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Abstract 
An on-line version of the Steiglitz-McBride algorithm 
that is consistent in the presence of colored noise is 
proposed. In addition, a proof of local convergence 
of the new algorithm is provided. Some computer 
simulations are included showing that the consistent 
Steiglitz-McBride algorithm is useful for IIR adaptive 
filtering when the measurement noise is colored. 

I. Introduction 
The available algorithms for IIR adaptive filtering 

show different performances depending on the appli- 
cation [I]. In particular the Output Error (OE) and 
the Steiglitz-McBride (SM) methods have been a p  
plied in system identification, for both sufficient and 
insufficient order cases. The basic drawbacks for these 
methods are respectively: the multimodal character- 
istics of the error surface [2] in the OE method (even 
for the sufficient order case), and the inconsistent be- 
haviour of the SM method [3] in the presence of col- 
ored measurement noise. 

In this paper, it is proposed a new algorithm for 
adaptive IIR filtering, that leads to consistent esti- 
mates with colored measurement noise, and is based 
on some concepts related to the Bias-Remedy Least 
Mean Square Equation Error (BRLE) method [6]. 

11. Some Properties of SM Method 
Consider a system identification application. The 

reference signal y( n) is described by 
y( n) = c(1- 1 z( n) +v( n) (1) 

where D ( ~ - I ) = ~ Z ~  d,q-' and c(q-L)=i+x:l c,q-' are co- 
prime polynomials of the unit delay operator q-', x(.) 
is the input signal, v(n) is the measurement noise 
(with zero mean and independent of x(n)). The input- 
output relationship of the IIR adaptive filter is de- 
scribed by 

y ( n ) = # m  (2) 

where B n ( q - l ) = ~ ~ o  b,(72)q-', ~~(q-l)=i+EZ~ Qt(?I)q-' and e(,)= 
[al(n),aZ(n),. . ,a , (n) ,b(n) ,h(n) ,  .b.,(n)lT. 

Define n* = min(n,-n,, w-nd), then the adaptive 
filter is of sufficient order if  n* 2 0 and of insufficient 
order if n* < 0. 

A method to avoid the problems of multimodality 
associated with the OE method, at least for the suf- 
ficient order case (n* 2 0), is the SM method. The 

off-line asymptotic version is based on the minimiza- 
tion of the following criterion (for stationary ergodic 
process x( n), v( n) and y( n)) , 

The stationary points of the SM method are ob- 
tained from the solutions of 

where A(q-') denotes An(q-l) As shown in [3], 
a consistent estimate can be obtained if the measure- 
ment noise v(n) fulfills E [ $ ~ v ( ~ ) ] = o  for lizin,, that is 
a considerable drawback for the SM method. 

For signal processing applications, i t  is more inter- 
esting to  consider an on-line version of the SM method 
like the one introduced in [5]. In particular, a family 
of on-line versions of the SM method cal.led the inde- 
pendent filtering (IF) SM method of [4] is an approx- 
imated realization with the following differences: a) 
An exact SM on-line method utilizes the following er- 
ror e( n) = m)eo( n) , where e,( n) = y( n) - $( n) is 
the output error, whereas the IF SM version considers 
that e(n)  M eo(n); b) The only difference between the 
IF SM algorithm and the OE algorithm is that in the 
later the regressor is formed by filtered versions of the 
output of the adaptive filter, whereas in the former 
the components of the regressor are filtered versions 
of the reference signal. 

111. A Consistent Steiglitz-McBride Algorithm 
In order to introduce the new algorithm some def- 

initions are necessary. Let yf(n) be the filtered refer- 
ence signal (i.e., yj(n) = ~&). In the same way, we 
can define wj(n), $(n) ,  z ~ f ( n ) ,  ef;(n), vj(n) as the fil- 
tered plant output, the filtered adaptive filter output, 
the filtered input signal, the filtered output error and 
the filtered noise, respectively. With the signals thus 
defined, we introduce the following vectors: 

4f(n) = Iy(n-1), ,q(n-n,,I,z/(n), ,zf(n-n,)~7 

[ " J J ~ )  ] = [vf(n-l) ,  ,q(n-rh),O, ,OIT 
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[ "$4 ] = [$O(n-l) (._.( $O(n-rh),O ,..., 01' 

that will be useful in our study. 
The solution that is proposed in this paper to elim- 

inate the consistency problem of the SM method is to 
introduce an adequate estimative of the measuremen- 
t noise, that can be easily implemented. The output 
error is chosen for that task, in such a way that the re- 
gressor in the recursive SM algorithm as the proposed 
in [5] is modified to 

q = 45f - 7 [ e'.) ] (4) 

This strategy is based on the principles of the bias- 
remedy least mean square equation error (BRLE) al- 
gorithm [6]. The resulting algorithm is called Con- 
sistent Steiglitz-McBride (CSM) algorithm. A block 
diagram representing the implementation of the CSM 
algorithm is shown in Fig.1. The proposed CSM algo- 
rithm using a Gauss-Newton minimization method is 
described in Table 1. 

In the following analysis, it is considered for sim- 
plicity purposes a gradient version of the algorithm 
presented in Table 1, whose coefficient updating is per- 
formed by 

@n+l)=@n)+adjJ(n)e(n) ( 5 )  

IV. A Convergence Analysis of the CSM Algo- 
rithm 

A possible approach to the convergence analysis of 
an adaptive IIR algorithm is through the study of BI- 
BO stability of the mean parameter error. Concep 
tually, an algorithm with constant convergence factor 
gives estimates e(n) that wander around the ideal pa- 
rameter vector without settling down. This keeps the 
algorithm active and is suitable for tracking a non- 
stationary environment. In this paper, however, only 
stationary situations will be considered. 

To study the convergence of the CSM method the 
following conditions are assumed: 
0 An adaptive IIR filter of strictly sufficient order is 
used in a system identification environment, and the 
input signal is persistently exciting of sufficient order. 
0 The measurement noise is a bounded variance, zero 
mean process and independent of the input. 
0 The adaptive IIR filter is assumed stable. If this is 
not the case, it is assumed the existence of some mech- 
anism of stabilization (projection of the poles inside 
the unit circle). 

Equation (5 )  can be rewritten as 

en+1) := @n+l)-eo 
= e( n)+aq ( n)(y, ( n) - @;( n) e( .)I (9) 

With the assumptions met, to show the local con- 
vergence of (5) it is necessary to study the BIB0 sta- 
bility of the following equation 

With this purpose, we introduce the following theorem 
that follows closely the theorem of [6]. 

Theorem The equation (10) represents a locally 
asymptotically stable system with a bounded exci- 
tation, if the following conditions are satisfied: 
0 i) 0<7<min(l,rr+). lie 11 

0 ii) o<a<min(&,u), where A,, denotes the largest 
eigenvalue of R=E[*,(n)@;(.)]le(n)=$ and o is a 3- 
mall positive constant. 

Proof 
Using ( 6 ) ,  (10) can be rewritten as 

where was used the fact that E ( c $ , ( ~ ) [  "JJ~) IT]= is necessary to linearize (11) at  e(n) = 0, that results 
._ 
111 

E[ 8(n+l)]=E[ &n)]+aAi +aAz +0( llh(n)il) (12) 
E { ~ , ( T Z ) [  "fJn) ]'}=o. Then for 0 < T < 1 a bias reduc- 
tion is exDected as related to the conventional recur- 
sive SM method. The proposed additional paramater 
is calculated by and 

where O(ll&n)ll) converges faster to zero than 11&n)ll, 



= E[q(n )* f (n )~  lqn)=h (@n)-&)+oi(il&n)tt) 

~2 ~~*; (n) lo(n)=h +g*;(n)l@(n):h (@+&)I 

[ v ( n ) + ~  I qn)=h (@~I -&) I  

E[(1-+) [ "fin) ] . ( n ) I ~ , ) = e , + ~ z ~ l l ~ ~ ~ l l ~  = 

Then (12) can be rewritten as 
E [ ~ ~ + l ) l = G ( ~ ) E [ ~ n ) l + ~ P ( n ) + ~ ( l l ~ ~ ) l l )  (13) 

where 

G(n) = I -a~[~(n)* ,T(n) I lq , )=e ,  
= I - aE[ *f (4 @hl I e(+& 

Q E [ ~  [ efJn) ] $(,)I le(n)=b + 
= (I-nR)+B2(n) 

= Bi+Bz(n) 
P(4 = E[(l-d [ "p ] 441 I qn)+ 

Now, based on equation (13), to prove the theo- 
rem we need to show: a) the asymptotic stability of 
the autonomous part of (13); b) the boundness of the 
excitation term of (13). 

a) To prove the asymptotic stability of the au- 
tonomous part we use some results of the study of 
almost time invariant systems [6]-(71. For 0 < (Y < 
2/X,, all the eingenvalues of BI=(I-aR) are within 
the unit circle [3], and the homogeneous linear time 
invariant equation 

is asymptotically stable. Then we have a state tran- 
sition matrix !P(n,m)=B;-"C satisfying / /  ! P ( w w ) I I ~ c ~ ~ - ~  , 
with c >  0, 0 5 p 5 1, and n L  TQ. Also 

x(n+l)=BI x(n)  (14) 

iiBz(n)ii = ~IIEIT[ "lo'") ] @,T(n)Iqn)=6/t 

KQEI  & II $1 (a)/ I lie/ (.I I I] qn) IIQS 
5 

5 @E[ /I *t (n)  I /'I o(n)=b 

With the assumption of bounded variance in the 
regressor vector, i.e, O < E [ I I * , / ( ~ ) I I ~ I ~ ~ ( ~ ) = ~  S M  , we have 
that 11B2(n)11 5 p with p = K ~ M .  Letting O<CKCS% 
we have 0 5 (p + cp) 5 1. Then the autonomous 
equation 

is exponentially stable [6]. 

0 < T < 1 is shown as follows: 

x(n+l )=[Bl+Bz(n) l  x (n )  (15) 

b) The boundness of the forcing term of (13), for 

IIp(n)ll = ~I IE[U-T) [  "Idn) ]v(n)~e(,),hit 
5 allEl[ " p  ] v(n)ls(n)=&ll 

that under the assumptions previous to the theorem, 
is bounded. Additionally for T --+ 1 a bias reduction 
is expected. End of the proof. 

V. Simulation Results 
To illustrate the advantages of the new algorithm, 

it is presented an example of sufficient-order system 
identification, where the OE method fails to reach the 
global minimum of the MSOE surface and the recur- 
sive SM algorithm has an inconsistent behaviour. 

The plant to be identified is described by 
H ( q - L ) =  (1-1 2 q - L + D d ~ - 2 ) ( 1 - D B q - 1 )  (16) 

where the poles are placed a t  z1,2 = 0.6 f j 0.6633, 
and a t  z3 = 0.6, ~ ( n )  is a zero mean, white noise 
process with unit variance. The additional noise v(n) 
is colored with unit variance such that: 

4n)=(is0.7 q-1)2(1-~.7 q-')' u(n) (17) 
where v(n) is a zero mean, white noise process with 
unit variance. 

For this example the MSOE surface has a saddle 
point a t  approximately &(0,0,0 6116), a local minimum 
value of the MSOE of approximately ~,==0.9819 at tL, 
(-0.0174,0.i413,0.7927), and a global minimum of value tqOld=o 
at &(-i.s,i.5~,-0.4a). 

In a set of simulations are compared the perfor- 
mances of the following IIR adaptive filtering meth- 
ods: the output error method [l], the IF SM method 
[4], the BRLE method [6] and the CSM method. The 
CSM algorithm of Table 1 was used, with 01 = 0.0005 
and K = 1. A Gauss-Newton algorithm was used in 
the OE and IF SM cases, and a RLS algorithm was 
used for the BRLE method. All the figures were ob- 
tained by averaging 10 independent computer runs. 
Since the OE ,the IF SM and the CSM methods can 
become unstable, a stability monitoring and a stabi- 
lization mechanism (projection inside the unit circle) 
were implemented. The constant 6, that determines 
the initialization of the inverse Hessian matrix esti- 
mative P(0) was chosen to be one. The constant k of 
the BRLE method was chosen to be one.. The initial 
conditions were set close to the local minimum of the 
MSOE surface. 

In Fig.2 are shown the learning curves for the nor- 
malized square norm of the error in the parameters, 
defined by 8(n) = j w ,  for each method. It can 
be observed that the OE method converges to the lo- 
cal minimum and the solution for the IF SM method is 
biased due to the colored noise as expected. The BR- 
LE method presents consistent results. Also it can be 
observed that the CSM method has consistent behav- 
ior even for initial conditions not close to the optimal 
value. It is also observed that the variance of O ( n )  for 
the CSM method is smaller than the obtained for the 
BRLE method.. 

Fig. 3 depicts d(n) obtained with the algorithm 
of Table 1, with thv same initial conditions previously 
used and with (Y = 0.001, for different K. values. It, was 
noticed that for higher li values the bias is reduced but 
this implies a slowrr convcrgence speed for the CSM 
algorithm. A conservative range for this constant is 
O < l i < l .  
VI. Conclusions 

A new algorithm has been proposed, the Consistent 
Steiglitz-McBride method, to eliminate the consisten- 
cy problems associated to the recursive SM on-line 
met hod. 
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Tatle 1: The Cowin~ntSteiglitz-McBride Algorithm 
Initialization: 

a,,,(n)=b,(n)=O 

An additional parameter r is used in the new algo- 
rithm that can be easily implemented. For interme- 
diate values of the parameter T (0 < T < l), a bias 
reduction in the estimate is expected if compared with 
the estimate obtained by the recursive SM algorithm. 

A local convergence analysis of the CSM algorithm 
is presented, that is an extension for colored noise of 
the results known for the SM method for the sufficient 
order case. 

A set of simulations illustrate: the behavior pf the 
new method and indicates that It can be considered 
as an alternative to the BRLE algorithm. 
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Figure 2. Normalized square norni of the error 

in the parameters. 

Figure 3. Normalized square norni of the error in the 
parameters for different values of n. 

55 


