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Abstract 

This paper presents an analysis of the behavior of the 
Stteiglitz-McBride method (SM) with special emphasis 
to system identification applications with insufficient or- 
der. Through the extension of known results of both the 
Output Error method (OE) and the SM method, some 
interesting interpretations are obtained. These interpre- 
tations are based on the idea of a general error surface 
description of the Mean Square Error (MSE) to be min- 
imized. The  MSE for the SM and the OE methods are 
particular cases of this general formulation. An analysis 
of the solutions obtained for the insufficient order case 
is presented. Some examples illustrating these solutions 
are also included. 

I. Introduction 

The  SM method consists of an error formulation alterna- 
tive to the output error and equation error [9], [4]. It  has 
been proven that for sufficient order cases the SM-based 
algorithms lead to  unbiased parameter estimates, if the 
measurement noise is white. For nonwhite disturbances, 
the parameter estimates are biased, although a cure for 
this problem was recently proposed in the literature [2]. 
A general analysis of the convergence of the SM method 
[LO] is based on the eigenvalues of the Hessian of the ma- 
trix that determines the recursive estimates. Recently, 
the SM method was interpreted as the Successive Substi- 
tution method [l] known in non linear optimization field 

For reduced-order cases, the behavior of the SM method 
is far from being understood. In this case, since no one 
tlcI one parameter identification is possible, only the min- 
imization of the mean square output error (MSOE) is 
meaningful. Other aspects, such as stability, were stud- 
ied in [5] .  One of the interesting features related to the 
SM method, in reduced-order cases, is that  for some sit- 
uations, the estimates obtained approximate the global 
minima of the MSOE, even when local minima of the 
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MSOE exist. A local convergence study of this phe- 
nomenon was presented in [3], however no global con- 
vergence results exist. 
The main purpose of this paper is to  present a new in- 
terpretation for the SM method by introducing the the 
idea of mean square SM error (MSSME) surface. Also, 
a discussion is included of how and when, in the insuffi- 
cient order case, the minimum of the MSSME surface ap- 
proaches adequately the global minimum of the MSOE. 
In the following section, the notation to be used and 
some known results related to  both the SM and the OE 
methods are introduced. In section 111, the general er- 
ror surface is defined. With this concept some results 
related to the MSOE surface can be used in the analy- 
sis of the MSSME. in section IV some typical examples 
are included, in order )to illustrate the use of the general 
MSSME surface. Finally, in section V some conclusions 
are drawn. 

11. SM and OE Methods 

The plant to be identified is modelled as follows: 
y(n)  = [B~(q-~)/Ao(g-~)]z(n) + ~ ( n ) ,  where z ( n )  is 
the input signal, y(n) is the output signal, v (n )  is the 
measurement noise, and Ao(q-I) = 1 - alp-' 

and Bo(q-') = ~~~o b,q-' are coprime polynomials. 
Ao(q-') has zeros inside the unit circle and the signals 
z ( n )  and v(n)  are assumed to  be independent. 
In order to estimate the parameters associated with 
Ao(q-') and Bo(q-') the O E  method minimizes the 
mean squared value of the following error: e,(n)  = 
~ ( T L )  - [Bn(q-')]/[An(q-')]2(n), where An(q-')  = 1 - 

a,(n)q-' and B,(q-') = b,(n)q-'. In a 
stochastic setting the MSOE to be minimized can be 
written as follows 

0-7803-2972-4/96$5.0001996 IEEE 265 



O 5 i 5 126, and F a ( a ) = E { [ M ] [ q ] }  for o 5 z 5 n b  

and 1 5 j 5 na. 
By minimizing Eq. (1) with respect to b, we obtain the 
reduced MSOE given by the following expression 

G = E{e?(n)}  = PO - Fl(a)TFz(a)Fl(a) (2) 

Defining n* = mzn(nt - n,, ni - nb) ,  then n* 2 0 deter- 
mines a sufficient-order system identification case. On 
the other hand, n' < 0 defines an insufficient order case. 
The  analysis of Eq. (2)  led to some sufficient conditions 
for the multimodality of the MSOE surface, in the insuf- 
ficient order case [5]. 
In order to avoid the problem of possible multimodality 
of the MSOE surface, the SM method uses an alterna- 
tive criterium to be minimized. Rewriting the output 
error as e,(n) = y (n )  - a'(n)y(n) - bT(n)F(n) ,  where 
y(n) = &, y (n )  = [m] for 1 L. z 5 n o r  and 

x(n)  = [m] for 0 5 3 5 12b. Considering the im- 
plicit parameters in y (n ) ,  y(n) and X(n) at iteration n ,  
and the explicit parameters of vectors a and b at it- 
eration n + 1 (i.e., assuming this implicit-explicit inde- 
pendence), one can obtain the SM error. The objective 
function to be minimized in the SM method is defined 

A ( Q - ' )  A ( q  

- 

by 

= E{(y(n)-aT(n+l)y(")-bT(n+1)Si(n))2} ( 3 )  

By minimizing now Eq. ( 3 )  with respect to b(n  + l), we 
obtain the following equation 

(: = ry--p~R_'p,-2aT(nt l ) (p , -RTF1py) X Y  x 

+ aT ( n+ 1 )( R y - K R ;  X Y  Riy)a( n t  1 ) (4) 

where TY = E { g 2 ( n ) } ,  Ry = E { F ( n ) F T ( n ) } ,  
Ry = E{y(n)y ' (n)} ,  R, = E{Z(n)yT(n)}, py = 
E{.(n)ZT(n)}, py = E{y(n)yT(n)}. 
By minimizing this quadratic function with respect to 
a(n + I)  we obtain the desired SM estimates. A sum- 
mary of the features of the SM method for applications 
of sufficient and insufficient order cases can be found in 
[5] and [lo]. 

111. A General Error Surface 

Consider the MSE obtained in Eq. (4) but assuming 
that the vectors a(n + 1) and a(.) are not considered 
successive iterations. These vectors are defined by a+ 
and a- respectively. I t  is straightforward to show that 
the MSSME can be written as follows 

where T ~ ,  R,, R,, Rxy, p,, px are function of a-,  and 

Note that,  except for some changes of notation, Eq. (6)  
has a similar form of Eq. ( 2 ) ,  that  defines the reduced 
MSOE. We are interested in analysing (L, for the follow- 
ing particular cases: a) at = a(n + l), a- = a(.), b) 
a+ = a-. The  minimization of Eq. (5) with respect to 
a+ gives the following result 

A'(4-l)  = 1 - E::, a:q-', A - ( q - l )  = a;q -, . 

- = -2p, + 2R,a+ + 2RTyRR;'(pz - R,,a+) = 0 at: 
aa+ 

then 
( 7 )  

a+ = (R, - R&R;lRxy)-l(py - R:yRR;lp,) ( 8 )  

For the particular case a) this solution corresponds to a 
step of the SM method. 
The question is, to what type of extreme correspond the 
solutions of the general MSE surface given by Eq. (8 )?  
Following a similar procedure to that presented in [lo] for 
the MSOE, it is possible to show that they correspond, 
for insufficient order cases, to  saddle points of F,'. 
What is claimed with this interpretation is that  the tra- 
jectory defined by sucessive steps of the SM method has 
a related MSE surface that can be multimodal. This 
does not imply multiple solutions, but a performance 
surface very different from the MSOE, for insufficient 
order cases. 
Note that Eq. ( 7 )  can be written as in the following form 

Assuming some specific conditions for both the plant and 
model orders as done in [ 5 ] ,  then the first term of the 
previous equation can be zero. With these conditions, 
Eq. (9) reduces to the following equation 

Then, the conditions given by [ 5 ]  and Eq. (10) help us to 
determine the existence of certain solutions of the type 
of Eq. (8) that  minimize t,'. 
On the other hand, it is interesting to  analyze if a ex- 
treme of (,' can coincide with a stationary point of the 
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ISM method. Thus, considering a stationary point of the 
SM method, where at = a- = a*, from Eq. (9) the 
following expression is obtained 

Assuming the conditions of [5], it is possible to verify 
that the first term of the previous equation can be zero. 
Then, in these insufficient order cases, Eq. (11) can be 
rewritten as in the following expression 

As shown in [lo], Eq. (12) is true only in some special 
cases (for example, if y(n) is white noise). Then, the 
extreme of Eq. (8) rarely coincides with a stationary 
point of the SM method. An example of such coincidence 
and i ts  implication is discussed in the following section. 

1:V. Application of the MSSME surface 

The general MSSME surface introduced is analysed for 
some first-order system identification examples. In all 
c:ases, we consider v(n) = 0. The transfer function of 
the adaptive filter, for each example is the following: 
jY(q-’) = b / ( l  - a q - ’ ) .  Two figures are shown for 
each example, in the first figure, different contours of 
(‘L are plotted in the plane (a- ,at) .  The trajectory of 
the solutions of the SM method are included, and the 
stationary points can be found by intersecting this curve 
with a- = at [l]. In the second figure, the following 
curves are depicted: a) obtained by replacing Eq. (8) 
in Eq. (5), i.e., the MSE obtained in each SM iteration. 
b) obtained by replacing a- = at in Eq. (5), i.e., the 
MSOE. c) the difference between the previous curves. 
Example 1: The  plant to  be identified is characterized 
by the following equation y(n) = 1/(1 - 0.81 q-’)z(n). 
Since this is an insufficient order case, the multimodality 
of E,‘ is possible, as shown in Fig.(2a). In this case a 
stationary point of the SM method coincides with the 
saddle point of [:, although the conditions to  verify Eq. 
(12) are not satisfied. As shown in [l], this stationary 
point is not a stable convergence point of the SM method. 
On the other hand, each of the stable convergence point 
determines a good approximation of the MSOE as shown 
in Fig.(2b). 
I t  can be shown that the existence of multiple solutions 
for the SM method in this example depends on the poles 
of the plant. For example for y(n) = 1/(1-0.25q-’)z(n), 
there is a unique convergence point at  the origin of the 

plane (a-,at). On the other hand, the multimodality 
of 6,‘ remains with the saddle point coincident with the 
convergence point of the SM method. This behavior has 
no parallel in the OE method. 
Example 2: This is a first order system identification 
example of insufficient, order where the dynamics of the 
unknown system is given by y(n) = (1 - 2 q-’)/(l - 
0.81 q-’)z(n). Fig.(3a) illustrates the multimodality of 
E,‘ in this example. Also, i t  is shown the trajectory of 
the solutions of the !3M method, that  passes through 
the saddle point of [<;. The  unique convergence point 
or global convergence is the interesting characteristic of 
the SM method, since for this example the MSOE is 
multimodal as can be observed in Fig.(3b). 
Example 3: This is also an insufficient order exam- 
ple, where the plant to be identified is modelled as 
y(n) = (1 + 4 q - ’ ) / ( l  - 0.81 q-’)z(n) The  character- 
istic of multimodality of is shown in Fig.(4a). The 
saddle point of [: in this example does not coincide with 
a stationary point of the SM method, since only the con- 
ditions for the verifica.tion of the first term of Eq. (11) 
are satisfied. As illustrated in Fig.(4a) multiple station- 
ary points exist, although only the stable convergence 
point can be reached. In Fig.(4b) is illustrated the dif- 
ferent caracteristics of the SM method as related to the 
OE method, that  is against the believe that a global ap- 
proximation to  the minimum MSOE is possible in all 
cases. 

V. Conclusions 

The proposed interpretation of general MSSME surface 
presented in this paper, can help to understand the be- 
havior of the SM method in the insufficient order cases. 
The general MSE surface can give an idea of how the 
MSOE can be approximated by the SM method. The 
conditions for the muhimodality of E,‘ are not completely 
known yet. However, they are more restricted than for 
the OE method as discussed in section 111. The  advan- 
tages of using of the general MSSME surface as an anal- 
ysis tool, in the insufficient order case, were illustrated 
through some examples of first-order system identifica- 
tion. 
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Figure 1: Insufficient order example, multiple solutions. 
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Figure 2:  Insufficient order example, solution unique. a) 
Contours of E: with the SM solutions. b) .... [L, - €1, 
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Figure 3: Insufficient order example, multiple solutions. 
a) Contours of [: with the SM solutions. b) .... EL,  - 
ET c ,  - - - E; - E : .  
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