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Abstract—In this work, we propose a new frequency-domain adaptive
filtering algorithm within the set-membership filtering (SMF) paradigm.
Algorithms employing the previously proposed frequency-domain SMF
(FD-SMF) concept are not capable of performing linear convolutions
(i.e., linear filtering operations), but only circular convolutions. Here,
we overcome such limitation by generalizing the FD-SMF concept to
allow for linear convolutions, and we propose a new algorithm following
this extended FD-SMF concept. Synthetic and real-life simulation results
confirm that the proposed algorithm can perform quite better than its
non-SMF counterpart, achieving faster convergence and requiring much
fewer computations.

Index Terms—adaptive filtering, data-selection, set-membership filter-
ing, frequency-domain

I. INTRODUCTION

Frequency-domain (FD) adaptive filters exhibit lower computa-
tional complexity and faster convergence, as compared to time-
domain (TD) adaptive filters, especially when long-length filters
are required [1]–[4]. Essentially, these FD filters take advantage
of the fast Fourier transform (FFT) algorithm in order to replace
a convolution in TD with a point-wise product in FD [5]. The
major drawback of FD operation is the latency introduced due to the
block processing of data [2]. There are several FD adaptive filtering
algorithms, like the ones described in [1], [6], [7], which belong to
a category known as point estimation theory [8].

The performance of FD algorithms can be further improved by
employing the set estimation theory, which allows one to incorporate
prior information about the involved uncertainties and/or noise [9]–
[11]. The only approach combining FD adaptive filters and set estima-
tion theory was proposed in 2007, when the set-membership filtering
(SMF) concept was extended to the FD generating the frequency-
domain SMF (FD-SMF) concept [12]. Despite the originality and
excellent results shown in [12], the FD-SMF did not receive as much
attention as the standard SMF possibly because the FD-SMF cannot
perform general filtering operations, but only circular convolutions.

In this paper, there are two main contributions: (i) the gener-
alization of the FD-SMF concept to allow for linear convolutions
and (ii) the proposal of an algorithm according to this generalized
FD-SMF concept. The proposed algorithm, called set-membership
constrained FD (SM-CFD), features a data-selection mechanism that
requires coefficients update only when the residual error is larger
than a prescribed threshold. This threshold can be chosen based on
the noise variance, like in the standard SMF [13]–[15].

This paper is organized as follows. Section II describes the FD-
SMF concept proposed in [12]. In Section III, this concept is
generalized to tackle problems requiring linear convolutions, the SM-
CFD algorithm is proposed, and the choice of its main parameters
and computational complexity are addressed. Section IV contains the
simulations and the conclusions are drawn in Section V.

Notation: The complex field is represented by C. Scalars are
denoted by lowercase letters. Boldface lowercase (uppercase) letters
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Figure 1. Block-diagram of a general frequency-domain filtering.

represent vectors (matrices). IM and 0M stand for the M×M identity
and zero matrices, respectively. Operators ◦ and ÷ denote element-
wise multiplication and division of two vectors, respectively. diag(x)
is a diagonal matrix with vector x on its main diagonal. We represent
the discrete Fourier transform (DFT) matrix as F ∈ CM×M , in which
the element on the mth row and nth column is given by

[F]m,n ,
1√
M

e−
2π
M
mn, for m,n = 0, . . . ,M − 1, (1)

where  is the imaginary unit so that 2 = −1 and e is the Euler’s
number. The inverse DFT (IDFT) is represented by FH , where the
superscript H denotes Hermitian transposition.

II. FREQUENCY-DOMAIN SET-MEMBERSHIP FILTERING

In this section, we present the frequency-domain set-membership
filtering (FD-SMF) proposed in [12]. This concept uses block-based
processing and applies to adaptive filtering problems that are linear-
in-parameters and involve circular convolutions.

Figure 1 depicts a general FD filtering. In this figure, we have
the following TD vectors: x,d,y, e ∈ CM , which represent the
input vector, the desired vector, the output vector, and the error
vector, respectively. The FD vectors corresponding to x,d,y, e are
x̄, d̄, ȳ, ē ∈ CM , respectively. Thus, (̄·) denotes the FD representa-
tion of the TD vector (·). In addition, the adaptive filter coefficients
are represented by vector w̄ ∈ CM .

As shown in Figure 1, the input vector x is first mapped to x̄ , Fx
through an M -point DFT, which is then filtered by w̄ yielding the
output ȳ , w̄ ◦ x̄. Next, this output is transformed back to the TD
leading to y , FH ȳ. Then, the error vector e , d−y is computed,
transformed to the FD generating ē , Fe = Fd−Fy = d̄− ȳ, and
fed back to the adaptive filter.

Denoting by S the set comprised of all possible pairs (x,d) and
representing its FD version by S̄, i.e., S̄ is the set containing all
possible pairs (x̄, d̄), the FD-SMF criterion aims at finding w̄ such
that ‖e‖2 ≤ γ2, for all (x,d) ∈ S, where γ ∈ R+ is an upper
bound representing the amount of error that is acceptable. Since F is
a unitary matrix so that ‖ē‖2 = ‖Fe‖2 = eHFHFe = eHe = ‖e‖2,
we can restate the FD-SMF criterion as finding w̄ satisfying:

‖ē‖2 ≤ γ2, for all (x̄, d̄) ∈ S̄. (2)

Similarly to the feasibility set of the SMF concept [1], [13], we
can define its FD counterpart as

Θ̄ ,
⋂

(x̄,d̄)∈S̄

{
w̄ ∈ CM : ‖d̄− w̄ ◦ x̄‖2 ≤ γ2

}
, (3)

where Θ̄ is denominated as the frequency-domain feasibility set.
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In order to iteratively estimate Θ̄ or a point in it, we define the
frequency-domain constraint set as

H̄(k) ,
{

w̄ ∈ CM : ‖d̄(k)− w̄ ◦ x̄(k)‖2 ≤ γ2
}
. (4)

Hence, H̄(k) represents the set of adaptive filter coefficients w̄
whose squared norm of the error is upper bounded by a constant γ2

considering the kth data pair (x̄(k), d̄(k)). Clearly, we can estimate
Θ̄ by means of the frequency-domain exact membership set, which

is defined as Ψ̄k
0 ,

k⋂
k1=0

H̄(k1), since lim
k−→∞

Ψ̄k
0 = Θ̄.

A. Adaptive FD-SMF Algorithms

The definition of H̄(k) in (4) hinders our attempt to decouple the
coefficients of w̄ and x̄(k) due to the existence of a single parameter
γ for all frequency bins, i.e., we have a single scalar threshold.

Such an issue can be circumvented by replacing the scalar
threshold γ with a vector threshold γ̄ ∈ RM+ defined as γ̄ ,[
γ0 γ1 . . . γM−1

]T , where the upper bound associated with the
mth frequency bin is γm ∈ R+, for m = 0, 1, . . . ,M −1. Then, we
can define the modified constraint set as

H̄mod(k) ,
M−1⋂
m=0

H̄m(k), (5)

where

H̄m(k) ,
{

w̄ ∈ CM : |d̄m(k)− w̄mx̄m(k)|2 ≤ γ2
m

}
. (6)

That is, H̄m(k) is comprised of the coefficients w̄ that lead to an error
in the mth frequency bin ēm(k) such that |ēm(k)|2 ≤ γ2

m, consider-
ing the kth data pair/block. In addition, H̄mod(k) is the intersection
of H̄m(k) for all frequency bins, i.e., for m = 0, 1, . . . ,M − 1.

The entries of γ̄ are specified by the user, but they must satisfy the
constraint: γ̄T γ̄ = γ2. By doing so, we guarantee H̄mod(k) ⊂ H̄(k),
meaning that if we find w̄ ∈ H̄mod(k), then we have w̄ ∈ H̄(k),
but the converse is not true in general (except when γ = 0).

B. FD-SM-NLMS Algorithm

Here we present the frequency-domain counterpart of the SM-
NLMS algorithm, namely FD-SM-NLMS algorithm [12]. The goal is
to find the new coefficient vector w̄(k+ 1) that solves the following
optimization problem

minimize ‖w̄(k + 1)− w̄(k)‖2

subject to w̄(k + 1) ∈ H̄mod(k). (7)

From the definition of H̄mod(k) in (5), and observing that the
property that defines the set H̄m1(k) is independent of the property
that defines H̄m2(k) for m1 6= m2, we can decouple and solve
such an optimization problem in the following way. If a component
of w̄(k), say w̄m(k), already belongs to H̄m(k), then no update is
performed and w̄m(k+ 1) = w̄m(k). Otherwise, w̄m(k+ 1) should
be generated as the projection of w̄m(k) onto H̄m(k). Thus, the
FD-SM-NLMS is characterized by the following recursion:

w̄(k + 1) = w̄(k) + µ̄(k) ◦ ē(k)÷ x̄(k), (8)

where µ̄(k) = [µ̄0(k) µ̄1(k) . . . µ̄M−1(k)]T ∈ RM+ is the vector
containing the step-sizes corresponding to each frequency bin, which
are defined as

µ̄m(k) ,

{
1− γm

|ēm(k)| if |ēm(k)|2 > γ2
m,

0 otherwise.
(9)

Observe that if w̄m(k) /∈ H̄m(k), then the squared error in the mth
frequency bin after the update of the coefficient vector (a posteriori
error) is given by

|d̄m(k)− w̄m(k + 1)x̄m(k)|2

=

∣∣∣∣d̄m(k)−
[
w̄m(k) + µ̄m(k)

ēm(k)

x̄m(k)

]
x̄m(k)

∣∣∣∣2
=
∣∣d̄m(k)− w̄m(k)x̄m(k)− µ̄m(k)ēm(k)

∣∣2
= |ēm(k)− µ̄m(k)ēm(k)|2

=

∣∣∣∣ēm(k)−
(

1− γm
|ēm(k)|

)
ēm(k)

∣∣∣∣2 = γ2
m, (10)

i.e., w̄m(k + 1) ∈ H̄m(k).
It is worth mentioning that the recursion in (8) is very sensitive

to x̄(k), especially when one of its entries approaches 0. There are
many ways of mitigating this issue. The standard way is to add a
regularization 1 � δ ∈ R+ and vector u , [1 . . . 1]T ∈ RM so
that the FD-SM-NLMS recursion used in practice is given by

w̄(k + 1) = w̄(k) + µ̄(k) ◦ ē(k)÷ (x̄(k) + δu) . (11)

III. SET-MEMBERSHIP CONSTRAINED FREQUENCY-DOMAIN

ALGORITHM

The FD-SMF concept presented in Section II uses frequency-
domain processing so that it requires M -point DFT/IDFT modules,
whereas the computation of the adaptive filter output requires only
a multiplication between two scalar variables per frequency bin,
totaling M scalar multiplications. At a given block k, the output
signal is ȳ(k) = w̄(k) ◦ x̄(k), i.e., the element-wise multiplication
of two DFT representations given by x̄(k) and w̄(k). From the digital
signal processing (DSP) literature, we know that the multiplication
of two length-M DFT representations associated with two length-
M signals corresponds to the circular convolution between such
signals in time domain [5]. Thus, the FD-SMF concept is suitable
for applications involving circular convolutions, i.e., it assumes that
the desired vector d(k) originates from a circular convolution.

For applications involving linear convolutions, such as echo can-
cellation and system identification, we need to adapt the FD-SMF
concept. Indeed, in order to emulate a linear convolution using a
circular convolution, we can employ one of the following approaches:
overlap-and-add or overlap-and-save [5]. Such approaches have
already been used in the adaptive filtering literature [6].

Here, we use the overlap-and-save approach and the constrained
frequency-domain (CFD) framework [1] as the basis for the proposed
algorithm. In addition, we incorporate a data-selection scheme fol-
lowing the same reasoning used when the FD-SM-NLMS algorithm
was introduced. This combination leads to the proposed algorithm,
called set-membership constrained frequency-domain (SM-CFD).

The following subsections introduce the SM-CFD algorithm and
the extended FD-SMF concept that allows for linear convolutions.

A. The SM-CFD Algorithm

The proposed algorithm follows the configuration depicted in
Figure 2. In this figure, matrices D and P are defined as

D , [IM 0M ] , P ,

[
IM
0M

]
, (12)

i.e., P performs zero-padding, whereas D discards the last M
components of a vector.

First, we construct an augmented vector xaug(k) defined as

xaug(k) ,

[
IM

z−1IM

]
x(k) =

[
x(k)

x(k − 1)

]
∈ C2M , (13)
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Figure 2. Block diagram of the SM-CFD algorithm.

i.e., xaug(k) is the concatenation of the current block x(k) with the
previous block x(k − 1). Then, a (2M)-point DFT is applied to
xaug(k) yielding x̄(k) = F2Mxaug(k) ∈ C2M .1 Next, the adaptive
filter w̄c(k) ∈ C2M is applied to x̄(k) generating as output ȳ(k) =
w̄c(k) ◦ x̄(k) ∈ C2M . This output is transformed back to the time
domain, but only half of its entries actually correspond to the result of
a linear convolution. Therefore, we generate the augmented output
signal yaug(k) ∈ C2M by applying a (2M)-point IDFT to ȳ(k),
and then by applying the matrix D to discard the undesired entries
generating y(k) ∈ CM as

y(k) , Dyaug(k) = DFH2M ȳ(k). (14)

Then, the error signal is computed as e(k) , d(k) − y(k) ∈ CM .
Since we are interested in updating the coefficients w̄c,m(k) for m =
0, 1, . . . , 2M − 1, i.e., for each frequency bin, then we must take a
(2M)-point DFT of the error signal e(k), leading to ē(k) ∈ C2M

defined as

ē(k) , F2M eaug(k) = F2MPe(k). (15)

This ē(k) is fed back to the adaptive filter and used in its update
process.

In the SM-CFD algorithm, we have w̄c(k) ∈ C2M , which is
a vector containing the adaptive filter coefficients in the frequency
domain, and an auxiliary vector w̄(k) ∈ C2M , which is the vector
that we actually update. The update rule of w̄(k) is given by

w̄(k + 1) = w̄(k) + Λ(k)Σ−2(k)diag (ē(k)) x̄∗(k), (16)

where Λ(k),Σ−2(k),diag (ē(k)) ∈ C2M×2M are diagonal matri-
ces. Λ(k) is a matrix containing the step-sizes corresponding to each
frequency bin, i.e.,

Λ(k) , diag (µ̄(k)) , (17)

with µ̄(k) = [µ̄0(k) µ̄1(k) · · · µ̄2M−1(k)]T , where

µ̄m(k) =

η
(

1− γ̄m
|ēm(k)|

)
if |ēm(k)| > γ̄m,

0 otherwise,
(18)

in which η is a relaxation factor that should be chosen in the range
η ∈ (0, 1]. If η = 1, then the constraint is not relaxed implying that
the a posteriori error related to a given bin will be reduced to γ̄m. As
η is reduced, convergence becomes slower, but better behaved. The
matrix Σ2(k) is defined as

Σ2(k) , diag
(
σ2(k)

)
, (19)

where σ2(k) =
[
δ + σ2

0(k) · · · δ + σ2
2M−1(k)

]T , and σ2
m(k) =

(1 − α)σ2
m(k − 1) + α|x̄m(k)|2, for m = 0, 1, . . . , 2M − 1. Note

that δ is a regularization factor used to avoid ill-conditioning of the
matrix Σ−2(k) and (1 − α) can be seen as a forgetting factor for
the variance σ2

m(k) of x̄m(k).

1The subscript of a matrix indicates its size. For example, F2M represents
the (2M)× (2M) DFT matrix.

Table I
SM-CFD ALGORITHM.

Initialization
Choose M (usually as a power-of-two number), δ as a small positive

real number, α ∈ (0, 1], and η ∈ (0, 1]
Compute K (number of blocks of length M to be processed)
x(0) = 0
σ2
m(0) = 0, for m = 0, 1, · · · , 2M − 1

For k = 1 to K (i.e., for each block of length M ) do
x̄(k) = F2M xaug(k)

= F2M

[
IM

z−1IM

]
x(k) = F2M

[
x(k)

x(k − 1)

]
y(k) = DFH2M ȳ(k)

= DFH2M


w̄c,0(k)x̄0(k)
w̄c,1(k)x̄1(k)

...
w̄c,2M−1(k)x̄2M−1(k)


e(k) = d(k)− y(k)
ē(k) = F2M eaug(k) = F2MPe(k)
For m = 0 to (2M − 1) (i.e., for each frequency bin) do

µ̄m(k) =

η
(

1−
γ̄m

|ēm(k)|

)
if |ēm(k)| > γ̄m,

0 otherwise.
σ2
m(k) = (1− α)σ2

m(k − 1) + α|x̄m(k)|2

µ̄(k) = [µ̄0(k) µ̄1(k) · · · µ̄2M−1(k)]T

Λ(k) = diag (µ̄(k))

σ2(k) =
[
δ + σ2

0(k) · · · δ + σ2
2M−1(k)

]T
Σ2(k) = diag

(
σ2(k)

)
w̄(k + 1) = w̄(k) + Λ(k)Σ−2(k)diag (ē(k)) x̄∗(k)
w̄c(k + 1) = FH2MPDF2M w̄(k + 1)

Using (17) and (19), one can rewrite (16) as

w̄(k + 1) = w̄(k) + µ̄(k) ◦ ē(k) ◦
(
x̄∗(k)÷ σ2(k)

)
(20)

≈ w̄(k) + µ̄(k) ◦ ē(k)÷ x̄(k). (21)

It is straightforward to obtain (20) from (16). In addition, by setting
δ = 0 and α = 1, i.e., by eliminating two parameters that are
introduced to increase the robustness of the SM-CFD algorithm
against small entries of x̄(k), we obtain (21). Observe that (21) is
essentially the same recursion given in (8), however, the inner struc-
tures of the involved vectors are different. Therefore, a connection
between the proposed algorithm and the FD-SM-NLMS algorithm
was established.

Finally, since we are interested in performing linear convolutions
using DFTs of size 2M , we should constrain the adaptive filter
generating w̄c(k + 1) as follows (see Section 12.7 of [1]):

w̄c(k + 1) = FH2MPDF2Mw̄(k + 1). (22)

The equation above states that w̄c considers only the first half of the
coefficients of the time-domain representation of w̄, which agrees
with our goal to use it for linear convolutions [5]. That is, in a system
identification problem, the frequency response of the unknown system
would be approximated by w̄c (and not w̄). The SM-CFD algorithm
proposed in Subsection III-A is summarized in Table I.

B. Extending the FD-SMF Concept for Linear Convolutions

In the previous subsection, we established a connection between
the proposed SM-CFD algorithm and the FD-SM-NLMS algorithm,
refer to equation (21). Also, we observed that the main differences
between these two algorithms are in the way that the vectors are
created and the fact that the SM-CFD uses a constrained coefficient
vector w̄c(k). In this subsection, we extend the FD-SMF concept
presented in Section II for applications involving linear convolutions.
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In the SM-CFD algorithm, the error signal is given by

ē(k) = F2M eaug(k) = F2MP(d(k)− y(k))

= F2MP(d(k)−DFH2M ȳ(k))

= F2MPd(k)− F2MPDFH2M ȳ(k)

= d̄(k)− F2MPDFH2M (w̄c(k) ◦ x̄(k)). (23)

For the convenience, we can define the vector ȳw̄c,x̄
∈ C2M as

ȳw̄c,x̄
(k) , F2MPDFH2M (w̄c(k) ◦ x̄(k)). (24)

Therefore, the counterparts of Θ̄, H̄(k), Ψ̄k
0 , H̄m(k), and H̄mod(k)

for linear convolutions are given as follows:

Θ̄(l) ,
⋂

(x̄,d̄)∈S̄

{
w̄c : ‖d̄− ȳw̄c,x̄

‖2 ≤ γ2} , (25)

H̄(l)(k) ,
{
w̄c : ‖d̄(k)− ȳw̄c,x̄

(k)‖2 ≤ γ2} , (26)

Ψ̄
(l),k
0 ,

k⋂
k1=0

H̄(l)(k1), (27)

H̄(l)
m (k) ,

{
w̄c : |d̄m(k)− [ȳw̄c,x̄

(k)]m|2 ≤ γ̄2
m

}
, (28)

H̄(l)
mod(k) ,

2M−1⋂
m=0

H̄(l)
m (k), (29)

where the superscript (l) stands for linear convolution, the weight
vector w̄c ∈ C2M , and the frequency-domain thresholds must satisfy

the relation γ2 =
2M−1∑
m=0

γ̄2
m in order to obtain H̄(l)

mod(k) ⊂ H̄(l)(k),

as in the standard FD-SMF concept. In addition to satisfying this
relation, the thresholds γ̄2

m can be selected taking into consideration
the frequency content of the involved signals/systems so as to
accelerate convergence in parts of the spectrum having higher signal-
to-noise ratio (SNR), for example. In this work, however, we do not
optimize the values of γ̄2

m according to the frequency content of the
signals. Instead, we consider an even distribution of γ2 among all
frequency bins, i.e., we use

γ̄2
m =

γ2

2M
, ∀m. (30)

C. Selecting the threshold γ

Both SMF and FD-SMF depend on a threshold parameter denoted
by γ. However, when using FD algorithms one cannot set γ as it is
usually done in TD algorithms, i.e., the standard choice γ =

√
τσ2

n,
where τ ∈ [0, 5] and σ2

n is the variance of the additive noise [13],
[15], does not make sense for FD algorithms mainly because they
use block processing. Clearly, γ must depend on the block size.

Suppose we want to adjust a single parameter τ so that the
threshold for each frequency bin is given by

γm =
√
τσ2

n, ∀m. (31)

Then, by (30) we obtain

γ =
√

2M × (τσ2
n), (32)

and now the threshold depends on M , just as expected. In the
simulations presented in Section IV, we assume that γ and γm are
given by (32) and (31), respectively, and thus we only need to set τ .

D. Computational complexity

The complexity of the SM-CFD and CFD algorithms are very
similar. Both require 3 FFTs and 2 IFFTs of length 2M , which
are O(2M log 2M) each. These operations are the most complex
ones, since the remaining operations involve products between two

scalars (since all matrices in (16) are diagonal), which are O(1)
per bin update, or just adding/removing zeros from a vector. From
the computational point of view, the difference between these two
algorithms lies on the fact that the SM-CFD algorithm does not
perform a bin update at every block, i.e., when µ̄m(k) = 0 the
mth bin is not updated and, therefore, the subsequent operations to
compute w̄m(k+1) are not performed. To compute (16), for example,
the CFD algorithm requires 6M multiplications (3 for each frequency
bin), whereas the SM-CFD will require much fewer multiplications.
For the scenario in Subsection IV-B, where M = 4096, the CFD
performed 24, 576 multiplications per block/iteration, whereas the
SM-CFD algorithm required only 8, 577 in its worst case (34.9% of
bin updates). This is a huge computational save, especially if you
consider that there were about 105 blocks in that experiment.

IV. SIMULATION

In this section, we apply the CFD and the proposed SM-CFD
algorithms to some synthetic and real-life system identification
problems, considering two different types of input signals. The first
input signal is a first-order autoregressive (AR(1)) process generated
by x(k) = 0.95x(k − 1) + m(k), whereas the other input is a
fourth-order autoregressive (AR(4)) process described by x(k) =
0.75x(k−1) + 0.19x(k−2) + 0.09x(k−3)−0.5x(k−4) +m(k),
where m(k) is a zero-mean white Gaussian noise (WGN) with unit
variance. For all scenarios, the additive noise is a zero-mean WGN
with variance σ2

n = 0.01, and the parameters δ, α, and η are set as
10−12, 0.9, and 0.5, respectively. To have both algorithms converging
to a similar steady-state MSE level, we set the step-size of the CFD
algorithm as µ=0.3, and for the SM-CFD algorithm we set τ=0.75
(see equations (31) and (32)). The coefficients of both algorithms are
initialized with w̄(0) = w̄c(0) = 0 (null vector). The MSE learning
curves are generated by averaging the outcomes of 104 independent
trials using a box filter of length 50 to further smooth them.

A. Synthetic scenario

In this scenario, the unknown system to be identified is a complex-
valued finite impulse response (FIR) filter of length M = 16
and, therefore, the length of the adaptive filter is 2M = 32. The
coefficients of the unknown system are drawn from a complex zero-
mean WGN with unit variance.

Figure 3 depicts the MSE learning curves of the SM-CFD algo-
rithm considering different values of η and τ , for the AR(1) input.
As expected, η acts like an ordinary step-size: convergence becomes
faster as η increases, but steady-state MSE and numerical behavior
at the early iterations (overshoot) become slightly worse, as observed
in Figure 3(a). For η = 0.2, 0.5, and 0.8 the percentage of bin
updates required by the SM-CFD algorithm per block (in average)
were 56.6%, 39.7%, and 37.1%, respectively. On the other hand,
parameter τ given in Subsection III-C affects mainly the steady-state
MSE level and the percentage of bin updates. The steady-state MSE
level did not change significantly for τ ∈ (0, 2), but it started to
increase significantly for τ > 3, meaning that the algorithm is quite
robust to errors in the estimation of σ2

n. Also expected, the percentage
of bin updates required by the SM-CFD algorithm per block (in
average) reduces as τ grows. Indeed, for τ = 0.1, 0.75, and 3.0,
these percentages were 86.6%, 38.9%, and 18.4%, respectively.

Figure 4 depicts the MSE learning curves of the CFD and SM-
CFD algorithms for the two types of input signals, AR(1) and AR(4),
defined in the beginning of Section IV. As previously explained, the
parameters of these two algorithms were adjusted so that they could
achieve similar steady-state MSE levels. This way, we could focus
on the convergence speed of these two algorithms. In this synthetic
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Figure 3. MSE learning curves of the SM-CFD algorithm for the synthetic
scenario considering different values of: (a) η (τ=0.75); (b) τ (η=0.5).
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Figure 4. MSE learning curves of the CFD and SM-CFD algorithms
considering the synthetic scenario and the input signals: (a) AR(1); (b) AR(4).
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Figure 5. MSE learning curves of the CFD and SM-CFD algorithms
considering the real-data scenarios and the input signals: (a) AR(1); (b) AR(4).

scenario, the SM-CFD algorithm not only converged faster than the
CFD, but also required much fewer updates and, therefore, fewer
computations. Indeed, for the AR(1) and AR(4) input signals, the SM-
CFD algorithm performed only 39.5% and 40% of the total number
of bin updates required by the CFD algorithm, respectively.

B. Real-data scenarios

Here, we utilize the CFD and the SM-CFD algorithms to estimate
the impulse response of two real wireless channels operating between
240 GHz and 300 GHz for the transmitter-receiver distance (TRD) of
20 cm and 80 cm [16]. The length of the channel responses is M =
4096, meaning that the adaptive filter has 8192 weights/coefficients.

Figure 5 depicts the MSE learning curves of the CFD and SM-
CFD algorithms for both the AR(1) and AR(4) input signals. The
parameters which enabled both algorithms to converge to a similar
steady-state MSE level are defined in the beginning of Section IV.
In this real-life scenario, since the number of coefficients is much
larger than it was in Subsection IV-A, the advantages of the SM-
CFD are also more evident. Indeed, the SM-CFD algorithm converged
significantly faster than the CFD algorithm while also performing
much fewer updates, thus saving computations. Indeed, for the AR(1)
input, the SM-CFD algorithm performed only 34.9% and 26.3% (for
TRD equal to 20 and 80, respectively) of the total number of bin
updates required by the CFD algorithm, whereas for the AR(4) input,
these numbers change to 29.3% and 26.1%, respectively.

V. CONCLUSION

In this paper, we proposed a data-selective algorithm called the
set-membership constrained frequency-domain (SM-CFD) algorithm.
This algorithm follows the extended FD-SMF concept, also a contri-
bution of this work. Indeed, before this paper, algorithms employing
the FD-SMF concept, like the FD-SM-NLMS algorithm, had room
for improvements, as they could only tackle problems in which the
desired (or reference) signal originates from a circular convolution,
but not from a linear convolution. As a consequence, they were not
applicable to general problems involving filtering. Simulation results
considering both synthetic- and real-data scenarios confirmed the
effectiveness of the proposed SM-CFD algorithm, which was able
to reach the same steady-state MSE level of the competing algorithm
(its non-SM counterpart, viz., the CFD algorithm), while also having
higher convergence speed and requiring fewer coefficient updates,
thus saving computational resources.
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