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Set-Membership Affine Projection Algorithm
Stefan Werner and Paulo S. R. Diniz

Abstract—This letter presents a new data selective adaptive
filtering algorithm, the set-membership affine projection (SM-AP)
algorithm. The algorithm generalizes the idea of the recently
proposed set-membership NLMS (SM-NLMS) algorithm to
include constraint sets constructed from the past input and
desired signal pairs. The resulting algorithm can be seen as a
set-membership version of the affine-projection (AP) algorithm
with an optimized step size. Also, the SM-AP algorithm does not
trade convergence speed with misadjustment and computational
complexity as most adaptive filtering algorithms. Simulations
show the good performance of the algorithm, especially for colored
input signals, in terms of convergence, final misadjustment, and
reduced computational complexity.

Index Terms—Adaptive filter, affine projections, data selective,
normalized data-reusing algorithms, set-membership filtering.

I. INTRODUCTION

FOR HIGHLY correlated input signals, the recursive least
squares (RLS) algorithms are known to present faster con-

vergence than the least mean square (LMS) algorithm and its
normalized version, the NLMS algorithm [1]. This advantage
comes at the expense of a higher computational complexity.
Data-reusing algorithms [2], [3] are known to be a viable al-
ternative to the RLS algorithm in terms of lower computational
complexity in situations where the input signal is correlated. The
penalty to be paid when increasing the number of data reuse is
a slight increase in algorithm misadjustment. Tradeoff between
final misadjustment and convergence speed is achieved through
the introduction of a step-size, which is not the best solution.
An alternative solution to this drawback is to employ the con-
cept of set-membership filtering (SMF) [4] to data reusing algo-
rithms. SMF specifies an upper bound on the estimation error
and reduces computational complexity on the average due to
its data-discerning property. The set-membership NLMS (SM-
NLMS) algorithm proposed in [4] was shown to achieve both
fast convergence and low misadjustment, and its data-selectivity
and low computational complexity per update makes it very at-
tractive in various applications [5], [6]. An early attempt in this
direction was the introduction of the set-membership binormal-
ized data-reusing LMS algorithm (SM-BNDRLMS) [7]. This
paper generalizes the ideas in [7] by adopting past data-pairs.
The resulting algorithms include the SM-NLMS and SM-BN-
DRLMS as special cases, which correspond to choosing ,
and , respectively. The conventional affine-projection
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(AP) algorithm [2] is also shown to be a particular limiting case
of the new algorithms, when the predefined bound of the esti-
mation error goes to zero.

The paper is organized as follows. Section II briefly reviews
the concept of set-membership filtering. The new algorithm,
the set-membership affine projection (SM-AP) algorithm, is de-
rived in Section III. Section IV contains the simulations and Sec-
tion V the concluding remarks.

II. SET-MEMBERSHIP FILTERING (SMF)

SMF specifies an upper bound on the magnitude of the es-
timation error . This bound is a design param-
eter and can vary with the specific application. The SMF ex-
tends the set-membership identification (SMI) problem [8] with
its bounded noise assumption to include more general filtering
problems. For a properly chosen bound , there are several valid
estimates of . Let denote the set of all possible input-desired
data pairs of interest and the set of vectors with
estimation errors upper bounded in magnitude by whenever

. The set is referred to as the feasibility set and is
given by

(1)

Adaptive solutions try to find estimates belonging to this feasi-
bility set. We define for an input-desired data pair at time instant

the constraint set containing all vectors with estimation
errors upper bounded in magnitude by

(2)

The membership set defined as

(3)

will contain and will be equal to if all data pairs belonging
to are traversed up to time instant . Since in (3) is not
easily computed, adaptive approaches are needed [4]. The sim-
plest approach computes a point estimate using, for example, the
information provided by the constraint set as in the set-mem-
bership NLMS (SM-NLMS) algorithm, or and as
is done in the set-membership binormalized data-reusing LMS
(SM-BNDRLMS) algorithm.

III. SET-MEMBERSHIP AFFINE PROJECTION

ALGORITHM SM-AP

The membership set defined in (3) suggests the use of
more constraint-sets in the update. This section derives an al-
gorithm whose updates belong to a set formed by constraint
sets.
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Fig. 1. General algorithm update.

A. Derivation of the General SM-AP Algorithm

Let us express as

(4)

where is the intersection of the last constraint sets, and
is the intersection of the first constraint sets. The

objective is to derive an algorithm whose coefficient update be-
longs to the last constraint-sets, i.e., .

Let denote the hyperplane which contains all vectors
such that for .

The next section discusses the choice of the parameters
but for the time being, all choices satisfying the bound constraint
are valid. That is, if all are chosen such that

, then .
Let us state the following optimization criterion for the vector

update whenever :

subject to:

(5)

where
contains the desired outputs from the last
time instants;
specifies the point in ;
contains the corresponding input vectors, i.e

(6)

where is the input-signal vector

(7)

Fig. 1 shows the update procedure for a two-dimensional
(2-D) problem. Using the method of Lagrange multipliers, the
unconstrained function to be minimized is

(8)
where is a vector of Lagrange multipliers. After
setting the gradient of with respect to equal to
zero, we get

(9)

After invoking the constraints in (5) earlier, we obtain

(10)

where

(11)

with denoting the a posteriori error at
iteration . The update equation is now given by (9) with
being the solution to the equation system given in (10), i.e.

if

otherwise.

(12)

Remark 1: To evaluate if an update is required, it is
only necessary to check if . This is a consequence
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Fig. 2. Update resulting in zero a posteriori error.

of the constraint set reuse guaranteeing that before an update
holds for .

Remark 2: During initialization, i.e., for time instants
, only knowledge of for can be assumed.

If an update is needed for the initial time instants , the
algorithm is used with the available constraint sets.

Remark 3: We can easily verify that choosing the bound
, the algorithm will reduce to the conventional AP algorithm

[2] with unity step-size.

B. The Parameter Vector

So far, the only requirement on the parameters has
been that they should be points in , i.e., .
Obviously, there are an infinite number of choices for ,
each leading to a different update.

Choice 1: A trivial choice would be , i.e., force the a
posteriori errors to be zero at the last time instants. Inserting

in (10) and solving for leads to the recursions

if

otherwise.
(13)

The updating equation earlier is identical to the conventional
affine-projection (AP) algorithm with unity step size whenever

. The approach taken here allows a considerable re-
duction in complexity as compared with the conventional AP
algorithm due to the data selectivity. Fig. 2 shows a graphical
view of the coefficient update.

Choice 2: We now take a closer look at (10), which solves
for and make some important observations. We know already
that , i.e.,
for . Therefore, choosing for

will cancel all but the first element on the right-hand side
of (10). Now we only need to choose the constraint value . In
the same way as the in SM-NLMS, we can choose such that
the solution lies at the nearest boundary of , i.e., sign

. With these choices, (10) reduces to

(14)

where and . Finally, we
can write the update equation as

(15)

if

otherwise.
(16)

The last algorithm will minimize the Euclidean distance
subject to the constraint such that

the a posteriori error at iteration ,
is kept constant for . The updating procedure is
shown graphically in Fig. 3.

IV. SIMULATIONS

The SM-AP algorithm, which updates along constant a pos-
teriori errors (Choice 2) was used to identify a system of order

. The input signal was colored noise, generated
by filtering Gaussian noise through the fourth-order IIR filter

[9]. The SNR
was set to 80 dB, and the bound was chosen to be
where is the variance of the additional noise. Fig. 4 shows the
learning curves averaged over 500 simulations for ,
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Fig. 3. Update resulting in constant a posteriori error.

Fig. 4. Learning curves for the SM-AP algorithm with
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80 dB, and colored input signal.

and 6 constraint set reuses. The number of data reuses in the
conventional AP algorithm was chosen to .

Fig. 4 clearly shows the increase in convergence speed ob-
tained by increasing . As can be seen from the figure, all curves

of the SM-AP algorithms have the same level of misadjustment,
which is lower than that of the conventional AP algorithm. In
1000 iterations, the average number of updates for the SM-AP
algorithm were 962, 402, 268, and 215 out of 1000 for ,
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, , and , respectively, demonstrating the
significant reduction of computational complexity obtained by
increasing .

V. CONCLUSIONS

A novel data-selective adaptation algorithm, the SM-AP
algorithm was derived based on the concept of set-membership
filtering. The algorithm utilizes consecutive data-pairs in order
to construct a space of feasible solutions for the updates.
The SM-AP algorithm does not increase the convergence
speed at expense of higher misadjustment and computational
complexity. Simulations confirmed that the proposed algorithm
leads to fast convergence speed, low misadjustment, and a
substantial reduction in the number of updates.
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