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Abstract—Some properties of an adaptive filtering structure
that employs an analysis filterbank to decompose the input signal
and sparse adaptive filters in the subbands are investigated in
this paper. The necessary conditions on the filterbank and on the
structure parameters for exact modeling of an arbitrary linear
system with finite impulse response (FIR) are derived. Then, based
on the results obtained for the sparse subfilter structure, a new
family of adaptive structures with critical sampling of the subband
signals, which can also yield exact modeling, is obtained. Two
adaptation algorithms based on the normalized LMS algorithm
are derived for the new subband structures with critical sampling.
A convergence analysis, as well as a computational complexity
analysis, of the proposed adaptive structures are presented. The
convergence behavior of the proposed adaptive structures is
verified by computer simulations and compared with the behavior
of previously proposed algorithms.

Index Terms—Acoustics echo canceller implementation, FIR
adaptive filters, multirate systems for identification, subband
adaptive filtering.

I. INTRODUCTION

ADAPTIVE FIR filters are attractive in many applications
as they exhibit a number of desirable properties such as

stability and unimodal performance surface. However, major
drawbacks are the large number of operations needed for their
implementation and slow convergence when the length of the
FIR filter is very large. Alternative structures that make use of
filterbank concepts have been proposed [1]–[14] with the ob-
jective of reducing the drawbacks described above. Two classes
of adaptive filterbank structures have been reported: In the first
one, the signals at the outputs of the analysis filterbanks are
downsampled, and the adaptation is performed at the reduced
sampling rate [1]–[8], whereas in the second one, the sampling
rates of the signals inside the structures are not changed, re-
sulting in filter implementations composed of a parallel connec-
tion of sparse subfilters [12]–[14]. Both types of structures result
in significant improvements in the convergence rate for colored
input signals. The first class of structures leads to large compu-
tational savings for high-order filters, with the introduction of
an extra input-output delay, whereas the second one has a com-
plexity comparable to the simple direct-form LMS algorithm.
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In the class of subband structures with critical sampling,
several adaptive filtering algorithms have been suggested. One
early approach used pseudo-QMF banks with overlapping
filterbanks and critical subsampling [1], resulting in the appear-
ance of undesirable aliased components in the output causing
severe degradation. A second approach used nonoverlapping
filterbanks [2], which avoided aliasing problems but resulted
in spectral gaps in the output and consequent unacceptable
performance for many applications. A third approach used
QMF banks with critical subsampling [3], [4], and in order to
avoid aliasing problems resulting from the channel modifica-
tions, the use of additional adaptive cross terms between the
subbands was suggested. These cross terms, however, increase
the computational complexity and reduce the convergence rate
of the adaptive algorithm. Another approach used auxiliary
channels [5], [6], which also resulted in increased complexity,
and was shown to be useful particularly for the adaptive line
enhancement application. A last approach [7], [8] consists of
reducing the sampling rate of the filtered signals by a factor
smaller than the critical subsampling factor (or number of
bands) to avoid aliasing problems. The computational com-
plexity is again increased. Recently, a subband structure based
on the polyphase decomposition of the filter to be adapted
was proposed in [10]. However, the computational complexity
of such structure is nearly the same as that of the fullband
approach.

The class of adaptive filterbank structures that do not em-
ploy downsampling of the subband signals includes the exten-
sively studied transform-domain LMS structure [11], where the
transform corresponds to a simple analysis bank (with filters of
length for an -band structure), and only one adaptive co-
efficient is used in each subband. The good performance of the
transform-domain LMS algorithm relies on the proper choice
of the transform employed, which requires accurate informa-
tion about the input signal model. The transform-domain struc-
ture was extended in [12] with sparse adaptive subfilters used in
the subbands. In [13] and [14], better analysis filters (of length
larger than ) were employed, resulting in the general struc-
ture of Fig. 1. The better selectivity of longer filterbanks when
compared with a transform-based bank leads to some reduction
in the convergence time for colored input signals.

The structure of Fig. 1 was believed up to now to be able to
implement only a subclass of FIR systems due to the length of
the filter realized being larger than the number of adaptive coef-
ficients [14]. In Section II, we show that by properly choosing
the filterbank and the number of coefficients of the adaptive sub-
filters, the structure of Fig. 1 becomes capable of modeling any
FIR system, except for the introduction of a delay inherent to
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Fig. 1. Adaptive structure with an analysis filterbank and sparse subfilters.

the filterbank. Then, from the adaptive filterbank approach with
sparse subfilters, a new family of adaptive subband structures
with critical sampling of the subband signals (i.e., downsam-
pling factor equal to the number of bands) is derived in Sec-
tion III. The resulting structures are capable of exactly modeling
any FIR systems, requiring the adaptation of onlysubfilters
for an -band scheme. In Section IV, two adaptation algorithms
based on the normalized LMS algorithm are derived for the up-
dating of the subfilter coefficients, and a theoretical convergence
analysis is presented for each algorithm. In Section V, we illus-
trate the convergence behavior of the proposed subband struc-
tures by computer simulations and compare it with the behavior
of other subband structures previously proposed in the litera-
ture.

II. A DAPTIVE FILTERBANK STRUCTURE WITH SPARSE

SUBFILTERS

The filterbank structure with adaptive sparse subfilters de-
picted in Fig. 1 can be redrawn as shown in Fig. 2 by making use
of the analysis filterbank polyphase matrix
[15], where is the th component of the type-1
polyphase decomposition of the analysis filter given by

(1)

In a system identification application, the coefficients of the
filterbank structure are adapted such as to model an unknown
FIR system, which is denoted here by [see Fig. 3(a)]. The
type-1 polyphase decomposition of the transfer function of the
unknown system is given by

(2)

and is illustrated in Fig. 3(b). If we include before the polyphase
components of Fig. 3(b), the matrix followed
by another matrix , as shown in Fig. 3(c), such that

, where is the identity
matrix, the transfer function of the system is not altered, except
for the introduction of a constant delay equals to samples.

Fig. 2. Adaptive filterbank structure with polyphase representation of the
analysis filterbank.

Fig. 3. Equivalent representations of the unknown system. (a) Transfer
function. (b) Polyphase decomposition. (c) Polyphase decomposition with
perfect reconstruction polyphase matrices.

The matrices and that satisfy the above condition
correspond to the polyphase matrices of the analysis and syn-
thesis filterbanks of a perfect reconstruction multirate system.1

The polyphase matrix of the synthesis bank
is such that is the th component of the type-2 polyphase
decomposition of the synthesis filter given by [15]

(3)

1The more general condition on the matricesHHH (z) andFFF (z) of a perfect
reconstruction system is [17]

FFF (z)HHH (z) = z
III

z III
:

The results of this section can be easily extended for this general condition.
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Comparing Figs. 2 and 3(c), one can observe that they are
equivalent, i.e., both structures implement the transfer function

when the subband filters are such that

(4)

Therefore, by using an analysis filterbank that yields perfect re-
construction and adaptive subfilters of sufficient order such that
(4) can be satisfied, the structure of Fig. 1 implements exactly
any FIR system. It should be emphasized that in the adaptation
algorithm, the delay introduced by the filterbanks must be taken
into account.

III. A DAPTIVE FILTERBANK STRUCTURES WITHCRITICAL

SUBSAMPLING

From the adaptive structure of Fig. 1, we derive two new sub-
band structures with critical subsampling of the outputs of the
analysis bank. Let us include in Fig. 1 maximally decimated per-
fect reconstruction analysis and synthesis banks following each
sparse subfilter, as illustrated for theth band in Fig. 4. Then, we
can move the sparse subfilters to the right of the deci-
mators (becoming by thenoble identity [15]). In this way,
the adaptive subfilters work at a rate that is th of the input
rate. In order to get a practical implementation of the resulting
structure, it is necessary to assume that the bandpass filters of the
filterbanks are selective enough, i.e., that the nonadjacent filters
have frequency responses that do not overlap. Thus, except for
the first and last bands, which present only two subfilters, the re-
sulting structure presents in each band three subfilters as shown
in Fig. 5. Observe that only subfilters need to be adapted,
namely, , and the length of each subfilter

should be , where is the order
of the system to be identified, and is the order of the
synthesis filter so that (4) can be satisfied.

Another critically sampled subband structure is obtained by
placing the filterbank after the sparse subfilters in the structure
of Fig. 1 and then following the same procedure described for
the derivation of the structure of Fig. 5 (i.e., including a perfect
reconstruction multirate system after each sparse subfilter and
then moving the subfilters such that they operate at the lower
rate). The resulting structure is shown in Fig. 6. Such structure
was first investigated in [9], and it corresponds to the transposed
of the structure of Fig. 5. In this paper, we concentrate our at-
tention to the structure of Fig. 5 since a normalized LMS type
adaptation algorithm that works at the lower rate can be easily
derived for this structure. The algorithm obtained in [9] for the
structure of Fig. 6 required some approximations in order to per-
form the adaptation at the lower rate.

Assuming that identical filters and are used,
the structure of Fig. 5 can be redrawn as shown in Fig. 7. Such
choice of analysis filters results in a more efficient structure in
terms of complexity since in this case, are equal
to . We will consider only this case in the re-
mainder of this paper.

The structure of Fig. 7 has some similarities to the subband
structure with cross-filters presented in [4]. The branches com-
posed by the bandpass filters , the downsam-

Fig. 4. Illustration of thekth band of the filterbank structure followed by
perfect reconstruction multirate system.

Fig. 5. Filterbank structure with adaptive filters at lower rate.

Fig. 6. Transposed subband structure with critical sampling.

plers, and the subfilters and in Fig. 7 have a
role similar to those containing the cross-filters in the structure
of [4]. The major advantage of the structure proposed in this
paper is that for an -subband scheme, only subfilters need
to be adapted, as opposed to the overdetermined method pre-
sented in [4], where subfilters are adapted. Moreover,
the proposed structure presents the advantage that the subfilters
are adapted separately, as opposed to the nonoverdetermined
method described in [4], which updates a single filter and then
derives the coefficients of the subfilters. For colored input sig-
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nals, the separate update of the subfilters can provide significant
improvement in the convergence rate.

The structure proposed in this paper also presents some
similarities with the structures that use nonoverlapping fil-
terbanks and auxiliary subbands of [5] and [6]. The analysis
filters in Fig. 7 can be interpreted as auxiliary
passband filters. Observe, however, that the structure of Fig. 7
uses perfect reconstruction filterbanks (with overlapping),
requires only adaptive subfilters, and allows exact modeling
of any FIR system, whereas such properties are not shared by
the subband structures of [5] and [6].

IV. A DAPTATION ALGORITHMS AND CONVERGENCEANALYSIS

In this paper, we concentrate on the algorithm and conver-
gence analysis of the critically downsampled structure of Fig. 7,
which results in significant computational complexity reduction
when implementing high-order adaptive filters, as will be shown
in Section V. We start deriving and analyzing the two-band adap-
tive algorithm. Then, we extend the results of the two-band case
for the multiband case. Finally, a simplified algorithm is pre-
sented, and its convergence behavior is analyzed.

A. Two-Subband Structure

The coefficient adaptation algorithm for the two-subband
structure is derived based on the system identification config-
uration of Fig. 8. A normalized LMS-type algorithm is used
to update the coefficients of the subfilters. Denoting
as the vector containing the last samples of the signal

at the output of the analysis filter after
downsampling, as the vector containing the coefficients
of the subfilter at iteration , and as the number
of coefficients of each adaptive subfilter, the general form for
the LMS adaptation algorithm that minimizes the sum of the
instantaneous subband squared-errors, i.e.,

(5)

is given by

(6)

In the above equations, the error signals and
are given by

(7)

where corresponds to the sum of the delay
introduced in the input signal (when compared to that intro-
duced in the desired signal) by the longer analysis filters, and
the delay needed to model the delayed transfer function (
and are the orders of the analysis and synthesis filters, re-
spectively). The step sizes are made inversely proportional to

Fig. 7. Adaptive subband structure withH (z) = H (z).

Fig. 8. Two-subband adaptive structure for system identification problem.

the sum of the powers of the signals involved in the adaptation
of the coefficients in order to improve the convergence rate of
the adaptation algorithm for colored noise input signals.2 Thus,
the step-sizes are given by

(8)

where , , and are power estimates of the signals
, , and , respectively. A recursion for such power

estimation is

(9)

with .

2Such a step-size normalization procedure is adopted in most adaptive sub-
band algorithms to increase the adaptation convergence rate.
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1) Convergence Analysis: In order to analyze the conver-
gence behavior of the two-band adaptation algorithm, we now
examine the evolution of the coefficient error vectors defined as

(10)

where and are the optimal coefficient vectors.
From (6) and (7), we have

(11)

Now, expressing the decomposed desired signals in terms of
the optimal coefficient vectors and of the errors produced with
the optimal solution (which are denoted here by and

), i.e.,

(12)

and using the definition of the coefficient error vectors in (10),
we get, from (11)

(13)

where denotes the expectation of, is the identity
matrix, and the matrices and are given by

(14)

(15)

with

(16)

The above equations were derived using the “independence as-
sumption” [18], [19], assuming that the signals are stationary,
and that and are zero-mean processes that are
independent of the input signal.

From (13), the convergence behavior of the mean value of
the coefficient vector is determined by the eigenvalue spread
of the matrix . The matrix can be expressed in terms of
the coefficients of the filters and and of the input
signal autocorrelation matrix as follows. The vector
can be expressed as in (17), shown at the bottom of the page,
where is the th coefficient of the length
filter with transfer function , and

(18)
In the same way, we can write

(19)

where and are defined similarly to in (17) but
with the coefficients of and , respec-
tively. Therefore, using (17)–(19), we get

(20)

where is the
autocorrelation matrix of the input signal . For a

white-noise input signal with variance ,
and

(21)

For colored-noise inputs, the elements of are small com-
pared with the elements of and . Thus, we can consider

. However, in this case, and are no longer diag-
onal matrices.

Therefore, with the above approximations, we conclude
that the convergence behaviors of the coefficients and

are governed by the eigenvalue ratios of the matrices
and , respectively. The ranges of values for the step-sizes
and that guarantee convergence of the coefficients in the

mean are given by

and (22)

where and are the largest eigenvalues of and
, respectively.

...
...

(17)
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B. Multiband Structure

We now generalize the two-band adaptation algorithm de-
rived above to the multiband structure shown in Fig. 7. The op-
timality criterion is now given by

(23)

resulting in the following update equation for the coefficients of
the th subfilter:3

(24)

with the error signals now given by

(25)

and . The step-sizes are inversely propor-
tional to the sum of the powers of the signals involved in the
adaptation of the coefficients, i.e.,

(26)

where

(27)

which can be estimated according to (9).
1) Convergence Analysis: Following the same steps of the

analysis of the two-band algorithm, we arrive at the following
expression for the mean evolution of the coefficient error vec-
tors:

...
...

(28)

where

...
(29)

3For the first and last subbands (k = 0 andk = M � 1), only two terms
appear in the coefficient updating part of (24) and in the error expression of (25),
i.e., one should considerXXX = 0 andXXX = 0 in such equations.

and is a symmetric matrix given by

...
...

...
. . .

(30)

with

(31)

The matrices above can be expressed in terms of the coefficients
of the filters and of the input signal correlation function,
as follows:

(32)

where is the au-
tocorrelation matrix of the input signal , and is the

matrix that contains the coefficients
of circularly shifted to the right by positions
from one row to the next one. For white-noise inputs,

, and it can be shown that

(33)

For colored-noise inputs, the elements ofand are not zero
but are small compared with the elements of, and we can still
consider and . Therefore, in general, we have

... (34)

and the evolution of the mean coefficient error vector is approx-
imately given by

...

...

... (35)
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The convergence of the coefficients in the mean is guaranteed if
we choose

(36)

where is the largest eigenvalue of . This range of values
for is optimistic due to the assumptions used in the analysis.
In addition, the convergence in the mean of the coefficients does
not guarantee the convergence of the mean square error (MSE).

For the MSE analysis, we consider the convergence of the
MSE of each band separately, i.e., we examine the evolution of
each . Using the approximation of (34) and
following the MSE analysis of the fullband LMS algorithm [19],
we can show that the step-sizes of the new subband algorithm
should be in the range

tr
(37)

where tr is the trace of the matrix . For white-noise input,
the matrix is given by (33), and its trace is equal to ;
the powers of the subband signals are , resulting in

(38)

For the fullband LMS algorithm with coefficients and with
step-size normalized by the input power, we would have

(39)

The above upper bounds for the step-sizes give us an indication
of the maximum value that can be used in practical problems,
but such values are optimistic due to the approximations made
in the analysis. When implementing a high order adaptive filter,
we have

(40)

and therefore, from (38) and (39), the upper bound for the
step-size of the proposed subband structure is abouttimes
larger than that of the fullband LMS algorithm. Observe,
however, that since the coefficients of the subband filters are
adapted at a rate times lower than the coefficients of the
LMS algorithm, the adaptation convergence speeds of both
algorithms operating with the largest possible step-sizes and
with white-noise input signal are approximately the same. Our
simulation experiments confirm this result.

For colored input signals, the power normalization of the
step-size of each subband can significantly reduce the eigen-
value spread of the matrix , resulting in a better convergence
rate than the LMS algorithm, especially for large order filters.

The excess of MSE can be estimated by the sum of the sub-
band MSE’s, considering that the subband errors are uncorre-
lated. Using the approximation of (34) in the MSE analysis of
[19], the overall excess MSE can be estimated by

tr

tr
(41)

where is the variance of the additive noise in theth sub-
band.

For a white-noise input of variance and for a white additive
noise of variance , the excess of MSE is approximately

(42)

For small , we get

(43)

From the expression above, we observe that the excess of MSE
of the proposed structure operating with white-noise input will
be the same of that obtained using the LMS when the step-size
of the proposed algorithm is times larger than the step-size of
the LMS algorithm. In such case, the convergence rate of both
algorithms will also be equal.

C. Simplified Multiband Algorithm

A simplified adaptation algorithm that also converges to the
optimal solution with some degradation in the convergence rate
is given by

(44)

with the error signals as in (25) and the step-sizes equal to

(45)

1) Convergence Analysis: For the simplified multiband al-
gorithm, the average evolution of the coefficient error vector is
given by (28) with

...
...

. . .

(46)

and

(47)

We have observed, through numerical experiments, that for the
simplified algorithm, the matrices are no longer diagonal,
even for white-noise inputs, and that the elements of the ma-
trices and are significantly larger than the elements of
the corresponding matrices obtained in the algorithm of the last
subsection, which indicates that the above simplification in the
coefficient update equation results in some degradation in the
convergence rate of the algorithm. Such a conclusion is con-
firmed in our simulations, which are presented in Section VI.
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V. COMPUTATIONAL COMPLEXITY

One of the major advantages of adaptive filtering in sub-
bands is the savings in the computational complexity that can
be achieved when implementing high-order filters. In this sec-
tion, we compare the number of multiplications required by the
proposed subband structure with those required by the fullband
LMS algorithm and by the cross-filter subband algorithms of
[4].

It is shown in the Appendix that the decomposition filters
applied to the input signal (see Fig. 7) can be efficiently im-
plemented using the cosine modulation method in which only
a prototype filter and a discrete cosine transform (DCT) are
computed [20]. The filters are implemented using
this method with a prototype filter given by ,
where is the prototype filter of a perfect reconstruction
cosine modulated filterbank [15]. The filters
can also be obtained by cosine modulation with a prototype
filter given by (see the Ap-
pendix). Therefore, the overall number of multiplications per
input sample required by the proposed subband structure is

(48)

with the first term corresponding to the filtering and adaptation
of the subfilters , the second term corresponding to the
implementation of the prototype filters, and the last term cor-
responding to the computation of the four DCT’s required for
modulation. For high-order adaptive filters, the dominant term
in the above expression is , which is about times
smaller than the number of multiplications required by the full-
band LMS algorithm ( ).

The proposed subband structure with the simplified adap-
tation algorithm presented in the last section requires the fol-
lowing number of multiplications per sample:

(49)

which can be approximated by for high-order adaptive
filters. Therefore, the number of multiplications needed by the
proposed structure is about times smaller than the number
of multiplications required by the fullband LMS algorithm.

The complexity reduction obtained with the proposed struc-
ture for high order filters is comparable with that obtained with
the cross-filter overdetermined algorithm with factorization
of the cross-filters [4] (which is times smaller than
that of the LMS) and much better than that obtained with
the nonoverdetermined algorithm [4] (which is
smaller than that of the LMS).

VI. SIMULATION RESULTS

Computer simulations are now presented in order to illus-
trate the convergence behavior of the adaptive subband struc-
tures proposed in this paper. System identification problems
are considered, with exact modeling of FIR systems. In order
to compare the proposed algorithms with previously proposed

Fig. 9. Simulation results for the proposed and cross-filter two-subband
structures and fullband LMS algorithm with white-noise input.

ones, we also performed simulations with the cross-filter struc-
ture presented in [4] using the overdetermined adaptation algo-
rithms and with the fullband LMS algorithm. The input signal
was either a white noise sequence of unit variance or a colored
noise sequence generated by passing a white noise sequence by
a first-order IIR filter with pole located at . In all sim-
ulations, we employed the step-size value that resulted in the
best convergence rate for each algorithm, which was obtained
by trial and error.

A. Two-Band Structure

In this first experiment, we compare the convergence be-
havior of the subband structure proposed in this paper with
the subband algorithms developed in [4] and show that in
the two-band case the new subband algorithm provides exact
modeling of an FIR system. The system to be modeled was a
length 256 FIR filter ( ). The two-subband adaptive
structure of Fig. 8 was implemented with perfect reconstruction
analysis and synthesis cosine modulated filterbanks with
prototype filter of length 24 ( ) [16]. The length of
each adaptive subfilter was ,
and the step-size that resulted in the best convergence rate was

. For the cross-filter structure, the length of each
adaptive filter was computed as described in [4], and the
best step-size values for the overdetermined algorithms with
and without factorization of the cross-filters were
and , respectively. For the LMS algorithm, the
number of coefficients was , and the best value of
the step-size was . A white-noise sequence of
variance was added to the desired signal.

Fig. 9 presents the MSE evolutions of the four algorithms
described in the last paragraph with the white noise input.
From this figure, we can see that the proposed subband struc-
ture presents convergence rate similar to that of the fullband
LMS algorithm, the cross-filter structure without cross-filter
factorization takes about twice the number of iterations of the
LMS algorithm and of the proposed structure to converge, and
the factorized cross-filter algorithm presents initially the same
convergence rate as the nonfactorized algorithm, but the MSE
reaches only 32 dB. Therefore, this experiment verifies that
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the proposed structure with two subbands is able of exactly
modeling an FIR system and that the convergence rate of the
proposed structure is similar to that of the fullband LMS when
both adaptation algorithms operate with white-noise input
signal and with best step-size values.

B. Multiband Structure

In this experiment, an identification of a length
FIR system is considered. Experiments were performed with
the subband structure of Fig. 7 with 2, 4, 8, and 16 sub-
bands and with perfect reconstruction analysis and synthesis
cosine modulated filterbanks [16] with prototype frequency re-
sponses shown in Fig. 10. The prototype filters’ lengths ,
the number of adaptive filter coefficients in each subfilter,
and the step-sizesused in the simulations are given in Table I.

Fig. 11 presents the MSE evolution with white-noise input
signal. One can see that the proposed subband structure presents
convergence rate similar to that of the LMS algorithm. The pro-
posed structure converges to an MSE of the order of the stop-
band attenuation of the analysis filter (which is around80 dB
for 8 and 16 and 100 dB for 4), due to the as-
sumption of nonoverlapping nonadjacent analysis filters. The
subband structure with 2 converges to the same MSE as
the LMS (which is determined by the finite precision implemen-
tation of the computations) since in this case, there is overlap
only between adjacent subbands, which is taken into account
by the adaptation algorithm.

Fig. 12 presents the MSE evolution of the algorithms with
colored input signal. This figure shows that the new subband
structure presents better convergence rates than the LMS algo-
rithm when the number of subbands is equal or larger than
8, due to the power normalization of the step-sizes. For
16, the convergence rate of the subband structure with colored
input is practically the same as with white input.

Table II contains the eigenvalue ratio of the matrix, which
governs the convergence behavior of the proposed algorithm,
obtained from the theoretical analysis of Section IV-B for each
simulation parameter set (, , and ) given in Table I with
colored input signal and step-sizes . When analyzing
such theoretical results, one should consider that the subband
structure coefficients are adapted in a ratetimes lower than
the input sampling rate. Therefore, the effective eigenvalue ra-
tios are those of Table II multiplied by . With this observation
in mind and considering that in each simulation, the step-size
was set to provide the best convergence rate (see values in
Table I), we verify that the theoretical results of Table II are
in good agreement with the experimental results of Fig. 12,
indicating the improvement in the convergence rate when the
number of subbands is increased. The large convergence rate
improvement obtained for when compared with the
fullband LMS algorithm is therefore justified by the smaller
effective eigenvalue ratios (see Table II) and by the relatively
larger step-sizes used with colored input signal forlarge.

C. Simplified Algorithm

In this experiment, we compare the convergence behavior of
the adaptation algorithms of Sections IV-B and C The system to

Fig. 10. Frequency responses of the prototype filters.

TABLE I
SUBBAND STRUCTURE

PARAMETERS

Fig. 11. Simulation results for the proposed structure withM = 2, 4, 8, and
16 subbands and, for the LMS algorithm, white-noise input.

be identified and the filterbanks used in this experiment were the
same as in the multiband experiment described above. Table II
also contains the eigenvalue ratios of the matrixfor the sim-
plified algorithm given in Section IV-C, which can be compared
with those obtained for the nonsimplified algorithm, indicating
the reduction in the convergence rate caused by the simplifi-
cation in the adaptive algorithm. The MSE evolutions for both
algorithms with subbands and are shown in
Fig. 13, from where we can observe the degraded convergence
rate of the simplified algorithm. Such degradation corresponds
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Fig. 12. Simulation results for the proposed structure withM = 2, 4, 8, and
16 subbands and, for the LMS algorithm, colored input.

TABLE II
EIGENVALUE RATIOS FOR THENONSIMPLIFIED AND SIMPLIFIED ALGORITHMS

WITH COLORED INPUT SIGNAL

to a converge speed reduction by a factor of 2, as was expected
from the theoretical results of Table II.

D. Coefficient Error Vector Evolution

Figs. 14 and 15 show the evolution of the coefficient error
vector norm (in decibels) and of the MSE, respectively, for the
nonsimplified algorithm with colored input signal. The structure
parameters used in these simulations are the same as those in
Section VI-B, which are given in Table I. However, the length
of the system to be identified is now . From these
curves, we observe that for the stationary input signals used in
the simulations, both convergence measurement criteria have
similar evolutions, confirming the conclusions drawn from the
MSE curves presented in Section VI-B.

VII. CONCLUSIONS

We have investigated, in this paper, a new family of adap-
tive filtering structures that employ filterbanks. First, the con-
ditions on an adaptive filterbank structure with sparse subfilters
were derived such that it becomes capable of exactly modeling
any FIR system. Filterbank structures with critical sampling of
the subband signals were then obtained from the sparse sub-
filter structure, requiring the adaptation of only subfilters in
an -band scheme. The convergence behaviors of the adap-
tation algorithms derived for the critically sampled structure
were analyzed and compared with the behavior of previously

Fig. 13. Simulation results for the simplified and nonsimplified algorithms,
withM = 16 and colored input.

Fig. 14. Evolution of the coefficient error vector norm for the nonsimplified
algorithm.

Fig. 15. MSE evolution for the same simulations of Fig. 14.

proposed algorithms. A computational complexity analysis of
the new critically sampled structure was also presented. It was
shown that besides exactly modeling, significant convergence
improvement can be obtained with the proposed structures for
high-order filters and colored input signals. For high-order fil-
ters, savings in the computational complexity of the order of the
number of subbands can be obtained with the critically sampled
structure.
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APPENDIX

EFFICIENT IMPLEMENTATION OF THE ANALYSIS FILTERS BY

COSINE MODULATION

Using perfect-reconstruction cosine modulated filters [17]
as analysis filters and synthesis filters in the
adaptive structure of Fig. 7, we will show next that the filters

and , which are applied to the
input signal in the proposed structure, can also be efficiently
implemented by the cosine modulated technique.

Denoting by a prototype filter of order that yields
perfect reconstruction when used in a cosine modulated anal-
ysis-synthesis system, the impulse responses of the analysis fil-
ters are related to by [17]

(50)

with , and .
The above relation is equivalent in the frequency-domain to

(51)

where is the Fourier transform of .
The impulse responses of the filters are given

by , or in the frequency-domain

(52)

For , the last term of the expression above
can be neglected since in the multiband structure, we assume
that nonadjacent analysis filters do not overlap. Therefore, for

, we have

(53)

For and , the last term of (52) cannot be
neglected, and we obtain

(54)

with

(55)

From (53) and (54), we observe that the filters
of Fig. 7 can be efficiently implemented by a cosine-modu-
lated technique [with prototype filter of length

] and that the lowpass filter and the
highpass filter present an extra term each.
It will be shown next that the computations required to filter the
input signal by such extra terms can be shared with the filtering
of the input by .

The impulse responses of the filters are
or in the frequency-domain

(56)

The last two terms in the above expression can be neglected
due to the nonoverlapping of and .
Thus, we obtain

(57)
Therefore, the filters can also be efficiently im-
plemented by the cosine-modulation technique with prototype
filter of (55).
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