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Abstract—In this work we give an overview of filter-bank
based multicarrier techniques, showing that in order to
achieve perfect reconstruction using finite impulse response
filter banks, redundancy must be introduced in the trans-
mitted blocks. We discuss how to determine the amount of
redundancy actually needed, and show how it is related to
the order of the channel and the equalizer. For MSE equal-
ization, we show the performance of the DWMT system that
approximates the filter bank leading to orthogonal subband
signals which allows independent equalization for each sub-
band at the receiver end.

I. I NTRODUCTION

In modern communications systems it is sometimes de-
sirable to employ filter-bank based multicarrier techniques
in order to increase system capacity or provide multiple ac-
cess. Examples of such systems are Orthogonal Frequency
Division Multiplex (OFDM), Discrete MultiTone (DMT),
and Discrete Wavelet MultiTone (DWMT) [1]. Also, mul-
tiple access schemes like Code Division Multiple Access
(CDMA) and Time Division Multiple Access (TDMA) can
be interpreted as filter-bank based techniques [2].

In [2], [3] it is shown that redundancy must be in-
troduced in the transmitted block of symbols in order
to achieve zero-forcing (ZF) equalization with FIR filter
banks. If the filter banks are time-invariant, the amount of
redundancy to be introduced depends on the channel re-
alization, but if time-variant filter banks are allowed, then
ZF equalization is possible with any number of redundant
symbols greater than zero [2]. In OFDM and DMT sys-
tems, for example, the minimum redundancy is equal to
the channel order[4].

If a criterion other than ZF is adopted, redundant sym-
bols are not necessary, even though their introduction
could improve system performance. Following this ap-
proach, a DWMT system was proposed in [5], using the fil-
ter bank described in [6]. This method allows equalization
to be performed independently for each subchannel, sim-
plifying the adaptation algorithms and reducing the com-

putational complexity.
In this work we give an overview of filter-bank based

multicarrier techniques, and show how the redundancy can
be introduced in the transmitted block. For ZF equaliza-
tion, we discuss how to determine the amount of redun-
dancy actually needed, and show how it is related to the
order of the equalizer. For MSE equalization, we show
the performance of the DWMT system proposed in [5] for
several design techniques.

II. COMMUNICATIONS SYSTEM

The communications system considered in this work is
depicted in Figure 1, wherefm(k), m = 0; : : : ;M � 1,
are the impulse responses of the transmit filter bank, and
hm(k), m = 0; : : : ;M � 1, are the impulse responses of
the receive filter bank. TheM � 1 vector s(n) contains
the user symbols, and theM � 1 vectorŝ(n) contains the
estimated symbols at the receiver.

If the decimation/interpolation factor in Figure 1 is the
same as the number of channels, i.e.,N = M , then the
system is maximally decimated. IfN > M then re-
dundancy is introduced in the transmitted block, with the
amount of redundancy defined asK , N �M . Equaliza-
tion is not possible forN < M , and thus we will always
assumeN �M [2].

The transmultiplex can be alternatively represented
in terms of the polyphase representation of the trans-
mit/receive filter banks. This representation will prove to
be very useful to determine conditions for existence of FIR
ZF equalizers. Them-th transmit filterFm(z) can be de-
composed in polyphase form with respect toN as [7]

Fm(z) =

N�1X
l=0

z�lRl;m(z
N ) (1)

where

Rl;m(z) =

1X
n=�1

fm(Mn+ l)z�n (2)
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Fig. 1. Block diagram of the communications system.

Applying the decomposition above for all transmit filters,
we can write�
F0(z) � � � FM�1(z)

�
=
�
1 � � � z�M+1

�
R(zN )

(3)

where

R(zN ) =

2
64

R0;0(z
N ) � � � R0;M�1(z

N )
...

...
RN�1;0(z

N ) � � � RN�1;M�1(z
N )

3
75 (4)

In a similar manner, we can decompose the receive fil-
ters as

Hm(z) =

N�1X
l=0

zlEm;l(z
N ) (5)

where

Em;l(z) =

1X
n=�1

hm(Mn+ l)z�n+2l (6)

Applying the decomposition above for all receive filters,
we can write2

6664
H0(z)

H1(z)
...

HM�1(z)

3
7775 = E(zN )

2
6664

1

z
...

zM�1

3
7775 (7)

where

E(zN ) =

2
64

E0;0(z
N ) � � � E0;M�1(z

N )
...

...
EN�1;0(z

N ) � � � EN�1;M�1(z
N )

3
75 (8)

Using the noble identity [7], the we can interchange the
expander andR(zN ), and also interchange the decima-
tor andE(zN ). The transmultiplex implemented by the
polyphase matrices is shown in Figure 2.

We consider baseband transmissions through a channel
modeled as anLth-order FIR filter. The received signal is
given by

y(k) =

LX
l=0

p(l)u(k � l) + v(k) (9)

whereu(k) is the transmitted signal,p(l) is the channel
impulse response, andv(k) is zero mean additive Gaussian
noise. We can write the polyphase decomposition ofP (z)

as

P (z) =

N�1X
l=0

z�lPl(z
N ) (10)

In absence of noise, i.e.v(k) = 0, we can show that the
vectorsy(n) andu(n) are related by

y(n) = C(z)u(n) (11)

whereC(z) is a pseudocirculant matrix given by [7],

C(z) =

2
6664

P0(z) z�1PN�1(z) � � � z�1P1(z)

P1(z) P0(z) � � � z�1P2(z)
...

...
. ..

...
PN�1(z) PN�2(z) � � � P0(z)

3
7775 :

(12)

A. Properties of the Channel Matrix

In this section we discuss some properties of the chan-
nel matrixC(z) that are useful for the derivation of ZF FIR
equalizers. The first property relates the determinant of the
channel matrix to the zeros ofP (z); the second property
relates the determinant ofC(z) to the Smith form decom-
position ofC(z).
1. If the channelP (z) is a causal FIR filter, i.e.,

P (z) = p0

LY
l=1

(1� �lz
�1); (13)
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Fig. 2. Block diagram of the communications system.

thendetC(z) is also a causal FIR filter, and given by [3]

detC(z) = pN0

LY
l=1

(1� �N
l
z�1) (14)

2. Using elementary row operations and elementary col-
umn operations, anN �N polynomial matrix can be rep-
resented using the Smith Form decomposition [7] as

A(z) = U(z)�(z)V(z) (15)

where all threeN � N matrices in the decomposition are
polynomial. The matricesU(z) andV(z) areunimodular,
i.e., detU(z) = c1 anddetV(z) = c2 wherec1 andc2
are non-zero constants. The matrix�(z) is diagonal,

�(z) =

2
66664
0(z) 0 � � � 0

0 1(z) � � �

...
...

. .. 0

0 � � � 0 N�1(z)

3
77775 ; (16)

wherek(z) are polynomials inz�1. The matrix�(z) has
the property thatk(z) is a factor ofk+1(z). Also, the
matricesU(z) andV(z) can be chosen such that the poly-
nomialsk(z) are monic.
For the special case of the channel matrixC(z), we have
from (15) and (16) that

detC(z) = detU(z) det �(z) detV(z)

= cdet �(z) = c

LY
l=1

l(z)
(17)

SincedetC(z) is anL-th order FIR filter, we conclude
that the main diagonal of�(z) has at mostL non-unity
terms. Denoting the number of non-unity terms in the main
diagonal�(z) by �, we can write�(z) as

�(z) = diag(1 � � � 1 N��(N) � � � N�1) (18)

III. C HANNEL EQUALIZATION

In this section, some recent results for FIR equalizers in
transmultiplex systems are presented. These results com-
prise ZF equalizers, where redundancy must be introduced
in order to guarantee the existence of the equalizer, and
adaptive equalizers that aim at the minimization of the
mean squared error (MSE) for DWMT systems.

A. Zero Forcing

The output of the system depicted in Figure 2 is given
by

ŝ(z) = E(z)C(z)R(z)s(z): (19)

GivenC(z) andR(z), in order toE(z) provide a perfect
reconstruction or ZF equalizer, it is necessary and suffi-
cient that

E(z)C(z)R(z) = IMz
�c (20)

whereIM is theM�M identity matrix, andc is a constant.
It is straightforward to prove thatK � � is a sufficient

condition for the existence of an FIR ZF equalizer. Apply-
ing the Smith form decomposition toC(z), we can write
(20) as

E(z)U(z)�(z)V(z)R(z) = IM : (21)

If we choose

E(z) =
�
IN�� 0

�
U�1(z) (22)

R(z) = V�1(z)

�
IN��
0

�
; (23)

and substitute in equation (21), we have

�
IN�� 0

�
�(z)

�
IN��
0

�
= IM : (24)



From the last equation, ZF equalization is possible only if
N � � � M , i.e.,K � �. This condition is also nec-
essary if the transmitter and receiver are not time-variant,
as shown in [3], [8]. In OFDM and DMT systems, the
amount of redundancy is fixed and equal to the channel
order, which is greater then� for most channels [8].

If time-variant transmitter and receiver are allowed, then
in [2] it is shown that a ZF FIR equalizer exists for any
channel, provided thatK � 1. The approach used so far is
not suitable for the analysis in this case, and a time-domain
approach can be found in [2]. From the time-domain anal-
ysis, it is possible to show that in order to guarantee the ex-
istence of ZF FIR equalizers, the introduced redundancy,
K, is related to the order of the equalizer and the size of
the transmitted block as

K �

N

Q
(25)

whereQM is the length of the receive filters. This condi-
tion is sufficient but not necessary, as valid equalizers can
be designed with much smaller length, as will be seen in
Section IV.

B. Adaptive MMSE Equalizers for DWMT

The perfect reconstruction condition is given by equa-
tion (20). If IIR filters are allowed, the channel matrix can
be made diagonal, and equalization can be performed in-
dependently for each subchannel. Our goal in this Section
is to design an FIR filter bank that approximates the opti-
mum IIR filter bank that diagonalizesC(z).

In [7] it is found that the diagonalization of the channel
matrix is obtained with

E(z) = F
���1(z)z�

L�1
L (26)

whereF is theL�LDFT matrix whose element(i; j), for

i; j = 0; 1; : : : ; L�1, is given byW ij, whereW = e�
j2�
L ,

and

��1(z)z�
L�1
L = diag(z�

L�1
L ; z�

L�2
L ; : : : ; 1) (27)

Note that the obtained expression for the analysis filter
bank is not dependent on information about the unknown
system but only on the number of subbands.

B.1 Approximation of the Fractional Delays

In [9] the authors show a technique for approximation
of fractional delays which consists of designing a sym-
metricL-th band filter (Nyquist filter) and keeping itsl-
th polyphase component to represent the delayÆ + l=L,
where the delayÆ is the integer part of the group delay

inherent to the FIR filter approximating a fractional delay.
This approximation is particularly suitable for our applica-
tion, since the design of all the fractional delays is accom-
plished by the design of a single filter of lengthN = 2KL,
whereK is an integer.

The filters are a good approximation for the fractional
delays for frequencies up to0:6�, but for higher frequen-
cies the group delay deviates from the original value.

Another suitable method for the design of the fractional
delays is the modified Farrow structure described in [10].
The modified Farrow structure is depicted in Figure 3. The
suitability of this method consists that the same set of fil-
tersGi(z) can be used to generate all the fractional delays,
which is particularly useful if the number of subbands is
variable.

GL(z) G2(z) G1(z) G0(z)

y(k)

x(k)

(1� 2�)

Fig. 3. Modified Farrow structure.

In our simulations to be presented in the next section
we will also consider the design of the fractional delays
through least squares FIR approximation as presented in
[9]. Apparently, the main disadvantage of this method for
our case is that all the filters implementing the fractional
delays have to be designed separately. But depending on
the length of filters and number of channels, the design of
M filters of lengthN may be less complex than the design
of a single filter of lengthM �N .

IV. EXAMPLES AND EXPERIMENTAL RESULTS

This section shows several experimental results for the
equalizers described in Section III.

A. Time-invariant transmitter/receiver

Example 1

Consider the channel modelP (z) = 1 + 0:64z�2. This
channel has zeros atz = :8ej�=2 andz = :8e�j�=2. For
N = 3, the channel matrixC(z) is given by

C(z) =

2
4 1 :64z�1 0

0 1 :64z�1

:64 0 1

3
5 (28)
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The Smith form ofC(z) is

U(z) =

2
4 1 0 0

0 1 0

0:64 �0:4096z�1 1

3
5 (29)

�(z) =

2
41 0 0
0 1 0

0 0 1 + 0:2621z�2

3
5 (30)

V(z) =

2
41 0:64z�1 0

0 1 0:64z�1

0 0 1

3
5 (31)

Therefore, if we chooseE(z) andR(z) using equations
(22) and (23), respectively, we can allowM � 2 in order
to have a ZF equalizer. This means thatK = P �M =

1 < L, i.e., the redundancy is reduced if compared to
OFDM/DMT systems, whereK = L = 2.

However, if we use the same channel modelP (z) with
N = 4, then the channel matrix is given by

C(z) =

2
664
1 0 :64z�1 0

0 1 0 :64z�1

:64 0 1 0

0 :64 0 1

3
775 (32)

and from the Smith form decomposition, we have

�(z) =

2
664
1 0 0 0

0 1 0 0

0 0 1� 0:4096z�1 0

0 0 0 1� 0:4096z�1

3
775
(33)

Note that the number of non-unity terms in the diag-
onal of �(z) did not change when we increasedK. In
[8] it is shown that the number of non-unity terms in the
main diagonal of�(z) is equal to the maximum number
congruous zeros. Two or more zeros are congruous if
zN0 = zN1 = � � � = zN

k�1; if two or more sets of chan-
nel zeros satisfy this condition, than� will be equal to the
number of elements of the largest set [8]. For this example,�
:8ej�=2

�4
=
�
:8e�j�=2

�4
= 0:4096, and thus� = 2.

This shows that increasingN does not always increase
the throughput, since in this case,M � 2 is still a neces-
sary condition for the existence of ZF equalizers. But if we
chooseN = 5, the zeros will not be congruous anymore,
and thus� = 1 andM � 4 is the necessary condition for
the existence of ZF equalizers; in this case the throughput
is increased.

B. Time-variant transmitter/receiver

If time-variant transmitter/receivers are allowed, it is
shown in [2] that it is always possible to find a ZF equal-
izer provided thatK � 1, and equation (25) is satisfied.
Let the channel model be the same as in the previous ex-
amples,P (z) = 1 + 0:64z�2, andN = 4. If we choose
K = 1, then

Q �

P

K
= 4 (34)

As stated in Section III, the condition above is not nec-
essary. For this present example,Q = 2 is sufficient to
guarantee the existence of ZF equalizers. In particular, if
we choose the transmitter as

R(n) =

8>>>>>>>>><
>>>>>>>>>:

"
IM

e3

#
; n = (Q+ 1)k"

IM

e0

#
; n = (Q+ 1)k � 1"

IM

e0

#
; n = (Q+ 1)k � 2

(35)

where IM is theM � M identity matrix, andei is an
1 � M vector constructed with thei-th line of IM , per-
fect reconstruction is guaranteed if we haveE(z; n) as in
equation (36) shown on the top of the next page.

C. Adaptive MMSE equalizer

The simulation results presented here are taken from [5],
and consist of an average of 10 or 20 transmissions, each
one comprising 600 bits per DWMT channel. The sig-
nal in each band is equalized by an adaptive filter (RLS
algorithm) with 9 coefficients. The channel model is an
FIR approximation with 62 coefficients and frequency re-
sponse equal to

H(w) = e�(2:5+j3:6)!
1=2

(37)

Three different techniques were used for the design of
the FDFB: 1) Nyquist filter with10� (M +1) coefficients
designed using the WLS technique described in [11], mod-
ified Farrow structure with 3 filters with 26 coefficients,
and LS FIR approximation with 20 coefficients. The sim-
ulations comprise transmissions through a channel with
Gaussian noise and with additional narrowband interfer-
ence.

The performance of the FDFB was verified to be ap-
proximately the same for all three methods, specially for
the modified Farrow and LS FIR approximations.

The performance of the FDFB is approximately the
same for all three methods, specially for the modified Far-
row and LS FIR approximations.
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Fig. 4. BER for transmissions through a channel with Gaussian
noise and with additional narrowband interference.

V. CONCLUSIONS

We discussed that in order to achieve zero-forcing (ZF)
equalization with FIR filter banks it is necessary to intro-
duce redundancy in the transmitted block. The redundancy
is introduced by using an interpolation ratio greater than
the number of blocks.

If the filter banks are time-invariant, the amount of re-
dundancy to be introduced depends on the channel real-
ization, but if time-variant filter banks are allowed, then
ZF equalization is possible with any number of redundant
symbols greater than zero.

This represents an improvement with respect to the
throughput of the system if compared to present-time com-
munications systems, like DMT and OFDM, where in or-
der to achieve perfect reconstruction a large amount of re-
dundancy is introduced in the transmitted block.

If the minimum MSE criterion is adopted instead of the
ZF criterion, or if IIR filter banks are allowed, redundant
symbols are not necessary, even though their introduction
could improve system performance. A DWMT system was

proposed in [5], using the filter bank described in [6], that
minimizes the MSE using a combination of a fixed and an
adaptive filter bank to approximate the optimum filters us-
ing FIR filters. The simulation results show that the perfor-
mance of the filter bank is almost insensitive to the chosen
design method.
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[5] Cássio B. Ribeiro, Paulo S. R. Diniz, Markku Renfors, and Mar-
cello L. R. de Campos, “Transmultiplex using fractional delays,”
in Proc. GLOBECOM, November 2001.

[6] R. Merched, P. S. R. Diniz, and M. Petraglia, “A delayless alias-
free subband adaptive filter structure,”IEEE Transactions on Sig-
nal Processing, vol. 47, pp. 1580–1591, June 1999.

[7] P. P. Vaidyanathan,Multirate Systems and Filter Banks, Prentice-
Hall, Englewood Cliffs, New Jersey 07632, 1993.

[8] Xiang-Gen Xia, “New precoding for intersymbol interference
cancellation using nonmaximally decimated multirate filterbanks
with ideal fir equalizers,”IEEE Transactions on Signal Process-
ing, vol. 45, no. 10, pp. 2431–2441, October 1997.
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