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ABSTRACT 
A partial shortening method of equalization for xDSL is 
presented. The novel method is suitable for FDD systems, 
shortening the effective channel impulse response and, 
additionally, achieving out-of-band noise reduction. A 
family of solutions based on linear phase FIR equalizers is 
described. The mathematical framework for all symmetric 
filters is developed. Channel shortening and bit rate 
simulation results for several VDSL test loops, show that 
the novel method yields a similar performance and reduces 
the out-of-band noise, with a considerably lower 
mathematical complexity and a simpler implementation. 

1 INTRODUCTION 
Discrete Multitone Modulation (DMT) is a powerful 
modulation scheme adopted by the standardization bodies 
in the development of recent Digital Subscriber Line 
(xDSL) standards [1,2]. One of the main issues in the 
xDSL systems is the severe attenuation and distortion 
caused by the channel and other services on the same 
bundle. To overcome these channel effects on the 
transmitted signals, equalization techniques are commonly 
used in time [3,4,5,6I and frequency [7] domains. The 
equalization process can be simplified by periodically 
extending each symbol with a convenient number of prefix 
and suffix samples [I] .  Hence, circular convolution can be 
used instead of linear convolution, so that the channel 
equalization can then be easily performed in the frequency 
domain. Unfortnnately, this is only possible if the effective 
length of the channel impulse response is shorter than the 
guard period (cyclic prefix and suffix). In order to shorten 
the impulse response, several methods have been proposed 
[3,4,5,6], based on finite impulse response (FIR) 
equalizers. 
In this paper, a novel partial shortening method of 
equalization for xDSL DMT modems based on linear 
phase FIR equalizers is proposed. 
The next section presents a review of the original 
Maximum Shortening Signal to Noise Ratio (MSSNR) 
method [3] and its improvements [4]. 
The partial shortening method is described in section 3, 
which combines time and frequency domain constraints. 
The mathematical framework for the symmetric solutions 
is presented. 
Simulation results are presented in section 4, which clearly 
show that the achieved bit rates are similar to the ones 
yielded by other methods 13.41, using a considerably lower 
computational complexity. 

Finally, discussions related to the new method are 
included in section 5, where we discuss the influence of 
some design parameters, e.g. the tilter type (symmetry) 
and length. 

2 SHORTENING THE CHANNEL 
IMPULSE RESPONSE 

In order to minimize the channel Inter Symbolic 
Interference (ISI), Melsa et al. [3] proposed the maximum 
shortening method (MSSNR), d i c h  explicitly uses the 
length v of the cyclic prefix (CP) as the desired effective 
length of the channel impulse response (unlike the 
previous method [6]). Although there is no direct relation 
between the achievable bit rate and the channel shortening, 
minimizing IS1 is surely a good criterion to achieve high 
bit rates. 
The coefficients of the optimal shortening filter are 
obtained by solving a symmetric definite generalized 
eigenvector problem with quadratic constraints. 
Consider the effective channel response, hef, in matrix 
form as, 

H W P e ~  
wall 

h, = HW = [Hi;;] H i , ,  w , (1) 

where H is the convolution matrix built from the channel 
impulse response of finite length M and w is the FIR 
equalizer of length 1. By definition, the vector hl,, is a 
window of v + l  consecutive samples of hafi starting at 
sample d, and the vector h,,,,, contains the remaining 
samples of hgp They are expressed by, 

Ln =H,,.?,w=[h,(d) h,(d+l) ... &(d+v)]T ,  (2) 

hWd, = H,*'.,,w 

= [h&(O,. . . h,(d-1) heJ (d +" +1). . . h&(M + t -  2)T 

(3) 
where H,. and HMII are submatrices of H [3]. 
The energy of these vectors can he expressed as, 

hLi,,h,vin = W ~ H ~ , ~ , , H ~ , W  = wrBw, (5) 
where A and B are presumably positive definite I x l  
matrices. The solution to the shortening problem can be 
found by either minimizing (4) or maximizing (5). 
Originally [ 3 ] ,  the optimal solution was found by 
minimizing the energy of h,,,,, given by, 

hz,o,,hwo,, = w 7 H z , , ~ ~ , , , ~ w  = wrAw (4) 
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2 
min(wTAw), subject to Ilhwinll = W'BW = 1. (6) 

The unit energy constraint was imposed on h,,,., in order to 

min(wrSw),suhjectto(Ih,,ll' = w T B w = 1 ,  (11) 
W d  W t O  

considering that B is positive d e f ~ t e .  
avoid an unbounded solution [5]. 
Assuming that matrix B is positive defdte, the solution of 
(6) leads to a well know generalized eigenvector problem 
13, 41. The optimal equalizer filter can be found through 
Cholesky decomposition of matrix B. This approach is 
valid as long as B is non-singular, which is true if the 
length of the equalizer / is shorter than v [4]. 
An altemative solution to the shortening problem was 
found in [4], by maximizing ( 5 )  and imposing a unit 
energy constraint on h,,o,l, i.e., 

max(wrBw), subject to Ilhwal,II = wrAw = 1,  (7) 

under the assumption that matrix A is positive defmite. 
Therefore, matrix A can he decomposed by Cholesky's 

2 

-0 

3.1 Symmetric Solutions 
Solving (6 )  and (7) for several xDSL loops, the results 
approach h e a r  phase solutions. 
Since lmear phase filters can provide a desired magnitude 
frequency response with lower computational complexity 
than a more general nonliiear phase filters, we propose to 
constraint the equalizer filter w to have linear phase [X,  91. 
Therefore, we defme the following vector, 

where wL is the linear phase equalizer filter of length I ,  E 
is an extension matrix (see Table 1 where I and J are the 
identity and the reversal matrices, respectively) and x is a 
generic vector. 

wL = E x ,  (12) 

method. This new solution is valid for any value of 1, 
yielding a similar as the Melsa method [41, Table 1: Extension matrices for even and odd length 

filter. 

3 PARTIAL SHORTENING 
The DMT modulation for xDSL transceivers is based on 
direct and inverse N-point Discrete Fourier Transform 
(DFT). In order to achieve full duplex transmission (in 
both downstream and upstream directions), VDSL systems 
adopted frequency division duplexing (FDD), with 
different hand allocation scenarios [1,2]. For example, the 
frequency plans 997 and 998 have been proposed with 
four bands, two for downstream and two for upstream [2]. 
It means that for each defined N-point DFT modulation, 
there are used (in-hand) and suppressed (out-of-hand) 
carriers. Also, radio frequency interference (RFI) caused 
by amateur radios (HAM) is a strong impairment in VDSL 
[2]. A direct consequence of RFI is the impossibility to use 
carriers in HAM hands. 
These facts lead us to reformulate the shortening problem 
in the sense to (also) include constraints on the frequency 
response of the equalizer filter, namely, to force a low gain 
in the unused hands (additional out-of-hand noise 
filtering). 
One possible way based on (6) is to define a new cost 
function which joins the time and frequency domains 
given by. 

where W(k) is the N-point DFT of the equalizer filter w, s 
is the set of suppressed carriers in the interval, 
[O,l , . . . ,N/  21, and a is an adjustable optimization 
parameter. The cost function (8) can he easily written as a 
quadratic factor, 

where G is a symmetric Toeplitz matrix (see Appendix A) 
defined by the following fnst row vector, 

J = W ' A W + C ~ G W  =w'(A+&)w = W ~ S W ,  (9) 

Finally, the partial shortening problem is stated as before, 

There are four possible E matrices depending on the 
length of vector wL and type of symmetry adopted. 
As in [3,4], we can rewite (9) and (5) as, 

J~ = W,~E'SEW, = X ~ S , X  (13) 

S, = ETSE and B, = E'BE. (15) 

h:,h,, = w L  r~ H,,H,,wL =xTB,x, (14) 
where SL and BL are given by, 

Assuming that a proper delay d is chosen so that B is 
positive definite, we can show that BL is also positive 
d e f ~ t e  since, 

and the matrices E are full rank (t/2 or (t-l)/2, 
respectively, for even or odd length filters). 
The partial shortening problem using linear phase FIR 
filters is formulated as, 

WZBW, = ( E X ) ~ B ( E ~ ) = ~ ~ ( E ~ B E ~ = X T B ~ X > O , ( ~ ~ )  

~ ( ~ r S ~ ~ ) , s u h j e c t t o ~ ~ h w i ~ ~ ~  2 = x r B , x = l ,  (17) 
X t O  

and solved as in [3,4,8,9]. The optimal solution for the 
equalizer wpL is given by, 

where the vector xop, is the solution of (17). 
It is important to highlight that the dimensions of matrices 
SI, and BL are //2x1/2 or (/-1)/2x(/-l)/2, thus, 
resulting in a substantial complexity reduction on the 
Cholesky decomposition and eigenvector analysis, as 
compared to [3,4]. 

WPL = b o p ,  > (18) 
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4 SIMULATION RESULTS 
To evaluate the performance of the proposed partial 
shortening method, a street cabinet downstream simulation 
scenario was implemented [2] .  Simulations were 
performed on different VDSL test loops [2] .  
The same input parameters were used in all simulations 
presented, i.e.. 2048 camers and a target impulse response 
length of 64 samples. The optimal delay was used for all 
methods. 
The power spectral density (PSD) of the transmitted signal 
was set to -6OdBm/Hz, with a mask for a street cabinet test 
with baseband services on the same pair, as showed in 
figure I .  

- IIR Approximation 
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Figure 1. PSD of the simulated transmitted signal. 

The transmitted signal used a 4 Quadrature Amplitude 
Modulation (QAM) constellation, as defined for the 
trainiug state of a VDSL transceiver [2] .  
The impairment noise was modeled by a discrete time 
wide sense stationary ARMA random process that 
simulated a mixed services scenario [2] ,  including f i l l  
ADSL, composed of Near End Crosstalk (NEXT) from 
alien services and other VDSL transceivers on the same 
cable, and white noise with a PSD of -14OdBmMz. 

-101 I 
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Figure 3. Suppression vectors. 

Table 2: Achieved bit rates in Mbps, with equalizer length 
l = 2 0 .  

1 1  97 1 1  9 5  , ..,~- , ..,~- 
I ANSIVDSLIWO7 I 7 xo I 7 x 4  I 7 41 

. .. I .  
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Figure 4. Optimum equalizers frequency responses. 

In figure 4 we show the frequency responses of the 
optimum equalizers for both methods. obtained in the 
simulations with ANSI VDSL loop 3. The grey areas 
represent the used transmission bands. One can notice the 
out-of-hand noise reduction produced by the new method. 
The equalizers gain outside the transmission bands is quit 
lower than inside the bands. 

5 CONCLUSIONS 
A new approach to the problem of partial shortening the 
effective channel impulse response in xDSL has been 
described, using linear phase FIR equalizer filters. The use 
of the full rank extension matrices is the crucial point in 
this novel method. The resulting cost functions are defmed 
with half size of the original matrices, leading to 
substantial complexity reduction in obtaining the optimum 
solution. 
Section 4 shows that the equalizer perfonnance attained by 
the linear phase partial shortening method is similar to that 
yielded by the MSSNR method, but with additional 
out-of-band noise reduction. This is a noteworthy 
improvement, helping the VDSL systems to cope with the 
impairment caused by RFI and NEXT disturbance. 
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APPENDIX A 
A Parseval relation in [O,n] 

For a f d t e  M length signal, x [ n ] ,  and its N-point DFT, 
X(A), (with Pa, the Parseval relation given by, 

is a bridge for signal power between time and frequency 
domains. D e f h g  i' = [x[O],x[l],. . ., x[M -1],0,. . . ,0] 

and X'=[X(O),X(I), ..., X(N-l)] ,  as vectors of length 
N, the N-point DFT can be expressed in matrix form as 
X = F i ,  where F is the N x N  DFT matrix 

The main purpose is to compute the following quantity, 
( X" = T'F' ). 

N i l  

Q =  c l X ( A ) l ' ,  ( A 4  

and relate (A.2) with signal x[n] .  If we consider only the 
first N/2+l values of X, 9 =[X(O),X(l) ,  ..., X(N/2)], 

then Q =  e x =  XIX(R)I' . Obviously, the vectorX can 

be also written in matrix form as X = Fx , where F is a 
DFT submatrix given by, 

k=O 

N i 2  

L=o 

.,E"& 
[F],=e , n = O  ,.._, $; A = O  ,_.., M-I.(A.3) 

Other important relations are, 

where G is a MXM square matrix given by, 

- .  2' = xerPr; Q = X"F*'FX = ~ " G x ,  (A.4) 

A careful analysis of above properties allows us to verify 
that G is a Toeplitz and Hermitian (G=G') matrix and Q 
is a quadratic factor (real and nonnegative). Since Q is a 
real scalar, i.e., Q=@=Q'=Q", then Q =  x"Gx = x'G'x' . 
If the signal is real (vector I), then, 

i.e.. G is a real symmetric ToeDlitz matrix with the first 

Q=x'Gx=x'G'x=~x' (G+G')x=~'Re(G)x ,  (A.6) 

6 REFERENCES 

[11 John A. C. Bingham, ADSL, VDSL and Muhicarrier 
Modulation, Wiley Series in Telecommunications 
and Signal Processing, 2000. 

[21 Mario Nava and Christophe Del-Toso, "A short 
overview of the VDSL system requirements", IEEE 
Comm. Magazine, pp. 82-90, December 2002. 

[31 Peter Melsa, Richard Younce and Charles Rohrs, 
"Impulse response shortening for discrete multitone 
transceivers", IEEE Trans. on Communications, vol. 
44, no 12, pp. 1662-1672, December 1996. 

[4] Changchnan Ym and Guangxin Yue, "Optimal 
impulse response shortening for discrete multitone 
transceivers", Electronics Letters, vol. 34, pp. 35-36, 
January 1998. 

[ 5 ]  D. Daly, C. Heneghan and A. Fagan, "A mini" 
mean-squared error interpretation of residual IS1 
channel shortening for discrete multitone 
transceivers", Proc. IEEE International Conference 
on Acousfic Speech and Signal Processing (ICASSP), 
2001. 

[6] Naofal AI-Dhahir and John Ciofi, "Optimum finite- 
length equalization for multicanier transceivers", 
Proc. IEEE Transactions on Communications, vol. 
44, nol, pp 56-64, January 1996. 

[7] Katleen Van Acker, Geert Leus, Marc Moonen, 
Olivier Van de Wiel and Thieny Pollet, "Per tone 
equalization for DMT-based systems", Proc. IEEE 
Trans. on Communications, vol. 49, nO.1, pp. 109- 
119, January 2001. 
Carlos Ribeiro, Vitor Silva and Paul0 Diniz, "Linear 
Phase Impulse Response Shortening for xDSL DMT 
Modems", in Proc. ITS2002, pp. 368-371, September 
2002, Brasil. 

[9] Carlos Ribeiro, Vitor Silva and Paul0 Diniz, 
"Impulse Response Shortening for xDSL Discrete 
Multitone Modems with Linear Phase Filters", in 
Proc. TELEC2002, July 2002, Cuba. 

[lo] Giiner Arslan, Brian Evans and Sayfe Kiaei, 
"Equalization for Discrete Multitone Transceivers to 
Maximize Bit Rate", IEEE Trans. on Signal 
Processing, vol. 49, pp. 3123-3135, December 2001. 

[SI 

row elements given by, 

, n = O  ,___, M - 1 .  (A.7) 

402 


