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Low-Sen,sitivity Digital-Filter Structures which 
are Amenable to Error-Spectrum Shaping 

PAUL0 S. R. DINIZ, MEMBER, IEEE, AND ANDREAS ANTONIOU, FELLOW, IEEE 

A/~ract -A systematic and exhaustive procedure is used to generate a 
class of new low-sensitivity second-order digital-filter structures which are 
amenable to error-spectrum shaping (ESS). Collectively, these structures 
can realize any stable second-order transfer function. For every transfer 
function, a choice of at least two structures is available but, through a 
sensitivity analysis, the optimum one can always be identified. The paper 
concludes with sensitivity and roundoff-noise comparisons which show that 
the new structures are usually superior relative to corresponding direct 
canonic structures and also relative to the state-space section-optimal 
structure. 

I. INTRODUCTION 

OUNDOFF noise can be reduced in recursive digital -R filters by increasing the wordlength [l], by choosing 
the structure appropriately [2], [3], or by applying error- 
spectrum shaping (ESS) [4]-[8]. 

ESS is a quantization technique which involves the gen- 
eration of an error signal and the application of local 
feedback for the purpose of forcing zeros in the power 
spectral density of the output noise. The technique can be 
implemented by incorporating a quantizer and a corre- 
sponding substructure between the output and input of 
each and every adder whose inputs include at least one 
nontrivial product (a signal multiplied by a noninteger 
constant). Therefore, the application of ESS entails an 
increase in the complexity of hardware. Furthermore, the 
complexity of hardware increases as the number of adders 
of the type described is increased and, consequently, the 
application of this technique has been restricted to direct 
cascade realizations in the past [4]-[S]. 

The application of ESS to direct realizations tends to 
bring about a dramatic reduction in the output roundoff 
noise [4]-[8]. Unfortunately, however, the sensitivity to 
coefficient quantization is not affected by ESS and, as is 
well known, it can be large, in particular if the poles of the 
transfer function are close to the unit circle of the z plane 
1912 [lOI* 

In this paper, a systematic procedure is described which 
can be used for the generation of low-sensitivity digital-filter 
structures which are amenable to ESS. The procedure is 
used to generate two sets of structures which include 
several new structures as well as some known structures 
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Fig. 1. General structure which is amenable to ESS. 

like those of Agarwal and Burrus [9], and Nishimura, 
Hirano, and Pal [lo]. The emphasis is placed on generating 
second-order structures which can be used in cascade or in 
parallel for the realization of high-order transfer functions. 

II. SYNTHESIS PROCEDURE 

The application of ESS in a second-order structure is 
economically attractive only if product quantization can be 
achieved by using no more than one quantizer. Conse- 
quently, a second-order structure is amenable to ESS only 
if all nontrivial signal-coefficient products in the structure 
are inputs to only one adder. 

A general second-order structure can be constructed as 
depicted in Fig. 1 where J+(H), yr(n), and y,(n) are 
internal node signals which will be used later for the 
placement of zeros. If coefficients mi are assumed to be 
noninteger constants and substructure N is assumed to be 
free of noninteger multipliers, a general second-order struc- 
ture is obtained which is amenable to ESS. By applying a 
systematic and exhaustive search to the general structure of 
Fig. 1, all possible low-sensitivity structures can be gener- 
ated and appropriate design formulas can be deduced. 

In this section, the above approach is used for the 
realization of all-pole transfer functions. The realization of 
biquadratic transfer functions is accomplished through 
zero-placement techniques and is considered in Section III. 

The simplest structure that can realize any second-order 
allpole transfer function must have three nodes [ll], where 
each node may represent a distribution or a summation 
point. The most general structure of this class will have 
forward and reverse paths between any two of the three 
nodes and, further, either the forward or reverse path in 
each case must correspond to a unit delay in order to avoid 
delay-free loops. On this basis, the simplest form of the 
general structure of Fig. 1 is obtained, as shown in Fig. 2, 
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Fig. 2. Second-order structure of low complexity which is amenable to 
ESS. 

where branches A, B, C, D, and E represent unit delays 
or integer multipliers whose multiplier constants are re- 
stricted to 0, + 1, +2. Evidently, a forward path has not 
been included between the input adder and node y,(n) 
since this would necessitate a third unit delay. 

The structure of Fig. 2 realizes the characteristic poly- 
nomial ( 

D(z)= (l- BD- AC-m,A+ABE+m,AB 

+ ABCD + m,ABD)z’ 

=z2+qz+a2 

= (z - rej*O )( z - re-jwo) (1) 
where 

r= a2, i- a0 = cos-l (- we). 

In order to avoid delay-free loops [l] and maintain the 
number of delays to the minimum of two, the constraints 

A= z-l, and BorD=z-’ (2) 
must be satisfied. Therefore, two cases are possible, as 
follows: 

CaseI: A=B=z-’ 
Case II: A= D=z-’ 

Case I 
For Case I, the characteristic polynomial of (1) becomes 

D(z) = z2 - z(C+D+m,)+CD+m,D+m,+E. 

(3) 
In order to obtain low seLrsitivity, multipliers C, D, and E 
must be chosen as 

C+D=Int[-a,] (4 

E=Int[~,+a1D+D2] (5) 

where Int. [ x] is the closest integer to x. Equations (4) and 
(5) force the values of m, and m2 to be low and, as 
demonstrated in [9], this assures low sensitivity of the 
transfer function with respect to changes in m, and m2 for 
the case where floating-point arithmetic is used or for the 
case where fixed-point arithmetic is used but the coeffi- 
cients are stored in normalized floating-point form. 

The choice of structure tends to depend heavily on the 
pole positions. Therefore, several possibilities must be ex- 

TABLE I 
STRUCTURES FOR CASE I 

I-7 0 0 1 

I-8 1 -1 2 -0.5<a1<0.5 
1 I I 

I-9 I -1 1 2 1 I 

Ji 
amined. If the poles are close to z =l, then (pi z -2 and 
a2 ~1, and so 

C+D=2. 

We can thus assign 

C=l, D=l and E=O 

This choice of coefficients yields a structure due to Agarwal 
and Burrus [9], which is suitable for values of (pi in the 
range - 2.0 < (pi < - 1.5. It will be referred to as structure 
I-l. Alternatively, if 

C=2, D=O and E=l 

another structure due to the same authors [9] is obtained. 
This structure is suitable for the same range of (pi as 
structure I-l and will be referred to as structure I-2. A 
third possibility is obtained by letting 

C=O, D=2 and E=l 

This structure will be referred to as structure I-3, and is to 
our knowledge new. It is suitable for values of (Y~ in the 
range - 2.0 < (pi < - 1.75. 

By considering poles which are close to the unit circle 
(z] = 1, several new structures can be obtained for different 
ranges of values of (pi, as shown in Table I. 

Case II 
For Case II, the characteristic polynomial of (1) becomes 

D(z) = z* - z(B + C + ml - m,B - BE)+ BC + m,B. 

(6) 

In order to obtain low sensitivity, multiplier coefficients B, 
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Fig. 3. Zero-placement technique. 

TABLE II 
STRUCTURESFORCASEII 

C, and E must be chosen as 

B=l, C=l (7) 
E = Int. [a1 + 0~~ + l] 

for poles with positive real part, and 

B=-1, C=-1 

(8) 

E=-Int.[a,-a*-11 

for poles with negative real part. 
If the poles are close to z = 1, we can assign 

B=l, C=l, and E=O. 
This choice of coefficients yields a structure 

The proposed structures can be implemented in terms of 
ROM-accumulator arithmetic [12], [13] or in terms of 

(9) stored-product arithmetic [14]. Furthermore, the internal 
(1’0) scaling strategies described in [9], [lo], and [13] can be used 

as an alternative to ESS. 

due to 
Nishimura, Hirano, and Pal [lo], which is suitable for 
values of (or in the range -2.0 < (Ye < -1.5. It will be 
referred to as structure II-l. 

Fig. 4. Alternative zero-placement technique. 

TABLE III 
EQUATIONSFORTHEDESIGNOF BIQUADRATICTRANSFER 

FUNCTIONS 

TABLE IV 
ALTERNATIVEEQUATIONSFORTHE DESIGNOFBIQUADRATIC 

TRANSFERFUNCTIONS 

As for Case I, several new structures can be generated-by 
considering poles which are close to the unit circle. These 
are summarized in Table II. 

IV. SENSITIVITY ANALYSIS 

The sensitivity of the transfer function 

III. ZERO PLACEMENT 

The general second-order transfer function 

.Y(z) Yoz2+Y1z+Y2 H(z)=-= 
x(4 z2 + (YlZ + a2 

01) 

can be realized by modifying the low-sensitivity sections 
generated so far, as depicted in Fig. 3. The design equa- 
tions required to complete a design can readily be derived, 
as shown in Table III. 

An alternative possibility is to take signal y,(m) just 
after the input adder, as shown in Fig. 4. In this case, the 
design equations for the feedforward multipliers are given 
in Table IV. 

of a digital-filter structure with respect to variations in 
multiplier constant m, is defined as 

SWZ) = Xl, (‘4 afw mi -= m, D,,(Z) H(Z) ‘mi . (12) 

If 

the function 

ff( (y-) = M(a) &e(w) 

can be formed where k is the number of multipliers in the 
structure and 

If the poles of the structure are close to the unit circle 
]z] = 1, and m, is a noninteger denominator multiplier 
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TABLE V 
NUMERATOR AND DENOMINATOR POLYNOMIALS OF SENSITIVITIES 

Case N,+z) Nm2(z) D (2) 
"1 

I ml(z-D) -m2 D(Z) 

II ml(z-B) -m2Bz D(Z) 

constant, then for w close to the pole frequency w0 (see (1)) 

and hence 

In addition, if mj is a numerator multiplier constant then 

and, therefore, for w = w0 (13)-(15) yield 

s= ~l~sywTq= +y 06) 

where k, is the number of denominator noninteger multi- 
plier constants. This quantity can serve as a sensitivity 
measure which can be used for the comparison of different 
high-selectivity structures. 

As was demonstrated in Section II, several structures are 
possible in which ESS can efficiently be applied. Further- 
more, for each permissible range of (pi at least two distinct 
structures are possible, as can be seen in Tables I and II. It 
would thus be a useful exercise to identify an optimal 
subset of these structures. 

The value of S at a specific frequency and its average 
value over the baseband are strongly related to the maxi- 
mum value of S, denoted by 3, which occurs at o = wO. It 
is thus possible to identify the optimal structures in Tables 
I and II by using 9 as a sensitivity measure. 

For L- 1.5 G cxl -C - 0.5, the structures to be compared are 
I-5, I-C, and 11-2. Assuming that a2 is close to unity, (12) 
and (16), and Table V yield the maximum sensitivities of 
these structures as 

$1.5 = 
N I-5 

jD(ejwoT)) 

$6 = N I-6 

jD(ejwoT)l 

s - 
N II-2 

11-2 - ,D(@%T), 

where 
NIe5 = 1 - a2 + II+ (~~1 

N,, = ((Yl + a,(+ 11 + &m 

Nu2 = ,a1 + a,l+ (1- a,),/-. 

For -1.5<a,<-1 and a,<1 

N,e5 = -(a, + a2) 

L.020 1.060 1.108 1.140 I.180 
FREOUENCY(rad,t) xl.BE+BB 

Fig. 5. Sensitivity versus frequency:- Structure I-6, -- - - - Structure 
I-5, - - . - Structure 11-2. 

N II-2 = -(CX1+CY2)+(1-~2)@zG&-) 

and hence 

31-5 < min { sI-6, 911~ } . 

For -l<cw,< --cx~, 

NI.5 = 2- a2 + a1 (17) 

N,-,=-(cr,+cu,)+(l+cy,)/~ (18) 

N II-2 = -(OLI+(Y2)+(l-(YZ)/@G&J. (19) 

Evidently, 

NI-6 < NII-2 

and, in addition 

NI-6 < NI-5 

as can be shown by adding ((pi + (Ye) to each of (17) and 
(18), and then dividing each by (1 + (Ye). As a consequence 

$1-6 < tin { &.5? &I-z } . 

Similarly, for - (Ye < (Ye < -0.5 

N,.,=2-a2+a1 

N,~,=(cx,+cY~)+(~-cY~){~--~COSWO) 

N -(“1+~2)+(1-012)~@z&J- II-2 - 

and as above we can show that 

311-2 < min { $1.5) 41.6 } . (20) 

In effect, the choice of structure tends to depend heavily 
on the relative values of coefficients (pi and (Ye. For exam- 
ple, if CY~ = -0.9 and a2 = 0.995, I-5, I-6, and II-2 are 
possible structures, and according to (20) the optimal one 
is 11-2. This result is confirmed by the sensitivity plots in 
Fig. 5. 
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Fig. 6. Application of ESS. 

TABLE VI 
OPTIMUM STRUCTURES 

L 1 
Range of al Structure Condltion for Optimality 

-2<q<-1.5 II-1 -2<q<-1.5 

I-5 -1.5q<-1.0 

-1.5<q<-0.5 I-6 -l.Ocq<-az 

II-2 -a*<q'-0.5 

-0.5<q<0.5 I-7 -0.5ca1<0.5 

I I-10 1.0<a1<1.5 
I 

0.5<a1<1.5 I-11 a*< al<1 .o 

II-5 0.5<al<a* 

1.5<alc2 II-6 1.5<a1<2 

The above approach has been applied for the remaining 
ranges of cy,. The optimum structures identified are sum- 
marized in Table VI. 

It should be mentioned that the sensitivity analysis of 
this section, like that reported in [9], is more appropriate 
for digital-filter structures implemented in terms of float- 
ing-point arithmetic or in terms of fixed-point arithmetic 
but with the coefficients stored in normalized floating-point 
form. Nevertheless, the experimental results presented in 
Section VI show that the conclusions reached also hold in 
the case where standard fixed-point arithmetic is used in 
conjunction with signal scaling. 

V. APPLICATION OF ESS 

ESS can be applied in the structures of Figs. 2 to 3 by 
including a quantizer Q and an appropriate substructure at 
the output of the input adder, as illustrated in Fig. 6. In 
this way, the power-spectral density of the output noise can 
properly be shaped. In effect, error feedback is applied, 
which can be adjusted to force zeros in the power-spectral 
density of the output noise and by choosing coefficients b, 
and b, using the formulas in [8], the output noise can be 
reduced or minimized. 

The application of ESS requires double-precision arith- 
metic for the input adder as well as for multipliers ml and 
m 2. However, single-precision arithmetic is entirely satis- 
factory for ESS multipliers b, and b,. It should be men- 

TABLE VII 
FILTER SPECIFICATIONS 

Elliptic Chebyshev Elliptic Butterworth 
Parameter Lowpass Highpass Bandpass Bandstop 

Filter Ftlter Filter Filter 

Ap.dB 1.0 0.6 0.5 2.0 

A,.dB 72.9 48.6 66.2 33.9 

“PI> rad/s 250.0 4000.0 1180.0 2300.0 

“b2, radls - 1220.0 2700.0 

wal, t-ad/s 400.0 3300.0 1050.0 2450.0 

wa2, radls - 1350.0 2550.0 

I WC. 10,000.0 
I - 

radls 1 -I 
I I 

tioned that the precision of coefficients b, and b, can be 
reduced and sometimes b, and b, can even be chosen to be 
powers of two so as to replace the corresponding multipli- 
cations by data shifts. This reduces the complexity of the 
structure but our ability to reduce or minimize output 
noise is diminished. 

VI. COMPARISON 

For the sake of comparison, the cascade approach was 
used to design four 6th-order filters which included an 
elliptic low pass, a Chebyshev high pass, an elliptic band- 
pass, and a Butterworth bandstop filter. The specifications 
of the various filters are given in Table VII where 

A, Passband ripple, dB 
Aa Minimum stopband attenuation, dB 
@ply up2 Passband edges, rad/s 
@ aLi2 01, Stopband edges, rad/s 
us sampling frequency, rad/s. 

Designs were obtained with the proposed structures [l], 
with the direct canonic structure, and with the section-opti- 
mal structure described in [15]. Signal scaling, based on the 
L, norm, was applied in all designs, and the section 
ordering was chosen to minimize the output noise in each 
case. The implementation was assumed to be in terms of 
fixed-point arithmetic, and quantization of coefficients and 
products was assumed to be by rounding. The various 
designs were compared on the basis of actual amplitude 
responses with the coefficients quantized, and on the basis 
of computed output-noise spectra. 

The results of the sensitivity analysis are depicted in Fig. 
7(a)-(d). As can be seen, for the lowpass filter the section- 
optimal structure leads to better results than the proposed 
structure; for the high-pass and bandpass filters, the best 
results are achieved by using proposed structures II-6 and 
I-5, respectively; and for the bandstop filter the best results 
are achieved by using either proposed structure I-7 or the 
canonic structure. The most sensitive structure is the 
canonic structure for the low-pass and high-pass filters, 
and the section-optimal structure for the bandpass and 
bandstop filters. 

The roundoff-noise analysis involved the computation of 
the relative power spectral density (RPSD) [l] in the vari- 
ous filter designs. In designs based on the proposed struc- 



DINI’Z AND ANTONIOU: LOW-SENSITIVITY DIGITAL FILTER STRUCTURES 

.a25 I .2*-a 1.875 2.500 
FREOUENCY(rsd/s) x,.BE+BB 

(4 

m 
x 
: 

‘p 3.950 4.813 4.475 4.738 5.000 
FREQUENCY(rad/r) xl .lx+03 

(b) 
4 

1 

I. 185 l.PBE 1.2,s 1.238 
FREO”ENCY<rad/.> x,.BE+03 

I.250 2.500 3.758 s.aEm 
FREOUENCY(rsd/s) x 1. BE+03 

(4 
Fig. 7. Amplitude responses. (a) Low-pass filter, 8 bits. (b) High-pass 

filter, 5 bits. (c) Bandpass filter, 7 bits. (d) Bandstop. filter, 5 bits. 
- Ideal amplitude response, - - - - - Section-optimal structure, 
-.-.- Direct-car-ionic structure, - - - - - - New structure (II-1 for 
lowpass filter, II-6 for high-pass filter, I-5 for bandpass filter, I-7 for 
bandstop filter). 

(4 

tures, ESS has been applied using the formulas in [8]. The 
quantization of products was carried out after the adders 
for all sections in the cascade except for the numerator 
multipliers of the output section where the quantization 
was carried out before the adder. ESS has not been applied 
in the corresponding designs based on the section-optimal 
structure since the number of multiplications would then 
become excessive. It should be mentioned that the pro- 
posed structures with ESS incorporated require between 
five and seven multipliers per section whereas the section- 
optimal structure without ESS requires nine multipliers per 
section. 

The results of the roundoff-noise analysis are depicted in 
Fig. 8(a)-(d). As can be seen, for the low-pass, high-pass, 
and bandpass filters, the proposed structures with ESS 
incorporated lead to superior results, in particular, if sec- 

ond-order ESS is applied. For the bandstop filter, on the 
other hand, the passband average of the RPSD is lower in 
the section-optimal structure whereas the passband maxi- 
mum of the RPSD is lower in the proposed structure. It 
should be mentioned that a similar reduction in output 
roundoff noise can be achieved by applying ESS to direct 
canonic structures. However, as was pointed out earlier, 
these structures are almost always more sensitive relative to 
the proposed structures. 

VII. CONCLUSIONS 

A systematic and exhaustive procedure has been de- 
scribed for the generation of economical low-sensitivity 
digital-filter structures which are amenable to the applica- 
tion of ESS. The procedure has then been used to generate 
the structures of Tables I and II. 
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.625 I.258 I.875 2.588 
FREOUENCY ( a- ad/s ) Xl.BE+EJ 

(4 

I. 163 1.225 1.288 1.358 
FREO”ENCYtrad/s, x ,.0E+83 

(4 

1.250 2.500 3.758 5.008 
FREOUENCY(rad/.) x 1. BE+BO 

(b) 

1 

1.250 2.588 3.756 5.000 
FREOUENCY(rad/s) xl.BE+EJ 

(4 

Fig. 8. Output-noise spectra. (a) Low-pass filter. (b) High-pass filter. (c) 
Bandpass filter. (d) Bandstop filter: ----- Section-optimal structure, 
-.-.- New structure with lst-order ESS, ~ New structure 
with 2nd-order ESS (II-1 for low-pass filter, II-6 for high-pass filter, I-5 
for bandpass filter, I-7 for bandstop filter). 

In all, 21 structures were obtained and except for struc- 
tures I-l, I-2, and II-l, which were reported in [9], [lo], 
they are thought to be new. For each range of (pi, at least 
two distinct structures are possible but, through the sensi- 
tivity analysis of Section IV, the optimum structure for the 
transfer function under consideration can easily be chosen, 
as shown in Table VI. 

A sensitivity comparison has shown that the proposed 
structures are usually superior relative to corresponding 
direct canonic structures and also relative to the section- 
optimal structure. 

Further, despite the additional multipliers needed for ESS, 
these structures require fewer multipliers per second-order 
section. 
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