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On the Elimination of Constant-Input Limit 
Cycles in Digital Filters 

P. S. R. DINIZ AND A. ANTONIOU 

Abstract-A theorem is proved which establishes sufficient conditions 
that will ensure freedom from constant-input limit cycles in a general 
digital-filter structure in which zero-input limit cycles can be eliminated. 
The theorem is then applied to a specific digital biquad which realizes 
simultaneously all the standard second-order transfer functions. 

I. INTRODUCTION 

A serious problem which can often limit the usefulness of a 
recursive digital-filter structure is the occurrence of limit-cycle 
oscillations [l]. Two types of such oscillations are possible, 
namely, overflow and granularity limit cycles. Overflow limit 
cycles can occur when the magnitudes of internal signals exceed 
the available register range [2] whereas granularity limit cycles are 
brought about by the quantization of products. 

In this contribution a theorem is proved which establishes 
sufficient conditions that will ensure freedom from constant-input 
limit cycles in a general digital-filter structure in which zero-input 
limit cycles can be eliminated. The theorem is then applied to a 
specific digital biquad which realizes simultaneously a low-pass, a 
highpass,, a bandpass, and all-pass, and a general biquadratic 
transfer function. 

II. ELIMINATION OF CONSTANT-INPUT LIMIT CYCLES 

Theorem 
Assume that the digital-filter structure of Fig. 1 is free of 

zero-input limit cycles and that 

x(k+l)= [Ax(k)+Bu(k)]cj 

y(k+l)=Cx(k)+Du(k) 

where [ -]o is the quantized value of [ .I. 

(1) 
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Fig. 1. nth-order digital-filter structure. 

Constant-input limit cycles can be eliminated by modifying the 
structure of Fig. 1 as depicted in Fig. 2, where P is given by 

p=[Pl P2 ... pJ= (z-A)-% 

and is machine representable. 
Proof 

Since the structure of Fig. 1 is assumed to be free from 
zero-input limit cycles, the equation 

x(k+l)= [Ax(k)lQ (3) * 

describes a stable system such that 

lim x(k)=[O 0 ... O]=. 
k-m 

If the input is constant, i.e., u(k) = u,,, the modified structure of 
Fig. 2 is characterized by 

x(k+l)=[Ax(k)-Pu,+Bu,]Q+Pu, 

and if (2) holds, we have 

x(k+l)= [Ax(k)-Z(Z-A)-&, 

+(z-A)(z-‘4-‘Bu,]p+Pt4, 

= [,4(x(k)-Pu,}],+Pu, 

Hence 

i(k+l)=[A2(k)]Q (4) 
where 

i(k)=x(k)-Pu,. 

Evidently, (4) is the same as Eqn. 3, except for the transformation 
in the state variables and, therefore, it represents a stable system. 
Stability can be guaranteed if (2) is satisfied exactly and, there- 
fore, P is required to be machine representable (QED). 

It should be mentioned that if quantization in Fig. 2 is carried 
out by means of magnitude truncation, an implementation of the 
controlled-rounding arithmetic. proposed by Butterweck [3] is 
achieved. 

An apparent limitation of the above stabilization technique is 
imposed by the requirement that P be machine representable. 
Nevertheless in many second-order structures as well as higher 
order wave structures this requirement is easily satisfied. 

III. UNIVERSAL DIGITAL BIQUAD 

A universal digital biquad which realizes simultaneously a 
low-pass, a highpass, a bandpass, an all-pass, and a general 
biquadratic transfer function can be derived by modifying the 
structure in [4] or the structure in [5] as depicted in Fig. 3. The 

0098~4094/84/0700-0670$01.00 01984 IEEE 



IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS, VOL. CAS-31, NO. 7, JULY 1984 671 

LINEAR N-PORT 

111 
Fig. 2. Modified n-th order digital-filter structure. 
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Fig. 3. Universal multiple-output digital biquad. 
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digital biquad obtained can be characterized by a system like that 
in (1) where 

A= 

By using the approach in [6], it can be shown that zero-input limit 
cycles can be eliminated in the digital biquad by performing 
product quantization in terms of magnitude truncation. 

From (2) and (5) 

P=[;: 2_q1[ I:;]=[ -;] (6) 

and since P is machine representable, constant-input limit cycles 
can also be eliminated. Furthermore, overflow limit cycles can 
also be eliminated, as in wave digital filters, by using the ap- 
proach described by Claasen et al. [2]. These advantages along 
with the inherent versatility render the digital biquad of Fig. 3 
attractive for VLSI implementation. 

IV. CONCLUSIONS 

A theorem has been proved which establishes sufficient condi- 
tions that will ensure freedom from constant-input limit cycles in 
a general digital-filter structure in which zero-input limit cycles 
can be eliminated. 

In addition, a versatile and relatively economical digital biquad 
has been described in which zero-input, constant-input, and 
overflow limit cycles can be eliminated. These advantages render 
the digital biquad attractive for the fabrication of a universal 
VLSI chip which can be used in a multiplicity of digital-filter 
applications. 

ACKNOWLEDGMENT 

REFERENCES 

A. Antoniou, Digital Filters: Analysis and Design. New York: McGraw- 
Hill, 1979. 
T. A. C. M. Claasen, W. F. G. Mecklenbratiker, and J. B. H. Peek, “On 
the stability of the forced response of digital filters with overflow nonlin- 
earities,” IEEE Trms. Circuits Syst., vol. CAS-22, pp. 692-696, Aug. 
1975. 
H. J. Butterweck, “Suppression of parasitic oscillations in second-order 
digital filters by means of a controlled-rounding arithmetic,” Arch. Efek. 
Ubertmgung., vol. 29, pp. 371-374, Sept. 1975. 
G. Verkroost and H. J. Butterweck, “Suppression of parasitic oscillations 
in wave digital filters and related structures by means of controlled 
rounding,” Arch. Elek. Ubertragung, vol. 30, pp. 181-186, May 1916. 
G. Verkroost, “A general second-order digital filter with controlled round- 
ing to exclude limit cycles for constant input signals,” IEEE Trans. 
Circuits Syst., vol. CAS-24, pp. 428-431, Aug. 1977. 
K. Meerkotter, “Realization of limit cycle-free second-order digital filters,” 
in IEEE Int. Symp. Circuits Syst., pp. 295-298, 1976. 

The Solution of Ill-Scaled Circuit Equations 

ERIC P. RUDD 

Abstract-Due to the wide spread of element values and differing 
dimensions of quantities appearing in linear systems describing circuits, the 
systems can often become quite ill-scaled. Commonly used pivoting strate- 
gies can fail badly in such cases. It is pointed out that an accurate way to 
solve these ill-scaled systems is by iterative improvement in single preci- 
sion. 

I. INTRODUCTION 

Most of the techniques for the computer solution of a linear 
circuit involve setting up and solving systems of linear algebraic 
equations. Frequently, quantities of disparate dimensions and 
units appear together in a single system. For instance, one might 
well have as part of the system a capacitance matrix with ele- 
ments on the order of lo-‘* F, and in another part of the system, 
an incidence matrix with ones and zeros. If the quantities in a 
system of linear equations differ greatly in magnitude, the system 
is termed “ill-scaled”, and it has been known for at least 20 years 
that the performance of linear equation solvers on such systems is 
often quite poor [l]. Although the subject has been well treated in 
a series of papers by Skeel [2]-[4], the results are still too recent 
to have filtered down to the textbooks and standard software 
packages now in common use. It is the purpose of this letter to 
discuss the implications of ill-scaling for circuit analysis, in the 
light of recent research, and a method for its solution. 

As an example of the kind of trouble that can be encountered, 
consider the simple circuit of Fig. 1. The 0.5-S conductance 
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