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Abstract—In this paper, we present mean-squared convergence
analysis for the partial-update normalized least-mean square
(PU-NLMS) algorithm with closed-form expressions for the case
of white input signals. The formulae presented here are more
accurate than the ones found in the literature for the PU-NLMS
algorithm. Thereafter, the ideas of the partial-update NLMS-type
algorithms found in the literature are incorporated in the frame-
work of set-membership filtering, from which data-selective
NLMS-type algorithms with partial-update are derived. The new
algorithms, referred to herein as the set-membership partial-up-
date normalized least-mean square (SM-PU-NLMS) algorithms,
combine the data-selective updating from set-membership fil-
tering with the reduced computational complexity from partial
updating. A thorough discussion of the SM-PU-NLMS algorithms
follows, whereby we propose different update strategies and
provide stability analysis and closed-form formulae for excess
mean-squared error (MSE). Simulation results verify the analysis
for the PU-NLMS algorithm and the good performance of the
SM-PU-NLMS algorithms in terms of convergence speed, final
misadjustment, and computational complexity.

Index Terms—Adaptation algorithms, data-selective, MSE
analysis, NLMS algorithm, order statistics, partial update, set-
membership filtering.

I. INTRODUCTION

WHEN implementing an adaptive-filtering algorithm, the
affordable number of coefficients that can be used will

depend on the application in question, the adaptation algorithm,
and the hardware chosen for implementation. With the choice
of algorithms ranging from the simple least-mean square (LMS)
algorithm to the more complex recursive least squares (RLS)
algorithm, tradeoffs between performance criteria such as, e.g.,
computational complexity and convergence rate, have to be
made. In certain applications, the use of the RLS algorithm
is prohibitive due to the high computational complexity, and
in such cases, we must resort to simpler algorithms. As an
example, consider the acoustic echo cancellation application
where the adaptive filter may require thousands of coefficients
[1]. This large number of filter coefficients may impair even the
implementation of low computational complexity algorithms,
such as the normalized least-mean square (NLMS) algorithm
[2]. As an alternative, instead of reducing filter order, one may
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choose to update only part of the filter coefficient vector at
each time instant. Such algorithms, referred to as partial-update
(PU) algorithms, can reduce computational complexity while
performing close to their full-update counterparts in terms of
convergence rate and final mean-squared error (MSE). In the
literature, one can find several variants of the LMS and the
NLMS algorithms with partial updates [3]–[12], as well as
more computationally complex variants based on the affine
projection algorithm [11].

Another efficient approach to reduce computational com-
plexity is to employ a set-membership filtering (SMF) approach
to adaptive filtering [13]. Algorithms derived within the frame-
work of SMF employ a deterministic objective function related
to a bounded error constraint on the filter output. SMF algo-
rithms feature reduced computational complexity primarily
due to data-selective updates, which are sparse in time. Imple-
mentation of those algorithms essentially involves two steps:
1) information evaluation (innovation check) and 2) parameter
update (or not, depending on the innovation check). If the up-
date does not occur frequently and the information evaluation
does not involve much computational complexity, the overall
complexity is usually much less than that of their RLS (as well
as LMS) counterparts. The sparse updating in time can provide
substantial savings in computations because it enables efficient
use of processor capacity [14] and less power consumption.
SMF algorithms with low computational complexity per update
and a complexity of for the innovation check are the
set-membership NLMS (SM-NLMS) [13], the set-membership
binormalized data-reusing LMS (SM-BNDRLMS) [16], and
the set-membership affine projection (SM-AP) [17] algorithms.

The objective of this paper is to propose a framework that
combines set-membership data reusing with partial update. The
resulting algorithms benefit from the sparse updating related
to the set-membership framework reducing the average com-
putational complexity, as well as from the reduced computa-
tional complexity obtained with the partial update of the coef-
ficient vector. The main contributions are the development of
updating schemes that guarantee performance comparable with
that of set-membership filtering algorithms and partial-updating
algorithms, whereas computational complexity is reduced with
respect to both updating schemes. Furthermore, a thorough dis-
cussion on the properties of the developed algorithms is pre-
sented, stating their most important features and contributing to
improve the understanding of their behavior.

When presenting the basis for developing the new algorithm,
herein referred to as set-membership partial-update NLMS
(SM-PU-NLMS) algorithm, we review and analyze one partic-
ular case of the partial-update NLMS (PU-NLMS) algorithm,
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which was introduced in [11] and [12], that obeys the principle
of minimum disturbance [11]. The results from our analysis,
which is based on order statistics, yield more accurate bounds
on step size and on the prediction of excess MSE when
compared with the results presented in [11]. We also clarify
the relationship between the PU-NLMS and M-Max NLMS
[6], [7] algorithms, whereby we show that the M-Max NLMS
algorithm uses an instantaneous estimate of the step size that
achieves the fastest convergence in the MSE.

We propose two versions of the SM-PU-NLMS algorithm:
One version updates a constant number of coefficients when-
ever an update is required, whereas the other version allows the
number of coefficients to be updated vary up to a maximum pre-
defined number. In both versions, the SMF criterion is used in
tandem with the PU criterion to construct guidelines that will de-
termine when and which coefficients will be updated. We also
provide proof of convergence for the SM-PU-NLMS algorithm
in the mean-squared sense in the case of white input sequences.

The organization of the paper is as follows. Section II re-
views the PU-NLMS algorithm for the particular case where
the coefficients to be updated are not contiguous and are chosen
based on the minimum disturbance criterion. We also provide
an analysis in the mean-squared sense that is novel for this algo-
rithm and allows new insights to its behavior. Section III reviews
briefly the concepts of set-membership filtering necessary for
the derivation of the new algorithm in Section IV. Section IV
also provides discussion on the convergence properties of the
new algorithm. Section V discusses computational complexity
issues of the algorithms, followed by simulations in Section VI.
In this section, we validate our analysis of the PU-NLMS algo-
rithm and compare our results with those available in the liter-
ature. We also compare the SM-PU-NLMS algorithm for dif-
ferent choices of update strategy and evaluate the reduction in
the computational complexity resulting from the combination
of partial-update and set-membership approaches. Conclusions
are given in Section VII.

II. MEAN-SQUARED ANALYSIS OF THE PARTIAL-UPDATE

NLMS ALGORITHM

This section analyzes the partial-update NLMS (PU-NLMS)
algorithm proposed in [11] and [12]. We provide analysis in the
mean-squared sense with new bounds on the step size to be used
in the PU-NLMS algorithm that are more accurate than the one
given in [11].

A. PU-NLMS Algorithm

This section reviews the PU-NLMS algorithm proposed in
[11] and [12]. The objective in PU adaptation is to derive an
algorithm that only updates out of the filter coeffi-
cients. Let the coefficients to be updated at time instant be
specified by an index set with

taken from the set . Note that de-
pends on the time instant . As a consequence, the coeffi-
cients to be updated can change between consecutive time in-
stants. A question that naturally arises is “Which coefficients
should be updated?” The answer to this question can be related
to the optimization criterion chosen for the algorithm deriva-

tion. The PU-NLMS algorithm takes the updated vector
as the vector minimizing the Euclidean distance
subject to the constraint of zero a posteriori error with the ad-
ditional constraint of updating only coefficients.

Assuming a sequence of input vectors and a se-
quence of desired signals , we can write the sequence
of output errors as

where and , and and . With this nota-
tion, the update equations for the PU-NLMS algorithm can be
written as

(1)

where is a step size used to control stability, convergence
speed, and error in the mean-squared sense. The matrix
is a diagonal matrix having elements equal to one in the posi-
tions indicated by and zeros elsewhere. For a given value
of , the Eucledian distance between consecutive update vec-
tors achieves its minimum when is maximized. In
other words, we should update the coefficients of related
to the elements of with the largest norm. We see from (1)
that only the coefficients of indicated by the index set
are updated, whereas the remaining coefficients are not changed
from iteration to iteration .

B. Algorithm Analysis

In this section, the PU-NLMS algorithm [11], [12] is analyzed
in the mean-squared sense. A new and more accurate bound on
the step size is provided, together with closed-form formulae for
the prediction of the excess MSE. For the analysis, we adopt a
simplified model for the signals and . The model
descibed in detail in Appendix A uses a simplified distribution
for the input-signal vector by employing reduced and count-
able angular orientations for the excitation, which are consistent
with the first- and the second-order statistics of the actual input-
signal vector. The model was used for analyzing the NLMS al-
gorithm [18] and was shown to yield accurate results. The model
was also successfully used to analyze the quasi-Newton (QN)
[21] and the binormalized data-reusing LMS (BNDRLMS) [22]
algorithms.

It is shown in Appendix A that for the PU-NLMS algorithm
to be stable in the mean-squared sense, the step size should be
bounded as follows:

(2)

where has the same distribution as , and has
the same distribution as , which in this particular case is
a sample of an independent process with chi-distribution with

degrees of freedom . For given
and can be evaluated numerically, as shown in

Appendix B. In a practical implementation could be es-
timated recursively. It can be shown that

for white Gaussian input signals. A more pessimistic
bound on the step size than the one in (2),
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was given in [11] as a consequence of the crude approximation
.

If the step size is chosen within its stability bounds, the final
excess MSE after convergence is given by (see Appendix A)

(3)

When , (3) is consistent with the results obtained for
the conventional NLMS algorithm in [18].

It is also shown in Appendix A that the step size that gives
the fastest convergence speed is given by . An
instantaneous estimate of the step size giving the fastest conver-
gence speed is obtained as , which,
if used in (1), gives the M-Max NLMS algorithm [6], [7] with
unity step size.

III. SET-MEMBERSHIP FILTERING

In set-membership filtering (SMF) [13], the filter is de-
signed to achieve a specified bound on the magnitude of the
output error. Several valid estimates of satisfy the chosen
bound on the output error at instant . Let denote the set
containing all vectors for which the associated output error at
time instant is upper bounded in magnitude by , i.e.,

The set is referred to as the constraint set, and its boundaries
are hyperplanes. Finally, define the exact feasibility set to
be the intersection of the constraint sets over the time instants

, i.e.,

The idea of set-membership adaptive recursion techniques
(SMART) [13] is to adapt the coefficient vector such that it will
always remain within the feasibility set. The set-membership
NLMS (SM-NLMS) [13] algorithm uses the information
provided by the constraint set to construct a set of feasible
solutions.

IV. SET-MEMBERSHIP PARTIAL-UPDATE

NLMS ALGORITHM

In this section, we merge the ideas of partial updating and
set-membership filtering. The goal is to combine the advantages
of SMF and PU in order to obtain an algorithm with sparse up-
dating and low computational complexity per update. The fol-
lowing subsections present the algorithm derivation and discuss
convergence issues.

A. Algorithm Derivation

Our approach is to seek a coefficient vector that minimizes
the Euclidean distance subject to the constraint

with the additional constraint of updating only
coefficients. This means that if , the minimum distance
is zero and no update is required. However, when , the

Fig. 1. Geometric illustration of an update in using L = 1 coefficient in
the partial update, and with jx j > jx j > jx j, the direction of the update is
along the vector [0 0 x ] forming an angle � with the input vector x .

new update is obtained as the solution to the following optimiza-
tion problem:

subject to:

where is a parameter that determines a point within the con-
straint set , or equivalently, , and

is a complementary matrix that gives
, which means that only coefficients are updated.

Herein, is chosen such that the updated vector belongs to
the closest bounding hyperplane in , i.e., .
The updating equation is obtained in a similar manner as the
PU-NLMS algorithm in Section II:

but here, the step size is data dependent and given by

when i.e., if
otherwise

(4)

Note that starts with high values and gets reduced as the error
reduces reaching zero as we approach the maximum allowable
error. The index set specifying the coefficients to be up-
dated is chosen as in the PU-NLMS algorithm, i.e., the co-
efficients in the input vector having the largest norm. The
algorithm is similar in form to the PU-NLMS algorithm [11]
but not in philosophy or in derivation.

A geometrical interpretation of the SM-PU-NLMS algorithm
update is given in Fig. 1 for the case of filter
coefficients and coefficients to be updated. In the
figure, the component is the element of largest magnitude
in , and therefore, the matrix , which specifies the
coefficients to update in , is equal to diag .
The solution in Fig. 1 is the solution obtained by the
SM-NLMS algorithm abiding the orthogonality principle.
The angle shown in Fig. 1 denotes the angle between the
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direction of update and the input vector
and is given from standard vector algebra by the relation

. In the general case,
with coefficients in the update, the angle in is given
by .

In order to ensure that the updated coefficient vector will
be closer to the orthogonal projection , consider the bound
given by the following lemma.

Lemma 1: for
.

Proof: The orthogonal projection is given by
[13], where is given

by (4). Consequently, .
Since and lie on the same hyperplane, we have

. Therefore,

. For to hold,
is required.

The lemma tells us that if the instantaneous power in the input
vector corresponding to the partial update is larger than half of
the total instantaneous power, the SM-PU-NLMS update will be
closer to the orthogonal solution than the current solution. For
large values of and and white input signals, we can make
the approximations and

, although the former should be considered a rather crude
approximation. Using these approximations, a lower bound on
the number of coefficients in the partial update is

. However, it is desirable to allow any choice of smaller
values of to be not bounded from below, as long as it does not
compromise stability or convergence.

Unlike the PU-NLMS algorithm, the solution to the
SM-PU-NLMS algorithm is required to belong to the constraint
set. However, stability problems may arise when is small,
and as a consequence, angle is increased. In order to address
this problem, consider the following update strategies.

Proposition 1: Increase the number of filter coefficients
to update in the partial update vector until the relation

is true.
Proposition 1 gives a solution where the number of coeffi-

cients in the update vary with time. In case of equality, we have
, and the update can be viewed as the

projection of the zero a posteriori solution onto , as
illustrated in Fig. 2. No upper bound on is guaranteed, and
the proposed strategy would most likely result in close to

during the initial adaptation. This is clearly not desir-
able for the case of partial-update algorithms, where, in many
cases, is required. Therefore, consider the fol-
lowing alternative proposition.

Proposition 2: Increase the number of filter coefficients
to update in the partial update vector until the relation

is true or . If ,
increase the threshold temporarily at the th iteration to

.
As illustrated in Fig. 3, Proposition 2 will temporarily expand

the constraint set in order to provide a feasible solution if the
required number of coefficients to fulfill Proposition 1 exceeds
a predefined maximum number of coefficients set at the
design stage. Tables I and II show two different versions of the

Fig. 2. General projection solution for kA x k � � kx k .

Fig. 3. Projection solution with temporary expansion of the constraint setH
using a new threshold  .

TABLE I
SM-PU-NLMS ALGORITHM, L TIME VARYING WITH L � L

SM-PU-NLMS algorithm. The version in Table I implements
Proposition 2, and the number of coefficients are allowed to
vary freely such that , where is a
predefined value. If , the algorithm will be the
same as the one in Proposition 1. Table II implements a version
where is fixed during the adaptation. The choice between the
two versions is application dependent, where the variable case
is more suitable for applications where the average power con-
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TABLE II
SM-PU-NLMS ALGORITHM, L FIXED DURING ADAPTATION

sumption must be reduced at the expense of requiring a recon-
figurable implementation, such as mobile terminals.

B. Convergence Issues

Any partial update strategy imparts deviation in the direction
of update from the direction orthogonal to any hyperplane de-
fined by , where is a scalar. The angle of de-
viation depends on the particular strategy adopted to choose the
index set . The strategies suggested in Propositions 1 and
2 above put a bound on the norm of the update by stating that

. If this implies
violation of condition , then the value of is tem-
porarily increased (see Fig. 3). Notice that it may happen that

approaches 90 , but in these cases, the distance to the con-
straint set boundary will approach zero due to the temporarily
increased . This is explained by the fact that the angle in
Fig. 2 is forced to be always greater than or equal to 90 as a
consequence of .

A simple model for the desired signal will be adopted for
a preliminary study of the convergence properties of the algo-
rithm. For this particular case, let the coefficient-error vector at
instant be defined as and the desired signal
be modeled as . The error signal is expressed as

, and the following expression gives the norm
of the coefficient-error vector:

A reduction in the coefficient-error norm will occur whenever
the term is positive.
Although matrix has non-negative
eigenvalues (see Lemma 2 below), there exist time instants
when the coefficient-error norm may increase as a result from
the partial-update strategy, as indicated in Fig. 4. Whenever

Fig. 4. Coefficient-error norm evolution.

a reduction in the coefficient-error norm occurs, the that
causes the largest reduction is given by the following lemma:

Lemma 2: The SM-PU-NLMS algorithm with
achieves the largest reduction in coeffi-

cient-error norm whenever a reduction occurs.
Proof: Matrix is

a rank-one matrix with the nonzero eigenvalue given by
. Consequently, for

, the relation holds.
Maximizing the eigenvalue of matrix with respect to
gives .

Notice that although we cannot guarantee convergence with
probability one (see Fig. 4), we can guarantee almost sure con-
vergence with the heuristic argument that the update, even if
only for a fraction of the coefficients, will point toward the op-
timal solution most of the time. In addition, we can guarantee
convergence in the mean-squared sense for the case of additive
measurement noise, as stated by the following.

Theorem: The SM-PU-NLMS converges in the mean-
squared sense for zero-mean i.i.d. input signals in the
presence of zero-mean additive uncorrelated noise when

.
Proof: In order to account for the sparse update in time

of SMF adaptive filters, assign a probability of update
, and proceed similarly to the derivation described

in Appendix A to calculate the coefficient-error norm for the
SM-PU-NLMS algorithm:

Under the independence assumption and assuming the additive
measurement noise to be zero mean and not correlated with the
white input signal, the expression for the excess MSE is

(5)
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Substituting by its upper bound will account for a
worst-case scenario. Invoking the independence assumption
and assuming large such that can be considered a
reasonable estimate of , we may rewrite as

(6)

Evaluating requires the computation of the elements of ma-
trix . Assuming the input
samples to be i.i.d., the off diagonals will average to zero. Since

will select only the values in the input vector with
the largest norm, the diagonal will be an average over the
strongest components only. Let denote the probability for one
of the largest components that contribute to the th element in
the diagonal. In addition, let be the elements of the
input vector sorted in magnitude such that

. For a given , the diagonal elements of can be calcu-
lated as follows:

where for i.i.d. signals, . Substituting this into
(6) results in

Since is independent of , (5) is always stable.

V. COMPUTATIONAL COMPLEXITY

The computational complexities of the PU-NLMS and the
SM-PU-NLMS algorithms depend on the number of coeffi-
cients to be updated and the search technique for finding the

elements of with the largest norm. The computational
complexities per update in terms of the number of additions,
multiplications, and divisions for the NLMS, SM-NLMS,
PU-NLMS, and SM-PU-NLMS ( fixed) algorithms are shown
in Table III. Although the PU-NLMS and SM-PU-NLMS
algorithms have a similar complexity per update, the gain
of applying the SM-PU-NLMS algorithm comes through
the reduced number of required updates, which cannot be
accounted for a priori. For time instants where no updates are
required, the complexity of the SM-PU-NLMS algorithm is
due to filtering, i.e., additions and multiplications.
In the operation counts, the value of was assumed
known at iteration such that can be computed as

, which requires only one
multiplication and two additions.

TABLE III
COMPUTATIONAL COMPLEXITY

Fig. 5. Impulse response of echo path to be identified.

In order to find the largest-norm elements in , compar-
ison-sort algorithms can be used, which require a maximum
number comparisons of order . Examples of such
comparison-sort algorithms are the Heapsort and the Mergesort
algorithms [19], [20]. For the SM-PU-NLMS algorithm, it is
necessary that the comparison-sort algorithm run, irrespective
of whether an update is required. Both the PU-NLMS and the
SM-PU-NLMS algorithms require additional memory to store
the pointers to the sorted list. The amount of additional memory
required can be reduced by partitioning the coefficient and input
vectors into blocks and performing block updates, as proposed
in [9], but at the expense of a decrease in convergence speed.

VI. SIMULATION RESULTS

A. Verification of the Analysis of the PU-NLMS Algorithm

In this subsection, our analysis of the PU-NLMS algorithm is
validated using a system-identification setup. The order of the
plant shown in Fig. 5 was , and the input signal was
zero-mean Gaussian noise with . The signal-to-noise
ratio (SNR) was set to 30 dB.

Fig. 6 shows the learning curves for the case of
, and coefficients in the partial update.

The curves were obtained through averaging 500 trials. The
step size for each value of was chosen such that convergence
to the same level of misadjustment was achieved. The corre-
sponding theoretical learning curves obtained from evaluating
(12) were also plotted. As can be seen from the figure, the the-
oretical curves are very close to the simulations. Fig. 7 shows
the excess MSE as a function of ranging from to

for different values of , where is given by (14)
in Appendix A. Note that the axis is normalized with respect to



944 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 52, NO. 4, APRIL 2004

Fig. 6. Learning curves for the PU-NLMS algorithm for N = 128; L =

5; L = 10; L = 25, and L = 128;SNR = 30 dB.

Fig. 7. Excess MSE for the PU-NLMS algorithm versus the step size � for
N = 127; L = 5; L = 10, and L = 25;SNR = 30 dB.

the maximum step size , which is different for each value
. The quantity needed for the calculation of was

obtained through numerical integration. For ,
and the corresponding values were ,

, and , respectively. As can be
seen from Fig. 7, the theoretical results are very close to the sim-
ulations within the range of step sizes considered. Using step
sizes larger than resulted in poor accuracy or caused
divergence. This is expected due to the approximations made in
the analysis. However, only step sizes in the range
are of practical interest because larger ones will neither increase
convergence speed nor decrease misadjustment. This fact is il-
lustrated in Fig. 8, where the theoretical convergence curves
were plotted for different values of using and

. Therefore, we may state that our theoretical analysis is able
to predict very accurately the excess MSE for the whole range
of practical step sizes.

In Fig. 9, we compare our results (solid lines) with those pro-
vided by [11] (dashed lines) for the particular case where their

Fig. 8. Theoretical learning curves for different choice of step size in the
PU-NLMS algorithm for N = 127 and L = 25;SNR = 30 dB.

Fig. 9. Comparison of (12) (solid lines) with the excess MSE formula obtained
from [11] (dashed lines).

algorithm is equal to the one presented in Section II of this paper.
As seen from Fig. 9, the results presented in [11] are not accu-
rate, even for reasonably high values of , whereas Fig. 7 shows
that our analysis is accurate for a large range of . This comes
from the fact that in [11], order statistics were not applied in
the analysis, resulting in poor estimates of for
most values of .

B. SM-PU-NLMS Algorithm

In this section, the two SM-PU-NLMS algorithms are applied
to a system identification problem. The plant identified was the
same as in the previous section having the order ,
and colored noise input signal was used with SNR set to 30 dB.
The colored noise was generated by AR filtering a white noise
sequence with 15 linear-predictive-coding (LPC) coefficients
of a speech signal. The bound on the output estimation error
was set to . Fig. 10 shows the learning curves av-
eraged over 200 simulations for the SM-PU-NLMS algorithm
using the algorithm shown in Table II, i.e., with constant. The
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Fig. 10. Learning curves for the SM-PU-NLMS algorithm using fixed L for
N = 50; L = 5; L = 10; L = 25, and L = 128, and the PU-NLMS
algorithm for L = 5; SNR = 30 dB.

Fig. 11. Learning curves, L � L and L fixed.

learning curve for the PU-NLMS algorithm with and the
NLMS algorithm were included as references. The step size in
the PU-NLMS algorithm was , which resulted in the
same level of MSE as the SM-PU-NLMS algorithm with .
The step size used in the NLMS algorithm was set to unity to ob-
tain the fastest convergence. In 16 000 iterations, the number of
times that an update took place for and

(SM-NLMS) were 6050, 4800, 3550, and 2900, re-
spectively. This should be compared with the 16000 updates re-
quired by the PU-NLMS algorithm, and the drastic reduction is
a result of the SMF strategy. In addition to the reduced computa-
tional complexity, we note from Fig. 10 that the SM-PU-NLMS
algorithm converges slightly faster than the PU-NLMS algo-
rithm for the same level of MSE.

Fig. 11 shows the learning curves for the SM-PU-NLMS
algorithm with variable . The counterpart results for the
SM-PU-NLMS algorithm obtained previously for and

are included in Fig. 11 for reference.
In 16 000 iterations, the number of times that an update took

place for and

Fig. 12. Number of coefficients updated in the partial update versus time in a
single realization for the SM-PU-NLMS algorithm withL variable andL � 25.

Fig. 13. Number of coefficients updated in the partial update versus time in
a single realization for the SM-PU-NLMS algorithm with L variable and
L � 128.

were 6110, 5040, 4360, and 4200, respectively, which is slightly
higher than when is fixed. However, the number of coeffi-
cients in the partial update was also smaller for most of the time
instants, which can be observed from Figs. 12 and 13, where
for and , the number of
coefficients in the partial update versus time is shown during
one realization. The curves in Figs. 12 and 13 explain why the
SM-PU-NLMS algorithm with variable converges to a sim-
ilar MSE, irrespective of the chosen. The SM-PU-NLMS
algorithm with a variable uses a minimum number of partial
update coefficients at each time instant to meet the bound con-
straint. For a low number of , the final MSE is similar to
the case of using fixed because more coefficients are needed
on the average to meet the bound constraint.

VII. CONCLUSION

This paper studied normalized partial-update adaptation
algorithms. Convergence analysis for the conventional par-
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tial-update NLMS (PU-NLMS) algorithm was presented,
which gave further insight to the algorithm in terms of stability,
transient, and steady-state performances. The analysis was
validated through simulations showing excellent agreement be-
tween theory and practice. New stability bounds were given for
the step size that controls the stability, convergence speed, and
final excess MSE of the PU-NLMS algorithm. These results
extend and improve in accuracy previous results reported in the
literature. Novel set-membership normalized adaptive filtering
algorithms with partial updating were derived based on the con-
cept of set-membership filtering. The new algorithms benefit
from the reduced average computational complexity from the
set-membership filtering framework and the reduced computa-
tional complexity resulting from partial updating. Simulations
were presented for a system identification application. It was
verified that not only the set-membership filtering adaptation
algorithms with partial updating can further reduce the com-
putational complexity when compared with the partial-update
NLMS algorithm but can also present a faster convergence for
the same level of MSE. The new SM-PU-NLMS algorithm
proposed and discussed herein shows a new perspective for
adaptive filters when a very large number of coefficients needs
to be used and high performance needs to be maintained.

APPENDIX A

In this Appendix, the PU-NLMS algorithm is analyzed in the
mean-squared sense.

1) Coefficient Error Vector

In order to derive expressions for the second-order statistics
of the PU-NLMS algorithm, we will first derive an expression
for the evolution of the coefficient-error vector. Assuming that
the desired signal is given by

and defining the coefficient error vector as ,
we can express the error as

(7)

Therefore, from (1) and (7), we have

2) Excess MSE for White Input Signals

For the MSE analysis, we assume that the vectors are excited
in a discrete number of directions. This model was used to ana-
lyze the NLMS algorithm in [18] and is consistent with the first-
and second-order statistics of the original input signal.

The following assumptions are made.

• There is independence between and .
• The vectors and are modeled by

and , respec-
tively, where

— and take on values with probability ;
— and are positive real valued stochastic vari-

ables such that and have the same probability

distribution functions as and ,
respectively;

— is equal to one of the orthonormal eigen-
vectors of denoted as , and is
equal to one of the orthonormal eigenvectors
of denoted as . White
Gaussian input signals and are uniformly dis-
tributed, and and share the same eigenvectors,
i.e., . Therefore

(8)

Notice that for any value of , we have since the
inner product of and is always positive.

The excess MSE is given by [2]

(9)

where

(10)

is the MSE at iteration , and is the minimum MSE. With
these equations, we have

tr cov (11)

For white input signals, the excess MSE is given by
tr cov , where

cov
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Let us analyze each term separately:

tr

tr

tr

where we used (8). Since tr tr , we will have
.

tr

tr

Finally, we obtain the expression for the excess MSE

which can be approximated as

(12)

where the conservative approximation was
used. The stability region in the mean-squared sense for is

(13)

where the step size yields maximum reduc-
tion of in (12). Further simplifications with

give us

(14)

where and can be calculated
using knowledge of and using order statistics (see also
Appendix B). A more pessimistic bound can be obtained by
using the relation , giving

(15)

which corresponds to the bound given in [11]. We stress that the
analysis presented in this appendix shows that step sizes larger
than the ones indicated by (15) may be used according to (14).

For , we have

APPENDIX B

In this Appendix, it is shown how to obtain numerically
used in the step size bound derived in Appendix A. This param-
eter was also required in the analysis of the M-Max NLMS al-
gorithm [7], which used the approach as presented here.

The basic problem here is to calculate the second moment of
ordered statistics. This problem has received much attention in
the past; see, e.g., [23]–[25], where recursion formulae and ta-
bles were produced for expected values and moments of ordered
statistics for various different distributions.

Let be a vector containing the ele-
ments of vector ordered in value,
i.e, . The probability density
function of the th element in is given by [26]

where is the density of the unsorted random variables in
vector , and is their cumulative distribution to the
power of . The second moment of the th element is given
by

(16)

The PU-NLMS algorithm chooses the elements in of
the largest magnitude. Therefore, if we order the values in
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in magnitude, their second moments can be found
by evaluating (16) for . For the case
of Gaussian input signals and using the cumulative distribution
and density functions for the magnitude of a Gaussian variable,
we have

for
otherwise

(17)

and
for
otherwise

(18)

where and are the cumulative distribution function
and the density function, respectively, of a Gaussian variable.
The density function in (18) is, in fact, the probability
density function for a random variable from a chi-distribution
with one degree of freedom. The problem of calculating mo-
ments of order statistics in samples from the chi-distribution (1
degree of freedom) was considered in [25], where a recursion
formula was developed. The quantity is given by

which for given and can be evaluated numerically.
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