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The recent proposed symmetric lattice digital4lter 
structures have several advantages as compared to the classical 
Gray-Markel lattice structures. 

In this paper, the symmetric lattice structures are shown 
to be free of zero-input limit cycles, and by appropriately 
modifying them constantinput limit cycles can also be 
eliminated. A procedure for efficiently synthesizing the modified 
symmetric lattices starting from the original Gray-Markel 
realizations is outlined. The paper includes a comparison of the 
several realizations discussed with respect to output roundoff 
noise, where it is noticed a degraded performance of-the pro- 
structure for lowpass filters. The paper concludes mth  a solution 
to the lowpass design by introducing the "fast/slow" structures. 

Introduction 

A large number of alternative realizations of recursive 
digital filters are available in the literature [1]-[6]. A good 
realization should have some desirable features such as : low 
roundoff noise; low sensitivity; and freedom from zero-input and 
constant-input limit cycles. In addition, for adequate VLSI 
implementation, the structures should also be modular and 
pipelineable. 

The symmetric lattice structures recently proposed in [6] 
are certainly good candidates to meet most of the above 
mentioned features. In this paper, we shall present a formal proof 
that zero-input limit cycles can also be eliminated in the 
symmetric lattice structures. It is also proposed modified 
symmetric lattice structures in which constant-input limit cycles 
can also be eliminated . Appropriate synthesis procedure is given 
along with some design examples. 

In addition, an improved realization employing the 
symmetric lattice as subfilter is proposed in order to reduce the 
output roundoff noise in lowpass filters. 

Elimination of Z-fro-InDut Limit Cvcles 

The lattice structures discussed in this paper can be 

X(k+l) = AX(k) + Bu(k) 
y(k) = CX(k) + du(k) 

characterized by the statespace description given by 

where A is the transition matrix, B is the input vector, C is the 
output vector, d is a scalar and X(k) is the state variables vector. 

Zero-input limit cycles can be eliminated in a recursive 
digital filter if there exists a positivdefinite diagonal matrix V 
such that V-ATVA is positive semidefinite [4]. Also overflow 
oscillations cannot be sustained under forced-input condition. 

The recursive part of the normalized lattice structure 
proposed by Gray-Markel [2] is illustrated in Fig. 1. Its 
transition matrix can be expressed in the following form 

A = GIG 2...GM 

where Giare MxM matrices given by 
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for i= 1,2,3,. . .,M-1 , and 

[ GM = 

(3) 

(4) 

As a consequence the following equality holds 

V - A ~ V A  = v-G&G&-~. .G;G:VG~ G ~ . . G ~ - ~  G~ 

(5) 
Now if the matrix V is chosen to be the identity matrix I, and by 
nothing that 

T G . G . = I  
1 1  

for'i=1,2,3 ,..., M-1, it follows that 

r 1 I 0 ... 0 I 
V - A ~ V A  = I - G ~ G ~  = 

10 . . . l iK& 1 
Since IKMl < 1 for any stable filter [2], from Eq. 6 it follows 

that I-ATIA is positive semidefinite, so that the normalized 
lattice is free of zero-input limit cycles. This is a well known 
result [3],[7], however the alternative proof presented here gives 
us support to show that the symmetric lattices share the same 
property. 

The recursive part of the symmetric normalized lattice 
structure is shown in Fig. 2. In this case the transition matrix is 
given by 

A = GMVI-1GM-3..G2G1G3..GM (7) 

A = GMGM-2"G2G1G3..GM-3GM-l (8) 

if M is odd, and by 

if M is even. 

For odd order filters it follows that 
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V-A T VA = V-G&.GTG~..G~-1VGM-1..G2G1..GM 

(9) 

where for V = I the same result of Eq. 6 is obtained. (For even 
order filters similar conclusions follow.) This implies that the 
symmetric passive lattice structure is also free of zero-input limit 

The one multiplier and two-multiplier lattice structures 
(symmetric or nonsymmetric) can be generated from the 
normalized lattice through a diagonal similarity transformation. 
As a consequence the transformed structure is also free of 
zero-input limit cycles [7]. 

Elimination of Constant -1nDut Limit Cvclq 

Since the symmetric lattice structures are free of 
zero-input limit cycles, it is well known [4] that constant-input 
limit cycles can also be eliminated if the column vector given by 

cycles. 

P = (I-AI-~B (10) 

assumes a simple machine representable form. 

symmetric normalized lattice structure, given by 
The original transition matrix and input vector of the 

A =  

and 

B = [l 0 ... 0IT 

do not lead to machine representable P vector. However, by 
appropriately modifying the input vector B it is possible to 
obtain a desirable P vector. Several solutions are possible for B, 
but for the symmetric lattice an adequate choice is 

B = (I-A)P 

= [l+KMKM-l -KM-2cM-1 -cM-2cMvI-1 OIT 

(13) 
that yields a P vector given by 

P = [l 0 ... O]T (14) 
and keeps the properties of the modified lattice structure as close 
as possible to the original one. 

The way the input data is inserted in the modified lattice 

structures are illustrated in Fig. 3, including the one- and 
two-multiplier versions. 

Svnthesis Procedure 

The synthesis of the symmetric lattice structures starts by 
synthesizing the correspondin Gray-Markel lattices. Next, by 
transferring the appropriate &lays in the recursive part of the 
lattices and recalculating the output taps multiplier coefficients 
through a simple algorithm [8], the symmetric lattice is 
generated. 

In Fig. 4 is illustrated the symmetric two-multiplier 
lattice structure. The numerator of the transfer function realized 
by the lattice structures can be expressed by 

M . M  

i = l  i = l  
N(Z) = E riz+ = E V ; N ~ + ~ ~ ( Z ) + V I D ( Z )  (15) 

where N;(z) is the numerator transfer function from the filter 
input to the i-th state variable, and D(z) is the characteristic 
polynomial. 

The symmetric two-multiplier lattice structure free from 
constant-input limit cycles is illustrated in Fig. 5. In this case 
the numerator polynomial is given by 

M . M  

i = l  i = l  
N(z) = E riz+ = C v ~ N ~ + ~ - ~ ( z )  + vD(z) (16) 

where Ni(z) corresponds to Nf(z) in the nonsymmetric lattice 
structure. 

Ni(z) and Ni(z) that isgiven by 
There is an invariant relationship between the polynomials 

for i=1,2,3, ..., M. The same relationship is valid for the 
nonsymmetric lattice structures [9]. 

The objective now is to calculate the output taps 
coefficients values for the modified symmetric lattices once the 
original symmetric lattices have been designed. Since the Eq. 17 
is also valid for the nonsymmetric lattices, the same al orithm 
proposed in [9] for calculating the referred multiplier &cients 
can be applied here. 

Design  exam^ l a  

In order to evaluate the performance of the normalized 
symmetric lattice structures without constant-input limit cycles, 
a fifth order lowpass, a sixth order bandpass and a sixth order 
highpass elliptic filters were designed. The filters specifications 
are sumarized in Table 1. 

Signal scaling was applied in all designs on the basis of the 
L2-norm. The roundoff-oise analysis involved the computation 
of average output noise in dB and the results are summarized in 
Table 2. As can be noted the elimination of constant-input limit 
cycles leads to an increased out 
more drastic in lowpass filters 
s mmetric lattice has in general 
tK, nonsymmetric lattice. 

W l o w  Structulq 

The main reason for the poor performance of the proposed 
symmetric lattice structures for lowpass filters is that the only 
way the very low frequency signals have to reach the output is 
through the output multiplier v in Fig. 5. This fact leads to very 
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large output taps v1 to vM in lowpass and also in bandstop 
filters, since v is also a path for signal frequencies at the 
stopband. 

In order to solve this problem, a path can be created for 
low frequency signals, where no higher frequency signals are 
allowed at the output with reasonable amplitude. The proposed 
solution is shown in Fig. 6, and will be referred to as fast/slow 
structure, a name derived from a procedure to design fast 
amplifiers 101-[12 that consists of a fast signal forward path 

From Fig. 6 it is easily noticed that the overall transfer 

and a slow c k '  eedbac path to guarantee a good amplifier biasing. 

function is given by 

where HLp(z) and HHp(z) are respectively lowpass and highpass 
transfer functions with the lowest possible order. 

In the case of odd order filters the fast/slow decomposition 
is performed by extracting a first order lowpass filter with a pole 
that corresponds to the real pole U of H(z). In order to keep the 
number of multipliers and delays, the highpass section will have 
the same pole of the lowpass section. It should be noticed that 
the zero of the highpass filter is placed at z=1 such that no 
constant-input limit cycles elimination strategy is needed in the 
realization of "(2). The overall fast/slow decomposition for odd 
order filters is given by 

where Q is the lowpass section zero. 

It can be proved that the decomposition in Eq. 19 is 
always possible for any stable H(z . The fast/slow structure for 
odd order filters with H'(z redzed through the symmetric 
lattice structure is illustrated in Fig. 7. As it can be seen some 
modularity is lost in the fast/slow structure as compared the to 
modified symmetric lattice of Fig. 2. On the other hand, a 
significant output noise reduction is achieved by employing the 
fast/slow structure to the lowpass example of the previous 
section. The avera e noise in dB for the fast/slow structure with 
"(2) implementef with the normalized symmetric lattice and 
nonsymmetric lattice are respectively 14.83 and 14.84 dB. As it 
can be noticed a reduction in the output noise of more than 
10 dB was achieved. 

The scaling factor X needed to control the overflow in the 
first order section, as illustrated in Fig. 7, is given by 

where 1 1 . 1  I 
referred section are calculated by 

denots Lp-norm. The output coefficients of the 
P 

d = h  
1-U 

and 

c = l - d  (22) 

The fast/slow decompositions for even order filters can 
always be performed in the following way 

2 
H(z) = ( H'(z) + 

z 2 + m + B  

22 + e2 + U 

z 2 + m + p  
(23) 

Improved noise performance is achieved if the poles chosen 
for the lowpass and highpass second-order sections are the ones 
with smaller quality factor. 
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Table 1: Filters specifications. 
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Table 2: Average noise in dB .for the normalized lattice. 

Structure Filter type 
I 1.P RP HP 

Symmetric Modified Lattice I 25.34- 9.98 10.09 
Nonsvmmetric Modified Lattice I 25.61 10.29 10.48 

Fig. 1 : Recursive part of the normalized lattice. 

Fig. 2 : Recursive part of the symmetric normalized lattice. 

! Cl _ _ _  
ulhl  

(a) even order 

Fig. 4 : Symmetric two-multipliers lattice. 

Fig. 5 : Modified symmetric two-multipliers lattice. 

Fig. 6 : Fast/slow structure. 

Fig. 7 : Fifth-order filter realized by the fast/slow structure. 

(b) odd order 

Fig. 3 : Input network. 
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