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Abstract. This paper presents a new biorthogonal linear-phase wavelet design for image
compression. Instead of calculating the prototype filters as spectral factors of a half-band
filter, the design is based on the direct optimization of the lowpass analysis filter using an
objective function directly related to a perceptual criterion for image compression. This
function is defined as the product of the theoretical coding gain and an index called the
peak-to-peak ratio, which was shown to have high correlation with perceptual quality. A
distinctive feature of the proposed technique is a procedure by which, given a “good” start-
ing filter, “good” filters of longer lengths are generated. The results are excellent, showing
a clear improvement in perceptual image quality. Also, we devised a criterion for constrain-
ing the coefficients of the filters in order to design wavelets with minimum ringing.
Key words: Image processing, wavelets, filter banks, perceptual quality.

1. Introduction

1.1. Image compression and quality evaluation

Image compression is very important in many areas of engineering activity in-
volving telecommunications and storage. A very popular technique for image
compression is the subband coding scheme, which maps the space domain image
to the frequency domain, before the coding stage. Selection of a mapping method
to yield the best performance is a critical issue that affects image quality as well
as the coder design. Most of the best published results have been obtained by
employing a wavelet transform, which is essentially an octave-band decomposi-
tion generated by the iteration of a two-band filter bank. The coefficients of the
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Table 1. Comparison of the correlation coefficients between some wavelet features and
both the PSNR and the subjective grade. The correlation coefficients presented are mean
values, obtained for five different study cases

Feature Correlation Correlation to
to PSNR subj. grade

Regularity of analysis/synthesis filter 0.22/0.20 0.46/0.35
Vanishing moments of analysis/synthesis filter 0.32/0.09 0.21/0.24

Aliasing energy of analysis/synthesis filter 0.19/0.24 0.44/0.35
Length of analysis/synthesis filter 0.20/0.06 0.19/0.16

Coding gain 0.71 0.26
P P R 0.30 0.68
Coding gain × P P R 0.58 0.80

two-band filter bank must be chosen according to some criterion. A work of major
relevance is the maximally flat design technique [2], which produces wavelets
with high values of regularity [8]. However, there are some criteria based on the
time response of the wavelets, such as those in [17], where the shift invariance of
the impulse response as well as the peak-to-sidelobe ratio is a factor of quality.

In [13], [14] a number of different criteria for wavelet evaluation were studied,
as shown in Table 1. These criteria were compared to the peak signal-to-noise
ratio (PSNR) [1] and to the subjective grades judged by seven expert viewers,
using a process inspired by the ITU-R Recommendation 500. A set of 22 distinct
wavelets was used for all five study cases. These study cases tested the influ-
ence of different images, coding techniques, and bit rates. The first column of
Table 1 indicates that the coding gain is a good measure of the objective quality
of the coded image, as its correlation to the PSNR is quite large. Similarly, the
product of the coding gain and the peak-to-peak ratio (PPR, see Section 1.2 for
a definition) shows a remarkable correlation figure to the subjective judgment.
Note that regularity, which has been constantly used as a design objective, has a
low correlation to objective measures as well as to subjective measures of image
quality, (see Table 1).

The main result of this work is the use of these evaluation criteria to create a
procedure for wavelet design. The results presented in [13], [14] are useful for
wavelet design, because the values of both the coding gain (Gc) and the PPR are
independent of the particular coding method employed. Therefore, the wavelet
response can be optimized according to the function Gc × P P R, which shows a
high correlation to the subjective judgement of expert viewers. However, the man-
ifold nature of the Gc × P P R surface makes this optimization extremely difficult
to perform. In this work we present a techinique to overcome this problem.

Section 1 reviews the main concepts and equations needed to understand the
work, Section 2 presents the algorithm and objective function used to calculate
and optimize filters, and Section 3 presents the characteristics of the Gc × P P R
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function and uses them to propose a new algorithm to design filters of larger
impulse response. Section 4 presents the main results.

1.2. Basic concepts

A two-subband perfect reconstruction filter bank is implemented with four filters:
the analysis lowpass and highpass filters and the synthesis lowpass and highpass
filters. Their z transforms are, repectively, H0 (z), H1 (z), G0 (z) and G1 (z), and
the lengths of their impulse responses are L0, L1, L1 and L0, respectively.

Linear-phase filters are preferred for image compression, but two-subband per-
fect reconstruction orthogonal filter banks with linear-phase filters are trivial and
have a very small coding gain. To circumvent this restriction, biorthogonal filter
banks should be used instead.

For perfect reconstruction, such filter banks must satisfy the following condi-
tions [16]:

H0 (z) H1 (−z) − H0 (−z) H1 (z) = 2z−2m+1 (1)[
G0 (z)
G1 (z)

]
= z2m−1

[
H1 (−z)

−H0 (−z)

]
(2)

The pair [H0 (z) , H1 (z)] is said to be complementary if equation (1) holds.
H0 (z) is said to be valid, in the context of biorthogonality, if there exists a
complementary H1 (z). The conditions to achieve complementarity of the filters
and the restrictions on filter length are detailed in [3], [15], [16].

When optimal bit allocation is used, it can be proved [5], [6] that the coding
gain for subband coding systems with distinct subband resolutions is equivalent
to

Gc = 1∏K−1
k=0

(
Ak Bk
αk

)αk
, (3)

where 1
αk

is the decimation (and interpolation) rate in subband k. In this work
the coding gain is computed assuming that the input signal is an autoregressive
process of order 1 (AR(1)), and autocorrelation ρ. In this situation, it is found that
[13]

Ak =
Lhk −1∑
u=0

Lhk −1∑
v=0

hk (u) hk (v) ρ|u−v| (4)

Bk = αk

Lgk −1∑
u=0

g2
k (u) ,

where hk (n) and gk (n) are the analysis and the synthesis equivalent filters for
subband k with lengths Lhk and Lgk , respectively.
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It can be proved that, in orthogonal systems, optimal bit allocation is achieved
if the average distortions (caused by quantization) per coefficient in all subbands
are equal (an exponential quantizer model is assumed) [4]. This implies that a
quantizer/coder that introduces the same distortion to all subbands (like the one
in [12], which we used here) performs an optimal bit allocation in an orthogonal
system. On the other hand, it can be shown that, in a biorthogonal system, a white
quantization error with average energy ek in band k appears on the reconstructed
image as ek

√
Bk , see equation (4). Therefore, in order for a coder like the one in

[12] to perform an optimal bit allocation in a biorthogonal system, each one of
the bands must be multiplied by

√
Bk before quantization and divided by

√
Bk

after quantization. Failure to do so will decrease the signal-to-noise ratio (SNR)
because the effect of the optimum bit allocation is lost. Note that, in most of the
literature, this fact is neglected. This is not a problem if all

√
Bk are close to one

(as is the case of filter 9/7 from [2]). However, in a comparison of filters, failure
to use this normalization of bands will handicap those filters whose

√
Bk are not

close to one, resulting in an unfair comparison.
The P P R is a measure of the damping in the wavelet oscillations towards its

tails. Such oscillations directly influence the visualization of quantization errors
after image reconstruction, especially ringing. Increasing the damping (and con-
sequently the P P R) will decrease the visibility of errors [14]. In [17] a similar
observation was made, and wavelets were chosen to have a small peak-to-sidelobe
ratio.

The P P R is calculated from the synthesis wavelet because it is involved in
signal reconstruction. In practice, it is computed from the equivalent filter corre-
sponding to the iteration of (i − 1) lowpass interpolated filters and one highpass
interpolated filter, using a number of stages i large enough for convergence. In
fact, as shown in equations (1) and (2), all the filters in the filter bank are consid-
ered in the value of P P R. The P P R is defined as [13], [14]

P P R = 2 (x + y)

((x + y) + (y + z))
(5)

for symmetric wavelets (i.e., wavelets with even symmetry) and

P P R = 2x

x + y
(6)

for antisymmetric ones (i.e., wavelets with odd symmetry). The values of x , y,
and z are as they appear in Figure 1. For normal (i.e., damped) wavelets, the
P P R can assume values in the interval (1, 2]. Note that the P P R is not defined
for asymmetric wavelets (i.e., when the starting filters do not have the linear-phase
property).
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Figure 1. Parameters used in P P R calculation for wavelets with (a) even symmetry and (b) odd
symmetry.

2. Wavelet design

2.1. Design of biorthogonal FIR linear-phase filters

The problem of biorthogonal two-band perfect reconstruction filter bank design is
usually dealt with in the frequency domain using spectral factorization or lattice
structures [7], [16]. For this work, however, the use of spectral factorization has
some disadvantages: it is difficult to manipulate Gc and P P R on the polynomial
P (z) = H0 (z) H1 (−z); the number of spectral factors grows exponentially with
the degree of P (z); the factorization of P (z) is numerically difficult when the
number of zeros at z = −1 grows; and the resulting H0 (z) and H1 (z) are
not necessarily optimal, even if P (z) is optimized. Lattice structures like those
presented in [7], [16], were not used here because it is difficult to manipulate their
coefficients so that the entire optimization space is spanned.

In [3] a technique is presented for optimizing the coefficients of the filters
directly if one of the two-band filter coefficients is kept constant. However, this
process is suboptimal because just one of the filters is optimized.

For this work, we used an alternative technique to design the filters in which
the impulse response of both the lowpass and the highpass filters can be directly
optimized. Given a starting filter polynomial H0(z) that accepts a complementary
polynomial, it is possible to calculate a unique H1(z) whose impulse response
length is L1 | (L1 ≤ L0) [3], [9], [16]; the detailed procedure is explained in
the Appendix. Despite the restriction (L1 ≤ L0), this technique can be applied to
design filter pairs with other length configurations, as shown in [9].

2.2. General optimization procedure

Throughout this work, all results are based on filter optimization. Except
when otherwise noted, a quasi-Newton optimization method that uses the
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BFGS (Broyden-Fletcher-Goldfarb-Shanno) formula [18] for updating the
approximation of the Hessian matrix is employed. A program from the MATLAB
Optimization Toolbox was used.

The general optimization procedure is performed as follows.

1. Choose the number of stages i in the wavelet transform.
2. Choose the lengths L0 and L1 according to the length constraints explained

in [16].
3. Choose the initial lowpass filter impulse response h0 (n). This filter must be

valid and it must be chosen to provide a good starting point (Section 3 deals
with this problem).

4. Extract the filter kernel, i.e., the free coefficients of the filter. These are
coefficients h0 (1) up to the central one. For example, if L0 = 6, the kernel
is composed of coefficients [h0 (1) , h0 (2)] (coefficient h0 (0) is defined by
filter normalization, h0 (3) = h0 (2), h0 (4) = h0 (1), and h0 (5) = h0 (0)).

5. Optimize filter kernel

(a) Reconstruct the filter bank from the kernel, using equations (1) and (2).
Equation (1) can be solved using the Appendix.

(b) Calculate the objective function

F = Gc(ρ, h0(n), h1(n), i) × P P R(ψ̃(i)(t, g0(n), g1(n))), (7)

where the term ψ̃(i)(t, g0(n), g1(n)) is an approximation of the syn-
thesis wavelet using i iteration stages, and Gc and P P R are found as
explained in Section 1.2.

(c) Let the optimization algorithm suggest the new kernel or finish the
optimization, if the end criteria is met.

(d) If not finished, return to Step 5a.

6. Reconstruct the filter bank from the kernel, as in Step 5a.

In Step 5b, if an invalid filter h0 (n) is found, this solution is avoided by assign-
ing a low value to F .

2.3. Maximum PPR conditions

If we could define sufficient conditions so that a maximum P P R could be en-
forced to the filter coefficients, the objective function could be simplified to con-
sider only the coding gain, i.e., F = Gc (ρ, h0 (n) , h1 (n) , i).

First observe that in order to have a maximum P P R (P P R = 2), the wavelet
must be anti-symmetric and y in Figure 1b must be zero, i.e., the wavelet must
not oscillate beyond its first lobe. It means that the wavelet cannot change polarity
between its beginning and its half point (or its point of symmetry). Also, observe
that iterated (synthesis) wavelets are found by convolving interpolated versions
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of g0 (n) and g1 (n) many times [16]. Then, a sufficient condition would be that
both g0 (n) and g1 (n) have all coefficients with the same polarity, i.e.,

sign (gm (n)) = sign (gm (n + 1)) ∀ n ∈ [
0, L1−m − 1

]
, m ∈ [0, 1] , (8)

where Lm is the length of the analysis filter hm (n). However, in this situation,
G1 (n) will not have a zero at z = 1. Also, observing equation (2), we conclude
that, in this case, H0 (z) and H1 (z) should be chosen such that their even indexed
coefficients (those multiplied by even indexed powers of z) have inverse polarity
to the odd indexed coefficients. One consequence of following this condition is
that H0 (z) would have no zeros at z = −1, i.e., it would not be a good lowpass
filter. Fortunately, the condition in equation (8) is not necessary, and there are
many examples of filters with P P R = 2 that do not follow it (e.g., filter h =
[1, −6.489, −6.489, 1] has P P R = 2).

In practice, the most useful wavelets have a high coding gain, which generally
implies good regularity and smooth appearance. Taking this into consideration,
the calculation of the P P R can be simplified. After designing a large number
of filters, we arrived at a less restrictive condition than that of equation (8). For
maximum P P R, we conjecture that, if the coding gain is sufficiently high, the
following conditions should be true:

• The lowpass synthesis filter impulse response is monotonically crescent, up
to the central coefficient

g0 (n + 1) − g0 (n) > 0 | n ∈
[

0,
L1 − 1

2

]
(9)

• The highpass synthesis filter has an impulse response with the same polarity
up to the central coefficient

sign (g1 (0)) = sign (g1 (n)) | n ∈
[

0,
L0 − 1

2

]
. (10)

At first glance, these conditions are sufficient, not necessary. Sufficiency was
tested in more than 10 000 filters for each filter size from L = 5 up to L = 20.
The filter coefficients were chosen randomly, although following the preceding
criteria. The test consisted in verifying whether these criteria are met by filter
banks whose P P R is not maximum and where Gc > 5. No filter was found
that did not meet the criteria. However, if there are no situations where P P R is
maximum and these criteria are not met, the conditions would also be necessary.
We applied a similar test to determine it and found not a single case (we also
constrained Gc to be larger than five). So, we conjecture that, when the coding
gain is sufficiently high, the preceding conditions should also be necessary for
maximum P P R.
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3. New design techniques based on similarities among
surfaces of Gc × P P R for different dimensions

3.1. Surface mapping

Due to the manifold nature of the Gc × P P R surface, the optimization results are
very dependent on the initial filter chosen. To seek a more general rule to define
the initial filter we investigated the function defined by the product Gc × P P R.
The mapping process is achieved by repetitive calculation of the objective func-
tion from equation (7) for distinct values of the filter coefficients, over a region
that includes the optimum filter for each dimension. The mappings were limited
to two dimensions, to make it simple to understand the results. Seven distinct
configurations of filter pairs were mapped (the L0/L1 convention is used for the
impulse response length, and the number of zeros enforced or naturally ocurring
at z = −1 is given in brackets): 5/3 [2], 7/5 [4], 4/4 [1], 6/6 [3], 5/3 [0], 6/6
[1], and 7/5 [2]. In all these cases, observation of the surface defined by the
product Gc × P P R plotted against the filter h0 coefficients has suggested that
the coefficient space can be divided into regions, summarized as follows:

• The region of the global maximum, which is characterized when zeros other
than those at z = −1 occur on the real axis. If there are only two zeros not
at z = −1, they must be on the positive side. Otherwise, one-half of the real
zeros must be positive and the other half negative.

• Regions of degenerated (see below) filters, which are characterized when
zeros other than those at z = −1 occur on the unit circle.

• Regions of local maxima, which are characterized when zeros other than
those at z = −1 occur in the complex plane (i.e., not on the real axis or the
unit circle).

In the development of this work we optimized filter coefficients so that the
performance of the resulting wavelets, expressed as the product Gc × P P R, is
maximized. In this process, we came across filters with long impulse responses
which lead to wavelets with good performances. However, some of them do not
have better performance than other already known wavelets, whose prototype
filters are shorter. In such cases, the longer filters are said to be degenerated.
Degenerated filters have, in general but not necessarily, a large spread in the
values of their coefficients (for an example, see the following discussion relating
to Figure 2) and the corresponding shorter filters can usually be obtained. (Note
that through this work the filters are scaled so that the first coefficient is one.
This enables easy understanding of the filter properties. However, when actually
building the wavelets, the filter coefficients must be appropriately scaled.)

hdegenerated = [1, h1 (1) , h1 (2) , . . . , h1 (2) , h1 (1) , 1]

hreduced = [h1 (1) , h1 (2) , . . . , h1 (2) , h1 (1)] /h1 (1) (11)
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Figure 2. Contour map of Gc × P P R for the case L0 = 6, L1 = 6. The abscissa corresponds to
parameter h0 (1) and the ordinate corresponds to parameter h0 (2). The regions inside the contour
lines correspond to the maxima of the coding gain.

As an example, Figure 2 shows the mapping of Gc × P P R on the coeffi-
cient plane (actually the filter kernel [h0 (1) , h0 (2)] as defined in Section 2.2
is used) for the length L0/L1 = 6/6. The concentric lines indicate distinct levels,
with increasing values for curves near the center. Examining Figure 2, there are
five distinct regions concerning zero positions. In the upper left corner, a region
of real positive zeros is found; at the upper central part, there is a region of
complex zeros (not on the unit circle); on the left and on the right sides, there
are filters with two real zeros and two zeros on the unit circle; below there is
a region of real zeros, two positive and two negative. Above point A there is
a sixth region that does not appear in Figure 2, corresponding to real negative
zeros. In the region of complex zeros there are degenerated filters. For example,
h = [1, −2, 8, 8, −2, 1] has an acceptable performance, but it is a degenerated
version of filter [1, −4, −4, 1]. When searching the surface of Gc × P P R in this
region, the optimization algorithm described in Section 2.2 finds suboptimal fil-
ters. As an example, starting the optimization from the previous example, the filter
h = [1, −176215, 1143369, 1143369, −176215, 1] is found. It is a degenerated
version of h = [1, −6.49, −6.49, 1], which is the optimum filter of length 4. In
the region of real zeros at the lower part of Figure 2, the best results are found. For
example, filter h = [1, 2.250, −33.476, −33.476, 2.250, 1] is the optimum 6/6
filter. In the regions of real zeros in the upper left part and in the upper right part
(not shown) of Figure 2, poor filters are found. In these filters all the zeros other
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than those at z = −1 have the same polarity. The region where both real zeros
and zeros on the unit circle occur generally corresponds to poor filters. Starting
a search procedure in this region of the surface of Gc × P P R, from any point,
results in a failure to find a useful filter.

Filters in the region of global maximum have special properties. The first prop-
erty is that these filters can be used in Step 3 of the optimization procedure
of Section 2.2. The other property is related to filter growth and is detailed in
Section 3.2. Although an analytical proof of these properties is not provided,
their validity is demonstrated when comparing the results of the filter optimization
using a gradient search to the results of the filter optimization using a simulated
annealing algorithm, as explained in Section 4.

3.2. Design based on filter growth

By studying filters with long impulse responses reported in the literature, it was
observed that some of them were degenerated (see Section 3.1) versions of other
filters with shorter impulse responses. When reducing the filter length as in equa-
tion (11), it was observed that, when hdegenerated has a good Gc × P P R perfor-
mance, the reduced versions usually fall in the region of global maximum, ac-
cording to what was observed when mapping the Gc × P P R surface. This means
that there is a relationship between good filters of different lengths. Consequently,
by reversing the process of filter reduction, it is conjectured that one can improve
the performance of filters with short impulse responses by increasing their length.
The process is as follows:

horiginal = [1, h1 (1) , h1 (2) , . . . , h1 (2) , h1 (1) , 1]

hincreased = [1, k, kh1 (1) , kh1 (2) , . . . , kh1 (2) , kh1 (1) , k, 1] . (12)

The value of k can be determined by a single-variable optimization. From a ge-
ometric point of view, such a process consists of choosing a position (determined
by the value of k) on a straight line that belongs to a space of higher dimension.
The other variables, which are fixed, determine the placement of the line. In fact,
it is expected that a good filter whose impulse response length is L−2 will have its
coefficients close to the central terms of a good filter of length L , i.e., it is likely
that these coefficients will place the above-mentioned line in a region next to a
global maximum. The optimization of k helps in avoiding degenerated solutions.
After determining the best k for hincreased , the filter response can be enhanced
by performing the optimization of all its coefficients. Using this procedure recur-
sively, as depicted in Figure 3, near-optimum filter responses of any length can be
obtained. The algorithm can be described as follows.

1. Choose the starting filter coefficients (the filter has length L).
2. Choose the final filter length (L + l).
3. Initialize the starting filter as the current filter.
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L/L

L+2/L+2

L/L

Optimization of all h(n)

Optimization of k

L+4/L+4 L+4/L+4

L+2/L+2

Starting Filter

Figure 3. Basic operations used in design by growing the number of coefficients of the filter
polynomial.

4. Create two new filters:

(a) A filter resulting from optimization of the current filter coefficients
(b) A filter resulting from increasing the current filter length and optimiz-

ing k.

5. Repeat Step 4 for each one of the two filters previously found. This step
means that a tree of solutions with many branches will be created. The
process stops when the length (L + l) is achieved.

6. Choose the best solution encountered.

In Step 4, optimization is done as outlined in Section 2.2, and in step 4b, k is
optimized instead of the filter kernel. If invalid filters, in the sense of Section 1.2,
appear in Step 4, the problem can be dealt with by the optimization procedure of
Section 2.2.

Note that this technique is more suitable for a filter whose impulse response has
an even length. This is so because, in such a case, at least one zero at z = −1 is
preserved when reducing the length of the impulse response as in equation (12).
For filters whose impulse response has an odd length this is never the case, as
shown below (consider Horiginal (z) to have at least a zero at z = −1 and consider
L to be odd), and a degree of freedom in the optimization is lost in order to enforce
a zero at z = −1.

Horiginal (−1) =
∑

(−1)l horiginal (l) = 0

Hreduced (−1) =
(∑

(−1)l horiginal (l)
)

−
(

1 + (−1)L−1
)

�= 0.
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Table 2. Characteristics of selected wavelets. Three stages used

Filters L0/L1 Gc (dB) P P R Gc × P P R PSNR

Filter A from [14] 5/3 9.35 1.60 13.780 30.50
Filter from [2] 9/7 9.46 1.48 13.036 31.01
Filter F from [14] 10/14 9.61 1.59 14.478 31.17

Optimum Gc × P P R 6/6 9.34 1.94 16.666 30.96
Optimized filter 8/8 9.36 1.93 16.704 30.83
Optimized starting from filter F 14/14 9.41 1.94 16.970 30.88

Furthermore, from the definition of P P R, we observe that antisymmetric
wavelets (generated from the iteration of filters with even length impulse
response) can have a P P R value equal to the maximum, 2. However, in the
symmetric case (wavelets generated from the iteration of filters with odd length
impulse response), such a value can never be reached. It happens because if y
in Figure 1(a) is made very small in order to increase the P P R, the wavelet
oscillations will be reduced, decreasing the coding gain. Note that in Figure 1(b),
y can be made zero, and the wavelet still oscillates. This implies that the
Gc × P P R performance obtained with symmetric wavelets tends to be inferior
for antisymmetric wavelets. However, in the image processing literature, there are
some filters whose impulse response has odd length, but which are said to result
in good wavelets. A very popular example is the 9/7 filter cited in [2]. It has been
reported to have better subjective and objective performance than most known
wavelets. Its Gc × P P R figure is not among the highest ones (see Table 2),
thus it is in apparent contradiction with our results. However, the advantage of
the 9/7 filter when compared to other good filters is generally observed when
the biorthogonal normalization (biorthogonal normalization is needed to achieve
optimum bit allocation, see Section 1) is not carried out. This is so because the
normalization factors Bk for the 9/7 filter bank are close to one, which is not the
case for most filter banks with antisymmetric wavelets. Therefore, if biorthogonal
normalization is carried out, the performance of filter banks with antisymmetrical
wavelets is improved, as seen in Table 2.

4. Results

4.1. Maximum PPR

Using the conditions in equations (9) and (10) from Section 2.3, optimization was
implemented using the coding gain as the objective function. To implement the
test, the quasi-Newton method was replaced by a simulated annealing optimiza-
tion algorithm, to ensure that the best results were obtained. This method is very
robust in avoiding local solutions and it is independent of the starting point, but
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Table 3. Performance of the best wavelets generated from the prototype filters found
in our experiments. “Quasi-Newton” means that the starting filter coefficients were only
optimized, no filter growth was necessary. A three-stage wavelet decomposition was used

Optimization L0/L1 Gc P P R Gc × P P R

Quasi-Newton 5/3 9.21 1.68 14.007
Quasi-Newton + filter growth 7/5 9.21 1.68 14.008
Quasi-Newton + filter growth 9/7 9.21 1.68 14.010
Simulated annealing 9/7 9.21 1.68 14.014
Quasi-Newton + filter growth 11/9 9.21 1.68 14.013
Simulated annealing 11/9 9.21 1.68 14.016
Quasi-Newton 13/11 9.26 1.67 14.045
Simulated annealing 13/11 9.19 1.69 14.026
Quasi-Newton 15/13 9.20 1.67 13.904
Quasi-Newton + filter growth 17/15 9.29 1.66 14.076

Quasi-Newton 4/4 8.99 2.00 15.832
Quasi-Newton 6/6 9.34 1.94 16.666
Quasi-Newton 8/8 9.36 1.93 16.704
Simulated annealing 10/10 9.29 1.98 16.818
Quasi-Newton + filter growth 10/10 9.34 1.95 16.722
Simulated annealing 12/12 9.33 1.96 16.857
Quasi-Newton + filter growth 12/12 9.34 1.96 16.854
Quasi-Newton 14/14 9.41 1.94 16.970
Simulated annealing 14/14 9.42 1.95 17.023
Quasi-Newton 16/16 9.43 1.93 16.925
Quasi-Newton + filter growth 18/18 9.40 1.95 16.998
Quasi-Newton + filter growth 20/20 9.44 1.93 16.952

its computational complexity is extremely high (note that, to avoid using brute
force methods such as simulated annealing, a design algorithm is developed in
Section 3.2). Unfortunately, the resulting filters are degenerated: the 6/6 filter
has Gc × P P R = 15.832, and its kernel is [116000, 757000]. Even for higher
dimensions, filters perform no better than the 4/4 optimal filter (the 12/12 filter
has Gc×P P R = 15.833, and its kernel is [98.63, 828.2, 828.9, 73472, 481600]).
Note also that the conditions for maximum P P R limit the search space a great
deal as, for each new dimension, the space is halved. Furthermore, after designing
a number of wavelets it was observed that the best filters do not have P P R = 2.
Instead, they have P P R close to 2 (see Table 3). Although the test has shown that
using a maximum P P R condition is not useful, its importance was to enable a
better understanding of the features of the Gc × P P R function.

4.2. Filter growth

The best filters achieved with the design technique presented in Section 3.2 are
shown in Table 3. To calculate the filters of Table 3, different starting filters
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were used, such as the Haar filter pair, and some of the filters reported in [2],
[14], [17], a total of 12. More than 100 filters were found when creating the
branches referred to in the description of the algorithm. One can see that, al-
though the value of Gc × P P R has a tendency to increase with filter length,
there seems to exist an asymptotic behavior limiting this value to less than 18,
using three stages in the wavelet decomposition (with five stages the limit is
slightly above 18). A particularly remarkable result is the optimum 6/6 filter, be-
cause, despite its small number of coefficients (the kernel is [2.2500, −33.4074]),
the resulting wavelet can reduce both blocking and ringing with a reasonably
high performance (Gc × P P R = 16.67 using three stages). Another remark-
able filter is the 14/14 obtained from filter F coefficient optimization (the kernel
is [−0.4444, −3.2091, −3.1858, −7.4466, −7.2805, 116.7045]). The results can
be compared against filters from the literature, shown in the upper part of Table 2.
In the examples we show results for three wavelet stages; however, the design was
also tested with five and six stages, yielding consistent results. Table 3 shows the
results for odd filters as well. However, as anticipated in Section 3.2, the results
are not very good. The second filter of Table 3 has two zeros imposed, however,
the value of the coding gain (which is related to the regularity) was not improved.
Additional results using this technique can also be found in [9]–[11].

The filter coefficients were optimized using a technique that is based on the
assumption that a good filter with impulse response of length L can be used to find
another with length equal to L±2. For filters small enough so that their coefficient
space can be visualized, this assumption was verified to be true, (see Section 3.1).
For filters with larger impulse responses, a direct verification of how close the
solutions found by our procedure are to the global maximum is impractical. As
an alternative to direct verification, a simulated annealing optimization algorithm
was used, in the same fashion of the previous section, but using the objective
function F = Gc × P P R. The results obtained (see Table 3) present values
of Gc × P P R that are very close to those obtained by our method. The largest
difference in Gc × P P R values represents less than 0.4% improvement over the
results of our algorithm.

Some of the wavelets designed were used to code the Lena 512 × 512 image
using the EZW algorithm [12] at 0.15 bits per pixel. The values of PSNR obtained
are displayed in Table 2. Wavelets iterated from optimized filters show very good
values of Gc×P P R, despite the lower values in PSNR. Note that designs based on
perceptual quality may decrease the values of objective indexes, as was the case
of PSNR (compare in Table 2 filter F before and after coefficient optimization).
Also, note that the images in Figure 4 are just used to illustrate the effect of ringing
and blocking reduction. The proper justification of the suitability of the objective
function F = Gc × P P R was done in [13], [14].

In the first row of Figure 4, it can be seen that wavelets designed by our
method (Figure 4b) show fewer blocking effects than the filter A reported in
[14] (Figure 4a). This can be seen when one compares the sizes of the square
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(a) (b)

(c) (d)

Figure 4. Lena image: (a) detail of face (128 × 128 pixel), coded at 0.15bpp using wavelets from
filters A from [14] and (b) from the optimum filter of length 6/6; (c) Lena image coded with the 9/7
filter from [2] and (d) with filter F from [14] optimized for Gc × P P R.

blocks on Lena’s eyebrow and at the hat brim. Also, Lena’s iris seem to be square
in Figure 4a, and the eyelash details are poorly preserved. This improvement is
primarily due to the influence of Gc in the optimization. The filter A was designed
by spectral factorization of an interpolating polynomial. This example shows how
the proposed process can bring improvements to short filters.

In the second row of Figure 4, it can be seen that wavelets designed by our
method (Figure 4d) show less ringing than those reported in the literature (Fig-
ure 4c). The artifacts are more pronounced around the hat and around the edge of
the mirror frame. This improvement can be primarily attributed to the role of the
P P R in the optimization. This example shows how the proposed design process
can bring improvements to long filters.
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5. Conclusions

In this paper we have presented a new linear-phase biorthogonal wavelet trans-
form design technique based on perceptual criteria. We began by presenting a
method to calculate the two-band filter bank filters from just one filter, making it
easier to optimize the filter bank response from the coefficients on just one filter.

The computer experiments reported in this paper lead to a better understanding
of the nature of the function F = Gc × P P R. Consequently, the region in the
coefficient space where the best filters are located was studied, and the devel-
opment of an efficient design procedure, which overcame the difficulties arising
from the manifold nature of this objective function, was possible. This procedure
allows a simple gradient search method to be employed. The optimization using
the function F = Gc × P P R produces a perceptually improved balance between
the ringing and the blocking artifacts. Conditions for performing the design using
a maximum P P R condition were obtained, but the results show that maximum
P P R wavelets have an inferior performance when compared to the ones opti-
mized using F = Gc × P P R.

The results presented show numerically and pictorially the improvements ob-
tained by the optimization process.

Appendix: Procedure to calculate H1 (z) from H0 (z)

Given an H0(z) that accepts a complementary polynomial, it is possible to cal-
culate a unique H1(z) if its degree is less than or equal to the degree of H0(z).
This can be done using equation (1) to construct a system of equations where
the number of equations and the number of unknowns are the same. Each equa-
tion will force a coefficient of odd exponent from P(z) = H0(z)H1(−z) to
be zero, except for the central coefficient (z−2m+1), whose coefficient is one.
Even exponent coefficients are canceled in the subtraction of equation (1), i.e.,
P(z) − P(−z) = 2z−2m+1.

Given the degree of H0(z), (deg {H0(z)} = L0 − 1), and the degree of H1(z),
(deg {H1(z)} = L1 − 1), we have:

• deg {P(z)} = L0 + L1 − 2 and the impulse response of P(z) has length
(L0 + L1 − 1);

• The exponent of the center coefficient of P(z) is (L0 + L1 − 2)/2;
• The number of equations (distinct odd terms of P(z)) is (L0 + L1)/4;
• The number of unknowns (distinct coefficients of H1(z)) is L1/2 if L0 and

L1 are even, and (L1 + 1)/2 if L0 and L1 are odd.

To express equation(1) in matrix form, the following practical procedure is
suggested. First, construct the auxiliary matrix D as in the following example
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(L0 = L1 = 12):

D =




h01 h00 0 0 0 0 0 0 0 0 0 0
h03 h02 h01 h00 0 0 0 0 0 0 0 0
h05 h04 h03 h02 h01 h00 0 0 0 0 0 0
h04 h05 h05 h04 h03 h02 h01 h00 0 0 0 0
h02 h03 h04 h05 h05 h04 h03 h02 h01 h00 0 0
h00 h01 h02 h03 h04 h05 h05 h04 h03 h02 h01 h00




,

where h0k ≡ h0 (k). Note that H0(z) is symmetrical. We can build now a matrix
C such that its elements are calculated as

ci, j = (−1) j (
di, j + di,L1−1− j

)
,

where di, j represents element (i, j) of matrix D, i ∈
[
0,

(L0+L1)
4 − 1

]
. If L1

is even, j ∈
[
0, L1

2 − 1
]
, and if L1 is odd, j ∈

[
0, L1−3

2

]
. With the matrix C

constructed as above, it can be verified that equation (13) below is equivalent to
equation (1), i.e., the solution can be found by solving the linear system

Cy = z. (13)

In equation (13), y represents the solution (its elements are the second half of the
impulse response of the filter h1 (n)) and z = [0, . . . , 1]′.

As an example, we have for L0 = 12 and L1 = 12:

C =




h01 −h00 0 0 0 0
h03 −h02 h01 −h00 0 0
h05 −h04 h03 −h02 h01 −h00
h04 −h05 h05 −h04 (h00 + h03) − (h01 + h02)

h02 −h03 (h00 + h04) − (h01 + h05) (h02 + h05) − (h03 + h04)

2h00 −2h01 2h02 −2h03 2h04 −2h05




,

y = [
h15 h14 h13 h12 h11 h10

]′ and z = [0, 0, 0, 0, 0, 1]′.
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