estimation methods, such as the estima-

tion of parameters via rotational invariance techniques (ES-

PRIT) [9] and multiple signal classification (MUSIC) [7].

In [8], a variation of the ESPRIT approach is presented with a

Least-Squares (LS) estimation of the CFO on the final stages.

Hereafter, this algorithm is denominated LS.

This article proposes the use of the estimation provided by

the ESPRIT algorithm as the center of the grid for the MU-

SIC search over a smaller area. The objective is to provide

a better estimate than ESPRIT itself by using a lower com-

plexity version of MUSIC. This algorithm is inspired by [10],

which uses a combination of MUSIC and ESPRIT in dual-

polarization Direction-of-Arrival (DoA) estimation for uni-

form linear arrays (ULA). Other articles also combine ES-

PRIT and MUSIC [11]. Some of the operations of ESPRIT

and MUSIC are common, such as the separation of signal and

noise subspaces. Then, their combination actually needs less

operations than ESPRIT and MUSIC together.

The combination of ESPRIT and MUSIC is motivated by

the fact that the operation of ESPRIT is performed mainly

on the so-called Signal Subspace, whereas MUSIC uses the

Noise Subspace, which are complementary to each other.

In addition to the combination of ESPRIT and MUSIC,

this article also proposes a combination of MUSICs with two

different resolutions: a first stage with a coarser grid and the

second stage with a finer grid.

This article first presents the CFO problem for OFDM

systems in Section 2, then describes the blind solution with

the proposed ESPRIT-then-MUSIC (E-t-M) and MUSIC-

then-MUSIC (M-t-M) algorithms in Section 3. A prelimi-

nary discussion on computational complexity is presented in

Section 4. Section 5 presents the simulation results, while

Section 6 concludes the article.

2. CFO IN OFDM SYSTEMS

OFDM efficiently shares the spectrum among its sub-carriers

by exploiting their orthogonality to separate them properly.
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The use of a pair of discrete Fourier transform (DFT) and its

inverse (IDFT) provides the sub-carrier orthogonality which

is eventually destroyed by the channel. In order to deal with

the response of a channel with memory, the system uses a

cyclic prefix with proper dimension and simple gain equaliz-

ers for each sub-carrier [1].

Consider a system with N sub-carriers, where P of them

are effectively used and (N − P ) sub-carriers are virtual.

Without loss of generality, it is considered that the first P sub-

carriers are the non-virtual ones. Such procedure makes the

description of the algorithm easier in terms of indices, being

also adopted in the description of ESPRIT [6] and MUSIC [7]

for CFO estimation. Consider s(k) an N × 1 complex vec-

tor containing data belonging to all the sub-carriers, whereas

sP (k) have the first P entries of s(k), that is, data belong-

ing to the P non-virtual sub-carriers. The system is assumed

to work at rate 1/Ts. The IDFT operation is performed by

an N × N matrix W, while WP represents a sub-matrix of

W containing its first P columns. The remaining columns

are assembled in a W⊥ matrix. The transmitted signal in

the time-domain is x(k) = WP s(k), containing the non-null

sub-carriers. Then, an xCP(k) is generated, by including a

cyclic prefix (CP) of size NCP in x(k) [1].

In the absence of CFO, the received signal is yCP(k) =
xCP(k) ∗ h(k) + n(k), where h(k) is the impulse response

of the channel and n(k) is the additive white Gaussian noise

(AWGN). Consider y(k) as the part of yCP(k) that does not

include the CP. The effect of CP is to emulate a circular con-

volution between the input signal and the channel impulse re-

sponse [1]. Then, it may be shown that y(k) = HTx+n′(k),
where HT is a circular convolution matrix [1] [6].

The frequency-domain received signal is given by c(k) =
WH

P y(k), where WH
P denotes the DFT matrix. Finally, a

one-tap equalization is performed: ŝP (k) = c(k) ◦ b(k),
where b(k) is the P × 1 equalizer vector with one coefficient

per sub-carrier and ◦ is a pointwise product [1].

In the presence of CFO, it appears as a modulation on

the phase of the transmitted signal. The CFO θ is modeled

here as a deterministic effect with unknown value related to

the frequency deviation ∆ω, such that for the ith received

sample, then iθ = i∆ωTs. The effect of CFO for each sub-

carrier inside a given block is modeled by the matrix E =
diag([1, ejθ, ..., ej(N−1)θ]), where diag() outputs a diagonal

matrix whose elements equal the input argument. A modeling

for the system with CFO is then created:

y(k) = EWPHP s(k)e
j(k−1)θ(N+NCP). (1)

3. PROPOSED ALGORITHMS

The E-t-M algorithm proposed here is based on an embedded

combination of ESPRIT [6] and the spectral MUSIC version

of [7], as represented in Fig. 1. Since the proposed E-t-M

does not use input training bits nor any external reference,

it constitutes a blind estimation algorithm. In the proposed

scheme, the ESPRIT algorithm provides an initial CFO esti-

mate which is further refined by a spectral MUSIC algorithm

over a smaller search area.

ESPRIT MUSIC

Data

after CP

Removal

No
training

Center for 

MUSICgrid

CFO

Estimation

Fig. 1. Block diagram for the proposed E-t-M algorithm.

In order to process the data, ESPRIT uses shorter blocks

of length M . Then, vectors yi
F (k) and yi

B(k) are defined:

yi
F (k) =

[

yi−1(k) yi−2(k) . . . yi+M−1(k)
]T

, (2)

yi
B(k) =

[

yN−i(k) yN−i−1(k) . . . yN−i−M (k)
]T

,(3)

where i = 1, 2, . . . , N − M . Moreover, EM+1 is defined

containing the first M + 1 rows and columns of E, while

WM+1 contains the first M +1 rows of WP . Then, one may

write that [6]

yi
F (k) = EM+1WM+1∆

is̃(k), (4)

yi
B(k) = EM+1WM+1∆

ir(k), (5)

where

s̃(k) = HP s(k)e
j(k−1)θ(N+NCP), (6)

r(k) = r0diag([1, e
j2π
N , . . . , e

j2π(P−1)(N−1)
N ])s̃∗(k) (7)

∆ = diag([ejθ , ej2π/N+θ, . . . , ej(P−1)2π/N ]), (8)

where r0 = e−jθ(N−1). Eqs. (4) and (5) represent the rota-

tional invariance property which is the basis for ESPRIT [6].

ESPRIT is applied on the forward-backward correlation

RM+1 =
1

K(N −M)

N−M
∑

i=1

K
∑

k=1

(yi
F (k) + yi

B(k))((y
i
F (k))

H + (yi
B(k))

H)

= EM+1WM+1
(

K
∑

k=1

(s̃(k) + r(k))(s̃(k) + r(k))H

)

WH
M+1E

H
M+1. (9)

Signal and noise subspaces, Us and Un respectively, are

separated by an eigendecomposition and the magnitude of the

respective eigenvalue. This is performed in a similar way to

the process described in [9]. The rotational invariance prop-

erty leads to the fact that the upper part of the matrix Us

presents some redundancy with its lower part. Then a total

least-squares is used to estimate the redundancy relation term
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Ψ. It can be proved that Ψ and ∆ are related by a similar-

ity transformation [6]. Then the trace of both matrices may

be used interchangeably. By the definition of ∆, its trace is

ejθ
P−1
∑

k=0

ej2π/N . Then, the ESPRIT CFO estimate is given by

θ̂E =
1

j
ln











trace(∆)
P−1
∑

k=0

ej2π/N











. (10)

In the MUSIC stage of E-t-M, the noise subspace Un is

used to calculate the MUSIC spectrum. In this case, Un is re-

lated to the DFT base for the virtual carriers, i.e., the columns

of the W⊥ matrix. Similarly to the DoA scenario [12], this

problem is equivalent to assembling the polynomial

P (z) =

L
∑

i=1

K
∑

k=1

‖(w⊥

i )
HZ−1y(k)‖2, (11)

where w⊥

i is the i-th column of the W⊥ matrix and Z =
diag([1, z, . . . , zN ]) denotes a matrix for a candidate CFO θ,

that is, z = exp(jθ). The variable z that minimizes P (z)

is related to the estimated CFO z = exp(jθ̂). This method

is a variant of the one employed in [7] by avoiding the root

extraction. In [7], the search is performed for θ belonging to

the whole space of possible CFOs, whereas in the proposed

E-t-M, the search is constrained to a small grid around the

ESPRIT estimate θ̂E .

3.1. Proposed M-t-M algorithm

For the MUSIC-then-MUSIC algorithm, two MUSIC stages

are performed. The first one with a coarser grid, that is, the

candidates to be the CFO in Eq. (11) are chosen to be widely

spaced with the grid centered in zero. Then, a second MUSIC

stage is performed with a finer grid, centered on the MUSIC

estimation of the first stage.

4. COMPUTATIONAL COMPLEXITY

As presented in [13], the computational complexity of ES-

PRIT is dominated by the terms [29P 3+(8/3)M3+15P 2M ],
which are related to the separation of signal and noise sub-

spaces and the matrix inversion required by the Total Least-

Squares (TLS) solution. The computational complexity of

MUSIC is mainly dependent on the operations for calculat-

ing the MUSIC spectrum of the steering vectors on the grid,

i.e., for minimizing the polynomial on Eq. (11). This opera-

tion involves a multiplication of an (N−P )×P by a diagonal

P ×P matrix and then by an P ×1 vector for each element of

a grid with size G in each of the K inputs. Then a search for

the minimum is performed requiring GKP 3(N − P ) multi-

plications, GKP (P − 1)(N − P ) additions, and an average

ofG2/2 comparisons. Moreover, MUSIC requires the separa-

tion of the signal and noise subspaces, which is performed via

an eigendecomposition of Hermitian data with a complexity

of the order of [4P 2 + 2(M + 1)2] operations.

The proposed E-t-M algorithm performs the search around

the ESPRIT solution and reduces the value of G by searching

over a smaller CFO area. The simulation results confirm

that a 80%-90% reduction of the search area turns the E-t-M

competitive to the similar MUSIC grids, with better perfor-

mance for high signal-to-noise ratios (SNRs). The E-t-M also

presents the advantage of separating the signal and noise sub-

spaces only once, since the MUSIC part takes advantage of

the relation between the noise subspace and the DFT base for

the virtual carriers. Then, part of the operations of MUSIC is

already performed in the ESPRIT stage.

The proposed M-t-M algorithm uses two MUSIC stages.

The main difference among them is their grid. Besides that,

the subspace separation is only performed once. Table 1 sum-

marizes the main operations and the computational complex-

ity required by proposed E-t-M and M-t-M to the ESPRIT and

MUSIC algorithms for CFO estimation.
Table 1. Summary of the main operations of each algorithm

and its associated computational complexity.

Algor. Dominant Complexity

Operations

ESPRIT Subs. Separation 29P 3 + (8/3)M3+
+15P 2M

MUSIC Subs. Separation 4P 2 + 2(M + 1)2

Search: Multipl. GKP 3(N − P )
Search: Addition GKP (P − 1)(N − P )

Search: Comp. 4P 2 + 2(M + 1)2

E-t-M Subs. Separation 29P 3 + (8/3)M3+
+15P 2M + 4P 2+

+2(M + 1)2

(g < G) Search: Multipl. gKP 3(N − P )
Search: Addition gKP (P − 1)(N − P )

Search: Comp. 4P 2 + 2(M + 1)2

M-t-M Subs. Separation 4P 2 + 2(M + 1)2

Search: Multipl. (G+ g)KP 3(N − P )
Search: Addition (G+ g)KP (P − 1)(N − P )

Search: Comp. 8P 2 + 2(M + 1)2

5. RESULTS

The use of the E-t-M and M-t-M algorithms aims to improve

the overall performance with a small increase on the overall

computational complexity. In order to evaluate this improve-

ment, some simulations have been performed using MAT-

LAB. The figure of merit that is usually chosen in OFDM

scenarios is the root mean-squared error normalized by the

overall number N of sub-carriers (NRMSE), defined as:

NRMSE =

√

√

√

√

1

Q

Q
∑

i=1

(θ̂ − θ)2

2π/N
, (12)
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where Q = 400 is the number of Monte-Carlo runs. NRMSE

is measured across different SNR scenarios.

In addition to ESPRIT [6] and [7], the proposed algo-

rithms are also compared to the version of ESPRIT which

uses a least-squares estimation of the CFO angle [8].

In our scenario, the CFO is defined by a point of the orig-

inal grid of MUSIC plus a small random perturbation, that is,

θ = 0.1
π

N
+ v, where v is a perturbation with variance 10−5

and the number of sub-carriers N = 64. We also consider

P = 36, the window size M = 63, a cyclic-prefix length of

NCP = 11, and the number of transmitted blocks is K = 200.

The channel used is a truncated 15-tap urban channel for a

5G macrocell for 6 GHz [14]. The MUSIC algorithm is simu-

lated in two versions: The so-called MUSIC-C with a coarser

6,000-point grid, which is the same used for the proposed E-t-

M and M-t-M, and the MUSIC-D with a denser 12,000-point

grid. The proposed E-t-M and M-t-M uses a search space of

only 20% of the space used for MUSIC.

10 15 20 25 30 35 40 45 50 55 60

SNR (dB)

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

R
M

S
E

ESPRIT

LS

MUSIC (D)

MUSIC (C)

Prop. E-t-M

Prop. M-t-M

Fig. 2. NRMSE results for ESPRIT, ESPRIT-LS, MUSIC-D

(denser grid), MUSIC-C (coarser grid), and proposed E-t-M

and M-t-M using 200 OFDM blocks in each transmission.

The simulation results are shown in Fig. 2. E-t-M and

M-t-M perform better than ESPRIT in the whole SNR range

and better than both MUSIC versions for SNRs higher than

40 dB. For low SNRs, MUSIC outperforms ESPRIT, and E-

t-M and M-t-M present an MSE which is similar to MUSIC.

When ESPRIT provides a closer MSE in comparison to MU-

SIC, the proposed E-t-M and M-t-M take more advantage of

a good starting point provided by the first algorithm (ESPRIT

on E-t-M, MUSIC on M-t-M) for the second stage of esti-

mation. Considering the analysis presented in Section 4, the

number of multiplications and additions of E-t-M is half of

the MUSIC-D and the number of comparisons is 1/4. When

compared to the MUSIC-C version, the E-t-M requires about

10% more flops due to initial ESPRIT stage. M-t-M presents

the same complexity as MUSIC-D in terms of multiplica-

tions, additions and decompositions, but doubles the number

of comparisons (which is usually computationally low cost).

Another experiment has been performed, with an SNR

fixed at 40 dB and the RMSE measured for different values

of CFOs. The value of 40 dB for SNR is feasible when the

mobile is close to the antenna in outdoor enviroments or in

low-interference indoor environments for 5G, using the 5G

simulator from New York University [14]. All the other pa-

rameters have been maintained as in the first experiment. The

results are presented in Fig. 3.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

CFO

10
-5

10
-4

10
-3

R
M

S
E

ESPRIT

LS

MUSIC (D)

MUSIC (C)

Prop. E-t-M

Prop. M-t-M

Fig. 3. NRMSE results for ESPRIT, ESPRIT-LS, MUSIC-D

(denser grid), MUSIC-C (coarser grid) and proposed E-t-M

and M-t-M at SNR = 40 dB, for different CFO values. The

horizontal axis should be multiplied by π/32.

From Fig. 3, the E-t-M and M-t-M algorithms present the

lowest NRMSE for the values of CFO considered in the simu-

lation for an environment with 40 dB of SNR. The advantage

along the range of θ shows that the scenario provided by Fig. 2

is repeated when other values of θ are chosen.

In general, ESPRIT and MUSIC converge to the same er-

ror value in a DoA scenario with the MUSIC grid aligned to

the actual DoA. Since our scenario presents multiple estima-

tions for both MUSIC and ESPRIT, and since our MUSIC

grid is not perfectly aligned to the CFO estimation, there is an

improvement on the CFO estimated value for high SNRs.

6. CONCLUSION

This article proposed the ESPRIT-then-MUSIC (E-t-M) and

MUSIC-then-MUSIC (M-t-M) algorithms which provide a

blind estimate for the CFO in OFDM systems. The proposed

algorithm presents better performance than other subspace-

based CFO estimation algorithms with a small increase in the

overall computational complexity in comparison to ESPRIT.

Moreover, there is a reduction of computational complexity in

comparison to MUSIC with equivalent MSE. The reduction is

sometimes observed even in situations when E-t-M and M-t-

M present a slightly better MSE.
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