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ABSTRACT 
A criterion for the absence of zero-input limit cycles in recursive 
digital filter structures that can be implemented with a single 
quanlizer in the recursive loop ispresented. n e  criterion can be 
applied with a rounding or with a magnitude truncation quantizer 
and accounts for the me of error feedhack as well. Additionally, 
a crilerion for the elimination of comtant-input limit cycles is 
formulated. 
The criteria are applied to several well-known Jilter structures. 
Since most of the struciures have previously heen analyzed in a 
multiquantizer implementation only, new results on their stability 
properties in the single-quantizer configuration are ohtained 

I. INTRODUCTION 
Limit cycle oscillations are a harmful by-product that may occur 
in finitc-wordlength filter implementations of recursivc filters in 
zero-input or constant-input conditions. Their elimination has 
been under extensive investigation during the past 20 years, as 
manifested by a recent review article with more than 400 refe- 
rcnccs [But88]. 
The absence of limit cycles can be accomplished in certain filter 
structures when magnitude truncation is used for quantization. 
This class of filters includes wave digital filters [Fet86], sta- 
le-space filters [Mu176], and lattice (Gray-Markel) filter 
structures [Gra75]. The analysis of these filters is typically based 
on identifying a Lyapunov energy function and ensuring that the 
energy stored in the state variables is always a nonincreasing 
function [But88]. 
An interesting alternative for the design of limit-cycle-free filter 
implcmcntations was proposed by Chang [ Cha811. Heconsidered 
a dircct form digital filter section implementcd with a single 
magnitude truncation quantizer and error feedback, and const- 
ructed a frequency-domain criterion for the absence of all 
zero-input limit cycles. The criterion was also modified for a 
rounding quantizer. Unfortunately thesc criteria only apply for 
this particular filler structurc. 
In this work, Chang's criteria are generalized for an arbitrary filter 
structure that can be implemented with a singlc quantizer in the 
rccursive loop. It is shown that several well-known Cilter 
structures can be analyzcd with this new criterion and, if that is 
not initially the case, they can be made free from limit cycles by 
using appropriate error feedback. 
These structures include the low-sensitivity structures of Diniz 
and Antoniou [DinSS], the generalized immittance converter 
(GIC) structures [AntgOJ, and their variations [Gan83], [Esw87], 
and [Din88]. Most of the mentioned structures have previously 
been analyzed in a multiquantizer configuration where quanti- 
zation is assumed before the state variables. Here i t  is shown that 
these structures are limit-cycle-free also in the single-quantizer 
configuration. To our knowledge these results arc new. 

Apart hom zero-input stability, in some applications it is 
im portant to guarantee the absence of constant-input limit cycles 
as well. In [Din841 a method for the elimination of constant-input 
limit cycles in multiquantizer structures was proposed. In the 
present paper the method is generalized Cor single-quantizer 
structures, too. 
An advantage of  these single-quantizer structures is that they 
enable (but d o  not require) the use of error feedback which, 
besides helping to eliminate the limit cycles, can also be used for 
reduction of steady-state quantization noise [Hig84], [Laa89]. 
The design of limit-cycle-free error feedback for a class of 
single-quantizer structures is studied in detail in a parallel paper 
[Mac9X]. 

LIMIT CYCLES 
Lct us consider a general recursivc digital filter structure with a 
singlc quantizer within the recursive loop'. This qbantizcr may 
bc provided with error feedback, where the quantization error 
signal is fed back through an FIR filter, as shown in Figure 1. 
The input and the output signals of the quantizcr arc denoted b.y 
xn(n) and yo@), respectively. 
The linear part of the system is described by the zdomain transfer 
function W(z), which is defined as the transfer function from the 
quantizer output to the quantizer input (excluding the error 
feed back) 

11. ELIMINATION OF ZERO-INPUT 

The nonlinear quantization operation Q[] is modeled as an 
additive crror: 

Let us assume that the filter is in zero-input conditions (i.e., 
x ( n )  = 0). Using the additive error model the relationship between 
the input and the output of the quantizer, including the effect of 
error feedback, is obtained as 

Q!M)I = x ( n ) + e ( n )  (2) 

N 
Yo(n) - x o ( n ) + e ( n ) + i 8  - 1  B d n  - k )  (3) 

Yo@ ) - XO(Z ) + B(z 1 (4) 

with (5) 

where pk are the error feedback parameters. Taking z-transforms 
of Eq. (3) leads to 

1 Note that only the quantization in the recursive loop is critical 
for the absence of limit cycles. Other possiblc quantizations due 
to multiplications for signal scaling or zero placement do not 
affect the zero-input stability of  the filter. 
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In principle, the elimination is guaranteed only when the 
coefficient p is machine representable, i.e., i t  assumes an integer 
value@ - 0, i l ,  ~ 2 ,  etc.). If this is not the case, the term in square 
brackels in Eq. (21) may be nonzero, thus violating the zero-input 
condition which is essential to thc derivation. 

Highpass 01-q: 

(27) - -  B ( z )  ( 1  +z - ' )$(z )  
A ( z )  1 + (-m2- m, + 2)z-I + ( 1  - ml)z-' 

Bandpass 0-5): 

IV. APPLICATION OF THE CRITERIA TO 

In this section we provide a brief analysis of  zero-input and 
constant-input stability properties of a number of wcll-known 
filter structures that can be implemented with a single quantizer 
in the recursive loop. 
A. Direct form 
The analysis and design of zero-input-LC-free 2nd-order direct 
form sections usingerror feedback has been addressed in [ChaN] 
and [Laa90] in detail and will thus be omitted here. Let us focus 
on the elimination of constant-input limit cycles in a purely 
recursive 2nd-order direct form section provided with an app- 
ropriate front scaling coefficient. The transfer function F(z)  from 
the input to the quantizer is given as 

WELL-KNOWN FILTER STRUCTURES 

(23) g 
F ( z )  - 1 +a,z - '+ag-2  

which clearly does not have zeroes at z = 1. The choice for the 
appropriate feed forward coefficient is 

(24) g P - & ) I * - ,  - - l + a , + a 2  
which, being a result of a division of two finite-wordlength 
numbers, is not in general machine representable with the used 
coefficient wordlength. Hence, with the proposed technique the 
absence of constant-input limit cycles cannot be guaranteed with 
the direct Corm structure (although it is probable that cons- 
tant-input limit cycles would be eliminated in most practical 
cases). 
B. Low-sensitivity EF-amenable structures [Din851 
Let us consider the class of low-sensitivity 2ndader structures 
proposed by Diniz and Antoniou [Din85]. They are constrained 
to have only one quantizer in the recursive part and are thus 
amenable to the use of error feedback. The general structure 
contains two rcal multipliers m, and m2 and variables A,B,C,D, 
and E which represent either delays or integer multipliers of 
values 0, i1,or i2 .  Denoting (C+m,) = C' and (E+m2) = E', the 
characteristic transfer function B(z)/A ( z )  of the general structure 
can be expressed as 

- 

where $(z)  is the contribution of the error feedback network. 
Imposing the constraints required to avoid delay-free loops and 
to maintain the number of two delays Diniz and Antoniou find 
two hasic structures: Case I with A=B=z" and Case I1 with 
A = D = ~ ' ~ .  
Based on coefficient sensitivity analysis of the large number of 
possible structures, Diniz and Antoniou proposed 11-1 
(B=C=l,E=O) for poles close to z - 1, 11-6 (B=C=-l,E=O) for 
poles close to z - - 1 ,  1-5 (C=E=-l,D=O) for filters with poles 
close to z - and 1-7 (D=C=O, E=l) for filters with poles 
close to z - ij. For simplicity of notation and for ease of reading 
we rcfer to the structures as lowpass (LP), highpass (HP), ban- 
dpass (BP), and bandstop (BS) sections, respectively. However, 
we want lo emphasize that all the sections can be used for any 
pole locations. For these structures it is obtained: 1 

Lowpass 01-1): 

Bandstop 0-7): 
(29) - W )  I 6(z ) 

A ( z )  1 - m,z-l+ ( 1  + m2)z-' 
Compared with the direct form structure, in the LP and the HP 
sections B(z) has the additional factor N(z)=( 1-z-') and 
N(z)=( l+z"), respectively. When magnitude truncation is used 
for quantization, these sections can he made zero-input LC-free 
with simplest possible error feedback, that is, choosing 
fl(z)=(l+z') for LPand $(z)=(l-z") for HPsections. Both choices 
result in the overall B(z)=(l-z-2), which is always LC-free as 
shown in [Cha81]. 
With the BP and BS sections N(z)=l and thus the choice of error 
feedback is completely equivalent to that of2nd-order direct form 
sections and thus the methods presented in [ Laa901 can directly 
be applied. 
To consider the constant-input limit cycles in this family of 
structures the transfer function F ( z )  from the filler input to the 
quantizer is needed. In the most general form it is given as 

(30) 
1 -BD 

F(z)  - (1 -AC')(l -BD)+ABE' 
To introduce the factor (z - 1) into the numerator it must be 
chosen BD=z", i.e., B-z" and D=l or vice versa. This is the case 
with the lowpass structure (II-l), i.e., the lowpass section is 
guaranteed to be free from constant-input limit cycles as well 
when zero-input limit cycles are eliminated. Note that, despite of 
its name, it can be used for arbitrary pole locations and thus for 
arbitrary transfer functions. 
C. The GIC structures [Ant801 
The class of generalized-immittance converter (GIC) structures 
was introduced by Antoniou and Rezk [Ant80]. In the original 
implementation the quantization ,was performed directly after 
each multiplier, resulting in two quantizers in the recursive loop. 
However, the quantization can as well be performed after accu- 
mulation of the full-precision products, which makes the GIC 
sections single-quantizer structures in the desired sense. In this 
case the criterion function is of the following form: 

Now the factor N(z) = ( 1 + ~ - ~ )  is introduced into the numerator 
which, unfortunately, does not alleviate the elimination of the 
limit cycles but rather the contrary. Using the results of ILaaBO] 
it can be seen that with no EF ($(z )  - 1 )  the criterion guarantees 
the absence of zero-input limit cycles only for filters with a, = 
m,-m2 = 0 with magnitude truncation. Hence, in single-quantizer 
configuration the structure's limit cycle properties are sub- 
stantially worse than those of the original one where the limit 
cycles can be eliminated using two magnitude truncation 
quantizers [Esw81 . 
D. Improved GI d structures [Can831 
Ganapathy, Ekwaran, and Antoniou proposed a procedure to 
construct more economical GIC structures IGan83). As with the 
original GIC structures, the recursive loop can be implcmented 
with a single quantizer, resulting in the following critcrion fun- 
ction: 
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