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On Regularization of Reduced Redundancy
Transceivers
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Abstract— Multicarrier transceivers are widely employed in
current broadband communications. These systems require
transmission of redundant information as an attempt to eliminate
interblock interference and turn the equalization procedure more
efficient. In practical systems the amount of redundancy should
be reduced in order to increase the data throughput, considering
that the redundancy does not generate income for the system
operator, since it does not carry new information. In order to
tackle this issue, several reduced redundancy transceivers have
been proposed, and this work discusses how their performance
can be improved by proper regularization. Simulation results
show that improvements in bit-error rate performance can be
achieved by searching the best regularization factor.
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I. INTRODUCTION

Block-based transmissions is the standard in many licensed
and unlicensed, wired or wireless transceivers, due to their
ability to combat intersymbol interference (ISI) in broad-
band transmissions [1], [2]. Particular cases of block-based
transceivers are the memoryless block-based transceivers,
where the most widely used transceivers in this class are
the orthogonal frequency-division multiplexing (OFDM) and
the single-carrier with frequency-domain (SC-FD) equalizer
[1], [2], [3]. Their computationally efficient implementations
for reliable transmissions require the insertion of redundant
elements numbering at least the channel order. This amount
of redundancy ensures the elimination of interblock interfer-
ence (IBI) and induces a circulant channel matrix structure,
which greatly simplifies the equalization process. This induced
channel matrix can be easily diagonalized using the discrete
Fourier transform (DFT), requiring O(M log2M), for M data
symbols [4], [5].

On the other hand, it is widely known that redundancy
plays a central role in communication systems despite their
reduction in data rate. This fact raises a trade-off between
the amount of redundancy and the data rate. Multicarrier
and single-carrier transceivers with reduced redundancy [6],
[7], [2], [1], [3] are interesting alternatives to the traditional
OFDM and SC-FD transceivers in the pursuit of increasing
throughput. These types of system require, at least, an amount
of redundancy equal to half of the channel order. Furthermore,
several fast implementation solutions for the reduced redun-
dancy transceivers have been recently proposed, requiring the
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same asymptotic complexity of the OFDM and SC-FD for
the equalization process [8], [9]. The reduced redundancy
solutions can relieve the growing demand for radio resources
by allowing an increase in data throughput [3].

Reduced redundancy systems also may be a solution for
applications where there is limited bandwidth to transmit the
information and one desires higher data-rate, such as in under-
water acoustic communication. In this type of communication,
the bandwidth is around some kilohertz and to achieve a high
data throughput it is necessary to compensate for the harmful
channel effects while using the minimum of redundancy as
possible.

The design of the equalizer coefficients is a key aspect
in the context of transceivers. This paper addresses how the
regularization parameter inherent to minimum mean-squared
error (MMSE) linear equalizers affects the performance of
reduced redundancy transceivers. First of all, we shall consider
the MMSE equalizer from [3]. In this context, we propose
studying the effect of changing the regularization parameter
so that one can optimize the bit-error rate (BER) instead of
the mean squared error (MSE).

The paper is organized as follows. In Section II we intro-
duce the basic description of reduced redundancy systems.
Section III describes the two mostly used linear equalizers
and how one can adjust MMSE equalizers aiming at improv-
ing BER performance. Section IV presents some simulation
experiments to access the performance of reduced redundancy
systems regarding changes in the regularization parameter of
MMSE equalizers. Finally, some conclusions are drawn in
Section V.

Notation: Vectors and matrices are represented in bold
face with lowercase and uppercase letters, respectively. The
notations [·]T , [·]∗, [·]H , [·]−1 stand for transpose, conjugate,
Hermitian transpose, and inverse operations on [·], respectively.
The symbols C, R, N denote the set of complex, real, and
natural numbers, respectively. The set of CM×N denotes all
M × N matrices comprised of complex-valued entries and
CM×N [x] denotes all polynomials in variable x with M ×N
complex-valued matrices as coefficients. The symbols 0M×K

and IM denote an M ×N matrix with zeros and an M ×M
identity matrix, respectively. Given a real number x, dxe stands
for the smallest integer greater than or equal to x.

II. REDUCED REDUNDANCY SYSTEMS

In this paper, we consider multicarrier and single-carrier
transceivers with reduced redundancy. The chosen transceiver
model is the zero-padded zero-jammed (ZP-ZJ) system [7],
which is depicted in Fig. 1.
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Fig. 1. Zero-padded zero-jammed system.

Consider that the data block s ∈ CM×1 ⊂ CM×1 contains
M ∈ N symbols of a generic constellation C. These symbols
are prepared by the transmitter applying a linear transfor-
mation T ∈ C(M+K)×M over s. The linear transformation
employed in ZP-ZJ systems can be written as

T =

[
IM

0M×K

]
︸ ︷︷ ︸
AZP−ZJ

T0 =

[
T0

0M×K

]
, (1)

where T0 ∈ CM×M is the actual transmitter matrix and K ∈
N is the amount of redundancy inserted in the transmission by
the zero-padding process. In the case of reduced redundancy
multicarrier systems, T0 = F−1, where F−1 is the unitary
inverse discrete Fourier transform (IDFT) matrix, and for the
reduced redundancy single-carrier systems, T0 = IM .

After the preparation of the transmitter, the baseband mod-
ulated data block

x = Ts (2)

will be transmitted through a multipath channel with baseband
finite impulse response (FIR) denoted as

H(z) =

L∑
l=0

h[l]z−l, (3)

where h[l], for l ∈ {0, 1, . . . , L} ⊂ N, is the channel
coefficient in time domain, and L is the channel order.

For a matrix analysis one can rewrite the channel H(z) as a
matrix H(z) ∈ CN×N [z−1], with N =M +K. This channel
matrix can be written as [3]

H(z) = HISI + z−1HIBI, (4)

where HISI is a Toeplitz matrix that represents ISI, with its
first row given by [h[0] 01×(M−K−1)] and its first column
given by [h[K] . . . h[L] 01×(M+K−L−1)]

T , and HIBI is
a matrix that represents IBI, with its first row given by
[01×(M+K−L)h[L] . . . h[0]] and its first column given by
0N×1.

A very important result in the context of reduced redun-
dancy systems concerns the minimum number of redundant
element, that must be inserted in the transmission in order to
eliminate IBI and allow for ISI mitigation. Lin and Phoong
[7], [6] have shown that K must be chosen within the set
{dL/2e , dL/2e+ 1, . . . , L}.

The received data block is given by

y = H(z)x+ n, (5)

where n ∈ CN×1 is an additive white Gaussian noise
(AWGN), which represents the additive interference in the
environment and at the front-end receiver.

In order to find an estimation ŝ ∈ CM×1 of the transmitted
data block, a linear transformation G is applied over y in order
to eliminate IBI and equalize y. This linear transformation can
be written as [3]

G = G0

[
0(M+2K−L)×(L−K) I(M+2K−L)

]︸ ︷︷ ︸
RZP−ZJ

=
[
0M×(L−K) G0

]
, (6)

where G0 ∈ CM×(M+2K−L) is the actual receiver matrix
and is defined as G0 = FK for multicarrier systems and
as G0 = K for single-carrier systems. In both cases K ∈
CM×(M+2K−L) is the equalizer matrix to be properly defined
in Section III.

Therefore the estimate ŝ can be written as

ŝ = GH(z)Ts+Gn

= G0H0T0s+ n0, (7)

where H0 ∈ C(M+2K−L)×M is known as effective channel
matrix, being a Toeplitz matrix with first row given by
[h[K] h[K−1] . . . h[0] 01×(M−K−1)] and the first column
given by [h[K] . . . h[L] 01×(M+3K−2L−1)]

T .
In the above model, the equalizer is the most important

block due to its goal of mitigating the harmful effects induced
by ISI. Therefore its design is very important to maintain the
system reliability.

III. REGULARIZATION PARAMETER IN MMSE-BASED
LINEAR EQUALIZERS

There are many equalization techniques that can be used in
communication systems, such as turbo equalizer [10], [11],
which uses the same idea of turbo codes [12] regarding
modeling the channel as a non-redundant convolutional code,
and decision-feedback equalizer (DFE) [14], which is a non-
linear equalizer that feeds back the detected symbols to be
used along with conventional equalization of current symbols.
However, in this paper we are interested in the performance of
linear equalizers and this section aims to introduce their core
concepts.

There are two main types of linear equalizers, viz: zero-
forcing (ZF) equalizer and minimum mean square error
(MMSE) equalizer. In both cases we need to have the channel
state information (CSI) available, and, therefore, we shall con-
sider this hypothesis holds from now on. The ZF equalizer tries
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to compensate for the channel effects through a deconvolution
strategy that inverts the channel filtering. The ZF equalizer for
reduced redundancy systems is given by [3]

KZF =
(
HH

0 H0

)−1
HH

0 . (8)

The ZF equalizer does not require any estimation of the en-
vironment noise. This lack of information can severely impair
the transceivers performance when the signal-to-noise ratio
(SNR) is low at the receiver. This poor performance occurs
because in low SNR regime, the ZF solution may induce noise
enhancement. In order to improve the system performance in
low SNR regime, the MMSE solution is usually adopted. The
MMSE equalizer matrix is the solution from the minimization
of MSE between the transmitted and received data block [3],
thus resulting in the following equalizer matrix:

KMMSE =

(
HH

0 H0 +
1

SNR
IM

)−1

HH
0 . (9)

In comparison with ZF equalizers, MMSE equalizers
achieve a better performance in low SNR regime. The term
(1/SNR)IM adjusts the equalizer gains by taking into account
the actual value of the SNR. Therefore, when the SNR value
is low the MMSE solution reduces the equalizer gains to
avoid noise enhancement, and when the SNR value is high
the MMSE solution approaches the ZF solution.

Even though the MMSE equalizer has a better performance
than the ZF equalizer, it is not designed to minimize BER.
BER is one of the main figures of merit used in communication
system analyses, which eventually means that the MMSE
equalizers may be far from BER-based optimality in the
case of linear equalizers. Motivated by this, let us replace
the dependency of SNR with a function f(SNR, ε), where
f : R2 −→ R, with ε being an ancillary parameter. This
generic equalizer is given by

K =
(
HH

0 H0 + f(SNR, ε)IM
)−1

HH
0 . (10)

We can choose some functions in order to try to minimize
the BER for such an equalizer matrix, but in a first analysis
let us consider the following function

f(SNR, ε) =
1 + ε

SNR
, (11)

which yields

K =

(
HH

0 H0 +
1 + ε

SNR
IM

)−1

HH
0 . (12)

In this case, one can see that the ancillary parameter ε just
modifies linearly the value of SNR used in the equalizer. In
other words, this new equalizer uses a value of SNR bigger or
lower than the actual SNR to estimate the symbols. However,
since this function was chosen as a simple initial approach to
the matter, its optimum value is found numerically through
simulations.

IV. SIMULATION RESULTS

Simulations were performed in order to compare the per-
formance of transceivers with reduced redundancy when the
ancillary parameter ε varies. In this simulation we computed
the BER using a Monte-Carlo averaging process with 16, 000
simulations. For both multicarrier and single-carrier systems,
we generated 200 random data blocks, each one containing
M = 32 symbols of 16-QAM constellation. Zeros were
inserted at the end of each data block as redundancy, and
the values of redundancy length used in this simulation were
K ∈ {8, 11, 13, 15}. The channel impulse response used
in the simulation has order L = 15 and each channel tap
was generated from a circularly-symmetric complex Gaussian
distribution. The channel impulse response was always nor-
malized; in other words, its energy equals 1.
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Fig. 2. Bit error rate per ε to SNR equals 0 dB in multicarrier systems.

Initially, we focused on evaluating how the BER varies as
ε changes in order to verify if the minimum BER value is
achieved at ε = 0 (MMSE equalizer) or at another optimum
value for the ancillary parameter (εo). In Fig. 2, one can verify
that for SNR = 0 dB, in all multicarrier systems tested,
the minimum BER values occurs when ε = −0.7 and the
difference between this optimum value and the one obtained
through using the standard MMSE equalizer is about 4.69%.
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Fig. 3. Bit error rate per ε to SNR equals 0 dB in single-carrier systems.

Fig. 3 depicts the BER× ε performance of reduced redun-
dancy single-carrier systems, when SNR = 0 dB. One can
observe that the same behavior occurs in the single-carrier
case, but here the minimum is much steeper than in Fig. 2.
Moreover, the minimum occurs when ε = −0.5 and the
difference between BER using this equalizer and the MMSE
equalizer is 3.08%.
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Fig. 4. Bit error rate per ε to SNR equals 10 dB in multicarrier systems

Now, in Fig. 4, we set SNR = 10 dB and then plot the
BER× ε curve for reduced redundancy multicarrier systems.
One can see that the shapes of the curves are softer than in
Fig. 2, but once again the standard (ε = 0) MMSE solution
is not the best equalizer to minimize the BER. Furthermore,
the optimum value for regularization parameter is different in
each tested systems, as shown in TABLE I.

TABLE I
OPTIMAL ANCILLARY PARAMETER (εo) FOR MULTICARRIER SYSTEMS

(SNR = 10 dB).

Reduced redundancy systems εo
K = 8 −0.70
K = 11 −0.75
K = 13 −0.80
K = 15 −0.60
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Fig. 5. Bit error rate per ε to SNR equals 10 dB in single-carrier systems.

Finally, in Fig. 5, we set SNR = 10 dB and then plot the
BER×ε curve for reduced redundancy single-carrier systems.
The same pattern is observed. Each system has a different
optimum ancillary parameter, whose values are in TABLE II.

TABLE II
OPTIMAL ANCILLARY PARAMETER (εo) FOR SINGLE-CARRIER SYSTEMS

(SNR = 10 dB).

Reduced redundancy systems εo
K = 8 −0.40
K = 11 −0.35
K = 13 −0.40
K = 15 −0.50

Based on those results, it is possible to conclude that the

regularization parameter plays an important role in low SNR
regime only. It is expected that, in high SNR regime, the
behavior should be equal to ZF equalizer, since the change
in the MMSE equalizer just modifies the gain of IM .

V. CONCLUDING REMARKS

In this work, we addressed how a regularization factor mod-
ifies the performance of transceivers with reduced redundancy.
Simulations results show that, in both multicarrier and single-
carrier systems, the MMSE solution is not the best solution
for minimization of bit-error rate. Furthermore, depending
on the regularization parameter, the transceiver may be more
efficient, possibly yielding a stronger effect in throughput than
in bit-error rate. These preliminary results imply that a more
reliable transceiver can be designed changing a constant value
at the receiver design. Additionally, further researches should
address the analytical justification for the results presented
here and a search for a new objective function related to
SNR and ancillary parameter, which may provide a better
minimization for the bit-error rate.
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