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Jointly Minimum BER Transmitter and Receiver
FIR MIMO Filters for Binary Signal Vectors
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Abstract—A theory is developed for jointly minimizing the
bit error rate (BER) between the desired and decoded signals
with respect to the coefficients of transmitter and receiver finite
impulse response (FIR) multiple-input multiple-output (MIMO)
filters. The original signal is assumed to be a vector time-series
with equally likely memoryless Bernoulli vector components.
The channel model constitutes of a known FIR MIMO transfer
function and Gaussian additive noise independent of the original
signal. The channel input signal is assumed to be power con-
strained. Based on the formulas obtained, an iterative numerical
optimization algorithm is proposed. When compared with other
design methods available in the literature, the proposed method
yields better results due to the generality of the model considered
and the joint optimization of the transmitter-receiver pair.

Index Terms—FIR MIMO filters, MIMO system, multiple-input
multiple-output.

I. INTRODUCTION

THE problem of transmitting a vector time-series with
memoryless equally likely Bernoulli components over

a vector channel is investigated. It is assumed that the dis-
crete-time channel is corrupted by additive signal-independent
noise, which is Gaussian complex circularly symmetric with
zero mean and with known second-order statistics. Further-
more, it is assumed that the maximum average power of the
channel input-vector time series is constrained and that the
channel transfer function is known.

A generalization of the considered system was optimized
with respect to the minimum mean square error (MSE) in [1],
where near-end crosstalk was also included in the model. Ana-
lytical expressions for optimal transform coders that minimize
the MSE were derived in [2] for the identity mulitple-input mul-
tiple-output (MIMO) memoryless channel transfer function.
This result was extended to include a finite impulse response
(FIR) channel transfer function for memoryless transforms in
[3]. In the performance results presented in [3], the BER versus
channel quality is used as a performance measure, even though
the optimization criterion used was the MSE. In the present
work, minimum BER is the optimization criterion employed.
Various works, see, e.g., [4]–[6], have minimized BER with
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respect to the receiver parameters when the receiver is modeled
by a memoryless transform. Block-based jointly minimum
MSE and weighted MSE of the transmitter and receiver MIMO
transforms are derived in [7] and [8], respectively. These two
block transform systems can be used for communications over
FIR MIMO channels, and they introduce guard intervals in
order to avoid interblock interference (IBI).

Fig. 1 shows the system model considered herein. The di-
mension of the vectors in the original time-series and the
dimensions and of the input and output time-series of
the channel may, in general, be different. The transmitter and
receiver are represented by polynomial matrices with finite and
known orders. For given values of , , and , the trans-
mitter and receiver FIR MIMO filters are jointly optimized with
respect to the minimum BER between the desired output and
the actual output vector time-series of the receiver, subject to
the channel input average power constraint.

There are several contributions in this paper that are now
briefly mentioned. The receiver is treated as an FIR MIMO filter
of order , unlike earlier publications, where only the case of

has been considered. The additive noise on the channel
can be colored and complex valued. This is a generalization of
earlier works that only considered real white noise. The channel
transfer function is modeled as a known MIMO channel. This is
also an extension of earlier works that either considered memo-
ryless MIMO channels or single-input single-output (SISO) FIR
channels. It is assumed that the filter coefficients are complex,
whereas in earlier publications, just the real case was consid-
ered. Improved system performance is achieved via jointly op-
timization of the transmitter and receiver FIR MIMO filters. An
iterative numerical algorithm is proposed based on the formulas
for the optimal transmitter FIR MIMO filter for a given receiver
FIR MIMO filter and vice-versa.

The rest of this paper is organized as follows. Special no-
tations are introduced in Section II, and Section III introduces
tools that will be required in the presentation and development
of the results. Section IV states the problem and presents the
proposed solution. Section V contains the proposed numerical
optimization algorithm. Section VI shows results obtained with
the proposed algorithm, which are compared with results from
the literature. Section VII presents the conclusions, and five ap-
pendices contain various tools and proofs used in the paper.

II. SPECIAL NOTATION

A. FIR Matrix Polynomial Expansions

Three expansion operators for FIR polynomial matrices will
be required for a compact presentation of the MIMO system
relations.

1053-587X/04$20.00 © 2004 IEEE
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Fig. 1. Power-constrained FIR MIMO system with given transfer function and additive channel noise.

Let be an FIR polynomial matrix of
order and dimension . Matrix is the th co-
efficient of the FIR MIMO filter , and it has dimension

. The row-expanded matrix obtained from the poly-
nomial matrix is an matrix given by

(1)

The column-expanded matrix obtained from the polynomial
matrix is an matrix given by

(2)

where the operator denotes transposition. The row-diag-
onal-expanded matrix obtained from the polynomial ma-
trix is a matrix given by
(3), shown at the bottom of the page. The matrix is a block
Sylvester matrix [9].

B. Vector Time-Series Expansion

Let be a non-negative integer. The symbol will be used
as a time index in this article, and is an integer, i.e.,

. The column expansion of a time-se-
ries vector of dimension is defined as

(4)

The column expansions of other time-series vectors are defined
in the same manner as shown in (4). The column-expansion op-
erator for time-series vectors, while related to the column-ex-
pansion operator for matrix polynomials, have dimensions that
depend on the situation for which they are used. In each case,
the correct dimension is given by the notation. The dimension
of column expansion of a matrix polynomial is given by the di-
mension and the order of the polynomial.

Table I summarizes the dimensions of matrices and vectors
widely used in this paper.

C. Reshape Operator

Let and be non-negative integers, and let the op-
erator denoted by be called the reshape operator.

produces

a block Toeplitz matrix from a
matrix. Let be a

matrix, where the th block is denoted by ,
. Then, the operator applied to the

matrix is defined as

...
...

. . .
... (5)

III. BACKGROUND AND USEFUL RELATIONS

A. System Description

The system considered is shown in Fig. 1. It is assumed
that the input vector signal to the transmitter FIR MIMO
filter is uncorrelated with the additive channel noise vector

and that these vector time-series are jointly wide-sense
stationary. Each vector component of contains either 1
or 1 with equal probability, and the components are assumed
to be uncorrelated; therefore, the original signal is a Bernoulli
source. Fig. 1 indicates that the dimensions of the original
signal, channel input, and channel output vectors are ,

, and , respectively. There are no constraints
on the values of , , and , except that they need to be
positive integers. It is considered that the transmitter
FIR MIMO filter and the receiver FIR MIMO
filter have the following model:

(6)

where the numbers and are assumed to be known. The ma-
trices and have dimensions and , re-
spectively. At the output of the FIR MIMO receiver filter ,
the real value of the vector is kept. The resulting vector
is fed to a hard limiter that gives the value 1 if the real input

...
. . .

. . .
. . .

. . .
...

(3)
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TABLE I
DIMENSIONS OF THE MOST IMPORTANT MATRICES AND VECTORS USED IN THIS PAPER

is non-negative and the value 1 if the real input is negative. It
is remarked that the used memoryless decisions are suboptimal
and that better performance can be obtained if more advanced
decoding techniques are employed [10]. In general, there are
no guard intervals introduced in the system studied as opposed
to the block-based systems in [7], [8]. IBI will, in general, be
present in the proposed system, and as an advantage, higher
spectral efficiency is achieved since all the channel input and
output samples are used in the communication system.

B. Blocking Operations

In order to produce the input vector time-series from a
scalar time-series , the blocking structure of Fig. 2(a) can
be used. The unblocking operation is shown in Fig. 2(b). In these
figures, and denote the th vector component of the
vectors and , respectively. Fig. 2(a) shows that the
scalar time-series is used to produce the input vector

to the FIR MIMO transmitter filter through the following
equation:

(7)

The relationship between the output vector and the
scalar time-series , when using the unblocking structure of
Fig. 2(b), is given by

(8)

Fig. 2. Blocking (a) and unblocking (b) operations.

C. Channel Model and Desired Output Signal

The channel transfer function is given by an FIR poly-
nomial matrix of known order , and it is assumed to be known.
This matrix has dimension and can be expressed as

(9)

where the matrices are assumed to be known.
If matrix is used to model an SISO channel with transfer
function as in [3] and the channel input and output vectors
are constructed according to the scheme illustrated in Fig. 2,
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then , and is a pseudo-circulant matrix whose
elements can be found from the impulse response . This
topic is also treated in [11].

The channel is assumed to be corrupted by additive Gaussian
complex circularly symmetric noise that is independent of the
transmitted signal. The noise is assumed to have zero mean and
known second-order statistics. The Hermitian positive definite
autocorrelation matrix of dimension of
the vector is defined as

Re Im (10)

where the operators Re and Im denote the real and imag-
inary parts of the matrix to which they are applied,
is the imaginary unit, and the operator denotes complex
conjugated transposed. By observing that is Hermitian,
it can be shown that the real matrix Re is symmetric
and that the real matrix Im is skew-symmetric.

Let the average variance of the components of the complex
Gaussian circularly symmetric additive channel noise be
given by

Tr (11)

where Tr is the trace operator.
Let the real matrix be defined as

Re Im

Im Re
(12)

It can be shown that the matrix is symmetric.
The desired signal at the output of the receiver is given by

(13)

where the integer is denoted the
vector delay, and it should be chosen carefully, depending on
the transfer function of the channel and the orders of the
transmitter and receiver filters.

D. Input-Output Relationship

By using convolution and the notation introduced in
Section II, it can be shown that the row-expanded transfer
polynomial matrix from the input of the FIR MIMO transmitter
filter to the output of the FIR MIMO receiver filter is given by

. This matrix has dimension .
The overall expression for the output of the FIR MIMO receiver
filter can be written as

(14)

where the vector has dimension

, and the vector has dimension . Each

vector component of contains either 1 or 1.
The FIR MIMO receiver filter can be interpreted to con-

sist of FIR receiver filters, where the impulse response of th
FIR receiver filter is given by .

The notation denotes row number of the matrix .
In this paper, the numbering of the rows and columns begins
with 0.

E. Power-Constraint Formulation

The constraint on the power used by the channel input vector
per original symbol can be expressed as

Tr

vec vec (15)

where the vec operator stacks the columns of the matrix to
which it is applied into a long column vector, putting the first
column on the top, then the second column, and so on [12]. The
original signal is is assumed to be a memoryless discrete source
with values taken from { 1, 1} with equal probability, that is, it
is a BPSK signal, and denotes the energy per bit. The power
constraint can also be written as vec . There-
fore, the power constraint is equivalent to a constraint on the Eu-
clidean norm of the vector vec . This constraint means that
the vector vec lies on a hypersphere with radius
with center at the origin.

F. Eye Diagrams

When the original signal is taken from the set { 1,1},
there exist different possibilities for the vector

. Let these vectors be arbitrarily indexed by

, and denote the indexed
vectors as . The vector

is defined by

(16)
where the operator denotes component number

of the vector to which it is applied. Whenever the index
is not required, the notation can be simplified, that is, the

symbol will be used to denote one of the vectors

. Since it is assumed that the transmitted sym-

bols are either 1 or 1, the vector will always
contain 1 in vector component number . Therefore,
there exists a total of

(17)

different vectors .

Let the symbol denote the th vector of dimension
, which is defined as

(18)

As seen from the right-hand side of (14), is the column
expansion of the input vector time-series to the receiver filter

of dimension in the absence of channel noise
and when the finite vector time series was sent.
If the indexing of is not needed, then the notation can be sim-
plified, and the symbol
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can be used. The vector has dimension
, and this vector is called a receiver-signal vector.

Let denote the -domain representation
of the convolution of the receiver and channel polynomial ma-
trices. This matrix has order and dimension . In the
transmitter optimization, the vector ,
being defined as

vec

(19)

will be required, where the notation means the subma-
trix of that consists of the rows whose indexes are in the set

. The vectors are named
transmitter-signal vectors. The symbols possess a sim-
ilar role in the transmitter optimization as the receiver-signal
vectors have in the receiver optimization.

Now, the positive part of the eye diagram will be defined,
which is the part of the eye diagram where the original
signal is equal to 1. From (14) and Fig. 1, it is seen that
Re is the real part of the
output of the th FIR receiver filter at time when the

finite vector time-series given by was trans-
mitted with no additive noise on the channel. At time , the th
FIR receiver filter is trying to estimate the value of the
th component of the desired vector . In

the vector time series , the value corresponding
to is equal to 1 due to the definition of the
vector in (16). The th branch in the th eye
diagram when 1 was transmitted can be written as

Re

Re

Re vec (20)

where and . The
definition of the inner products are presented in Appendix A.
The last equality of (20) is derived in Appendix B. If the system
has an open eye diagram in the absence of channel noise at the
output of the th receiver filter, then the expressions in (20) must
be positive for all .

Let the channel conditions be defined as the value of .
A zero forcing (ZF) communication system has open eye dia-
grams in the absence of channel noise. In addition, the size of
the eye diagram is the same for all channel conditions and for
all bit combinations of the original input signal since

Re for all (21)

G. Definitions

Definition 1: An channel is said to be ( , ,
) linear FIR communicable if there exists a linear transmitter

with dimension and order and a linear receiver
with dimension and order [see (6)] such that all

the eye diagrams are open when there is no additive noise,
and the delay through the system is .

Remark 1: Note that there exist channels that are not linear
FIR communicable for , but the same
channel can be linear FIR communicable for larger values of

, , or . There exist scalar channels that are not linear FIR
communicable for some values of , , and , but if some
of these values are sufficiently increased, then the channels
become linear FIR communicable.

Remark 2: Definition 1 is an extension of [13, Def. 1], where
an equalizable SISO channel was defined.

Definition 2: The th receiver-signal set is defined as

(22)

and the transmitter-signal set is defined as

(23)

When the channel is linear FIR communicable, it is seen from
(20) that there exists at least one transmitter vec that forms
a positive Euclidean inner product with all the transmitter-signal
vectors . Since the vectors generate the set [see
(23)], the set is a cone when the channel is linear FIR com-
municable. A similar argument is valid for the receiver side,
when considering the row vectors and the receiver inner
product. If the channel is linear FIR communicable, then the sets
in Definition 2 are cones. The sets in (22) and (23) are called
receiver- and transmitter-signal cones, respectively, when the
channel is linear FIR communicable.

In general, for linear FIR communicable channels, only a
subset of the transmitter- and receiver-signal cones will result
in open eye diagrams. From (20), it is seen that for a linear FIR
communicable channel the th eye diagram is open if one of the
following two equivalent conditions are satisfied: i) The vector

lies inside the subset of that has a positive real part
of receiver inner product as defined in (60) with all the vectors

, or ii) the vector vec lies inside
the subset of that has a positive real part of the Euclidean inner
product with all the vectors .

Remark 3: Definition 2 is an extension of [13, Def. 2] be-
cause the problem considered there was for the SISO case, and
only optimization of the receiver was performed. In the above
definition, complex vectors are assumed, even though the coef-
ficients and are real in (22) and (23).

If the channel noise is approaching zero for a linear FIR com-
municable channel, then it is asymptotically optimal that all the
eyes are open since this leads to a BER that approaches zero.
All systems that have open eyes have identical input and output
signals when the original signal is in the set and the
noise is approaching zero. If the noise level is increased, then
the proposed solution can be applied.
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H. Exact Expression of the BER

The total average BER for the system given in Fig. 1 can be
expressed as

BER BER (24)

BER is the BER of vector component number of the output
vector expressed as

BER Pr

Pr Re

Pr Re

Pr Re

Pr Re

Re

Pr Re

Re (25)

where Pr denotes the probability operator, and Pr
Pr with the expected value taken with respect to . In

(25), (18) and were used.
In order to simplify further the expression above, it is important
to realize that the left-hand side of the last inequality is a real
Gaussian stochastic variable with mean value

Re (26)

and variance

Re

(27)

where Re denotes the squared value of the real part of the
argument, and . Since the channel
noise is complex Gaussian and circularly symmetric, the filtered
noise at the output of the FIR MIMO receiver filter is also
complex, Gaussian, and circularly symmetric. The last expres-
sion above is equal to the variance of the th vector component
of the channel noise at the output of the hard limiter, and in
this expression, the assumptions that the channel noise is
uncorrelated with the original signal and is complex circularly
symmetric were used.

By utilizing the distribution of the vectors

and , given in Section III-F, the definition of
the -function in Appendix C, together with the results from
(26) and (27), it can be shown that (25) can be rewritten as
(28), shown at the bottom of the page, where (20) was used.
The expression for BER is an extension of [5, Eq. (3)] to
include complex variables and for the case where . For

, the expression is also in accordance with [14, Eq. (20)],
although the expression in [14] contains twice as many terms
for each sum over . The reason is that in [14], it has not
been considered that the vectors contain 1 in
vector component number , independently of .

Experiments show that there is a very good agreement
between the theoretical performance given in (24) and perfor-
mance achieved by Monte Carlo simulations. The BER formula
in (24) contains addends. This equation might require a
large amount of computation, if is a very large number.

I. Receiver Filter Normalization

From (24) and (28), it can be deduced that the exact value
of the BER is independent of the receiver norm of the vectors

, as defined in (62). Therefore, there is no loss of opti-
mality by scaling the receiver filter vectors according to

(29)

The scaling can be interpreted as the receiver filters
lying on a hyper-ellipsoid [15] with radius 1 centered at the
origin since the matrix is assumed to be positive
definite.

BER
Re

Re

Re vec
(28)
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IV. PROBLEM FORMULATION AND PROPOSED SOLUTION

A. Problem Formulation

Problem:

BER subject to vec (30)

The unconstrained objective function that has to be mini-
mized can be expressed as

BER vec (31)

where is the positive Lagrange multiplier for the power
constraint.

The following lemma states the importance of transmitter-
and receiver-signal cones when designing optimal transmitter
and receiver MIMO filters for linear FIR communicable
channels.

Lemma 1: If the channel is linear FIR communicable, then
the transmitter that minimizes the BER subject to the power con-
straint lies in , and the minimum BER th receiver lies in .

The proof of this lemma is given in Appendix D.
In the rest of this section, three solutions are treated: The first

and more general solution is applicable to all channel condi-
tions and is presented next in Section IV-B. The partic-
ular solution of bad and good channel condi-
tions are discussed in Sections IV-C and D,
respectively.

B. Intermediate Channel Condition Solution

1) Receiver Optimization: The definition of the conjugate
derivative [16] is used since, in general, the FIR MIMO filters
may contain complex values. The necessary conditions for op-
timality of the th receiver filter can be expressed as

(32)

where means complex conjugation, the right-hand side of
the equation above has dimension , and is given
in (31). From [16, App. B], the following conjugate derivative
can be calculated with respect to the th receiver filter as

Re (33)

and

(34)

By means of (69), (24), and (28), (32) can be reformulated as

Re

Re

Re (35)

By introducing results from (33) and (34) in this equation and
using the normalization in (29), the equation can be rewritten as

Re

Re Re

(36)
The following result now follows immediately.

Theorem 1: Assuming that the channel is linear FIR commu-
nicable and that the normalization in (29) is used, the optimal
receiver filter number then satisfies (36), and it lies in .

Remark 4: From Lemma 1, it follows that for linear FIR
communicable channels, , and therefore, the real
factor given by

Re Re

(37)
is positive when the receiver minimizes the BER.

Equation (36) reduces to [13, Eq. (12)] when
, , the matrix is proportional to the

identity matrix, and only real filters and signals are present.
The steepest decent method is used in the optimization of the

th FIR receiver filter. In this case, the following result is needed:

BER

Re

Re

(38)

This result is an extension [14, Eq. (23)] to the case of complex
signals, colored circularly symmetric noise, and FIR receiver
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TABLE II
PSEUDO-CODE OF THE NUMERICAL OPTIMIZATION ALGORITHM

filters with length . For real variables, the above equa-
tion reduces to [14, Eq. (23)], except for a factor 2, which exists
due to the distinct definition of the derivative used here when
working with complex variables; see [16, App. B] for details.
When using the normalization of (29), (38) can be further sim-
plified to

BER Re

Re (39)

The steepest descent search algorithm used in the receiver opti-
mization is shown in Step i of Table II.

2) Transmitter Optimization: The necessary condition for
the optimal transmitter can be expressed as

vec
(40)

where the zero matrix on the right-hand side has dimension
, and is given by (31). If the normalization

given in (29) is used, it can be shown that the equation above
can be rewritten as

Re vec
vec

Re vec vec (41)

It can be also shown that

vec
Re vec (42)
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By using this result in (41), the following equation for the op-
timal transmitter is obtained:

vec Re vec

(43)
By using the power constraint in (15), it is possible to eliminate
the Lagrange multiplier from the equation above:

vec

Re vec

Re vec

(44)
From the above derivation, the following theorem results.

Theorem 2: Assuming that the normalization in (29) is used,
the optimal transmitter then satisfies (44), and it lies in the trans-
mitter-signal set .

Remark 5: From (44), it is seen that for fixed channel and
receiver transfer matrices and , the FIR MIMO trans-
mitter filter is not explicitly dependent on the additive channel
noise. However, since the value of the FIR MIMO receiver filter

depends on the channel noise, the FIR MIMO transmitter
filter is implicitly dependent on the channel noise as well.

From (43) and (44), it can be deduced that the Lagrange mul-
tiplier can be expressed as

Re vec

(45)

For the steepest decent search method, the following result is
required:

vec

Re vec vec (46)

where it is assumed that the normalization in (29) is employed.
The steepest descent search algorithm is used in the transmitter
optimization, which is shown in Step ii of Table II.

C. Bad Channel Condition Solution

1) Receiver: When the channel conditions are getting
worse , the real fraction Re

will approach zero, and then,
the last approximation in (70), in Appendix C, can be used to
simplify the expression for BER as

BER
Re

Re

(47)

By means of the inequality in (61), for bad channel conditions,
the optimal th receiver filter can be designed such that

(48)

where is a positive constant chosen such that the normal-
ization in (29) is satisfied, and the vector is the
unit vector of dimension containing
zeros everywhere, except for the value 1 that is placed at row
number when the row numbering starts at zero. The
result in (48) is an extension to the FIR MIMO case of the
average matched receiver filter that is found in [17]. From
(48), it follows that the optimal receiver filter number for
bad channel conditions lies in the th receiver-signal set
given by (22). We could also derive (48) by letting the fraction

Re approach zero
in (35).

If the channel noise is very high, it can be shown from the
results given in [1] that the minimum MSE receiver will be pro-
portional to the result in (48).

2) Transmitter: Assume that the normalization in (29)
is used in the receiver filters. When the channel conditions
degrade substantially, the eye opening Re vec
will approach zero, and then, the last approximation in (70) can
be used in the BER expression as

BER Re vec

Re vec (49)

By means of the inequality given in (58) and the power con-
straint in (15), it can be shown that the optimal FIR MIMO trans-
mitter filter can be expressed as

vec

vec

vec
(50)

where the matrix
has an identity matrix as the th block ma-
trix and it contains zeros elsewhere. The result in (50) is the
transmitter version of (48). Therefore, the FIR MIMO trans-
mitter filter given in (50) will be denoted as the FIR MIMO av-
erage matched transmitter filter. From (50), it is seen that the
optimal transmitter for bad channel conditions lies in the trans-
mitter-signal set given in (23). Equation (50) can also be de-
rived by letting Re vec approach zero in (44).

When the transmitter power approaches zero, it can be shown
from the results given in [1] that the minimum MSE FIR MIMO
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transmitter filter is proportional, with a positive proportionality
factor, to the result in (50).

Since the minimum MSE FIR MIMO transmitter and receiver
approach the same respective solutions as the minimum BER
FIR MIMO transmitter and receiver for channel conditions that
are getting worse , the BER versus per-
formance of the two solutions will approach each other as well.

D. Good Channel Condition Solution

Proposition 1: If BER , then all eye diagrams are
open.

The proof of this proposition can be found in Appendix E.
Proposition 2: Assume that the channel is linear FIR com-

municable. If the receiver and the transmitter FIR MIMO fil-
ters are constrained to belong to the sets that have open eye di-
agrams, each of the receiver filters satisfies (36), and
the transmitter vec satisfies (44), then the following is
true: For a given transmitter, the optimized receiver is a global
minimum, and for a given receiver, the transmitter is a global
minimum.

Sketch of Proof: For a given transmitter, the receiver can
be shown to be a global optimum following the same procedure
that was used in the proof of [13, Th. 1] or of [4, Prop. 1]. This
can also be done when optimizing the transmitter for a given
receiver.

1) Receiver: When the channel condition improves, the
ratio Re approaches
infinity. Since the function approaches zero very fast
when approaches infinity, the following approximation of
the BER expression can be done as in (51), shown at the
bottom of the page, where the integer is
the number of branches in the th eye diagram that achieve the
minimum eye opening. From the first approximation in (70), it
is seen that the optimal th receiver filter should be designed
such that the expression Re

is maximized. This
can equivalently be stated as follows: Under the con-
straint , maximize the expression

Re .

2) Transmitter: Assume that the normalization of (29) is
used in the receiver filters. When the channel condition im-
proves substantially, the eye opening Re vec

will approach infinity for linear FIR communicable channels.
Then, the following approximation can be made:

BER Re vec

Re vec (52)

where the integer is the number of
branches in the eye diagram meeting the minimum eye
opening. From the first approximation in (70), it is seen that the
optimal FIR MIMO transmitter filter should be designed such
that the value of Re vec is

maximized, subject to vec .
3) Algorithm to Find the Asymptotic Optimal Transmitter

and Receiver Filters: In [17], an algorithm is developed to
solve a problem similar to the two problems stated at the end of
Sections IV-D1 and 2 but for the real SISO receiver case. This
algorithm can be generalized to include the transmitter and
receiver FIR MIMO complex case that is treated in this paper,
but this is not to be presented here due to space limitations.
Since the algorithm maximizes the minimum eye diagram
opening, it follows that the resulting transmitter lies in and
that receiver number lies in .

Convergence problems might occur with the steepest descent
numerical optimization when the channel noise is very small.
The reason is the small values of the norm of the derivative vec-
tors and [see Table II] when the Lagrange multiplier

is very small. This convergence problem can be avoided by
deriving a similar algorithm as the one derived in [17] for the
case of good channel conditions.

V. NUMERICAL OPTIMIZATION ALGORITHM

The proposed way of jointly optimizing the transmitter and
receiver FIR MIMO filters is summarized with pseudo-code
in Table II. As termination criterion for the iterations, the
Euclidean norm of the difference between the values of the
transmitter FIR MIMO filter in two consecutive iterations is
used, but other convergence criteria could be used as well.
The whole system can be further optimized for the different
possible values of the delay that are allowable for the system

.

BER
Re

Re

(51)
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TABLE III
BER FOR DIFFERENT VALUES OF l

The initial value for the FIR MIMO filter coefficients should
be chosen appropriately. One possibility is to use filter coeffi-
cients from filters of the same order, where the filters are jointly
optimized according to the minimum MSE criterion [1]. When
the jointly minimum BER transmitter and receiver FIR MIMO
filters have been found for a certain channel condition ,
these values can be used as initial values for other channel con-
ditions that are close to the one already optimized.

The algorithm is guaranteed to converge at least to a local
minimum since at each step, the objective function is decreased,
and the objective function is lower bounded by zero. Conver-
gence can also be shown by the global convergence theorem
[18].

Both the transmitter and the receiver can independently cal-
culate both the jointly minimum BER transmitter and receiver
FIR MIMO filters by the proposed procedure, provided that
the transmitter and receiver use the same initial conditions, as-
suming that they both know the channel transfer function. In this
way, only the initial conditions and termination criterion need to
be known to both the transmitter and receiver to generate the op-
timal FIR MIMO filters used by the system.

VI. RESULTS AND COMPARISONS

In all the results presented , and the
channel noise is assumed to be Gaussian, complex, circularly
symmetric, and white.

A. Example Illustrating the Improvement for

Let the channel transfer function be given by

(53)

The choice is made, and the way to find the
matrix polynomial from the scalar transfer func-

tion in (53) can be found in [3]. The order of is equal to
[3]. All the vector components of the channel noise vector

are assumed to have variance . , and the trans-
mitter is chosen as such that . is set equal
to the value that gives minimum MSE for the Wiener solution.
The optimal delay for the minimum MSE solution is equal to
the optimal delay for the minimum BER case, and these delay
values can be expressed as .

In Table III, BER and BER denote the BER achieved
with the minimum MSE and the proposed solution, respectively.
The results in Table III show that a significant improvement can
be achieved by employing as compared with . Note
that the latter is the most widely used case found in the literature
for the design of the receiver part of the system [4], [5], [14].
When , the receiver filters in the FIR MIMO
receiver filter are longer than for , and as illustrated in
this toy example, a significant gain can be achieved by allowing

.

Fig. 3. BER versus E =N for four different systems: Minimum MSE with
m = 0 and l = 4 : � � �, minimum BER with m = 0 and l = 4 : �4�,
and minimum MSE with m = l = 4 : �+�, minimum BER with m = l =
4 : ���. In all cases, N = M = M = 1.

B. Channel A Used in [13]

Set , and let the channel transfer function be given by

(54)

with and . The receiver filter has order
. was chosen optimally, leading to when

and when . This is the channel called Channel A
in [13].

Fig. 3 shows BER versus for the proposed minimum
BER method and the minimum MSE method proposed in [1]
when and or . The results reported in [13]
are in agreement with the results given in the figure. In [13],
is defined as the energy per bit after the channel and not before,
as used in this paper. In [13], the transmitter was not optimized,
and this corresponds to the case where . It can be seen
from Fig. 3 that the performance can be improved by including
the transmitter in the optimization since the performance when
using is significantly better than when . For
example, for BER , a gain in the value of of
approximately 5 dB can be achieved by allowing the transmitter
to have order as compared with the identity transmitter
of order . The complexity of the transmitter increases,
whereas that of the receiver is not changed by using
instead of .

From Fig. 3, it is seen that the performance of the minimum
MSE and the minimum BER FIR MIMO filter systems ap-
proach each other when the channel quality is poor and when
equal filter orders are used in both systems, as expected.

C. Example Showing Optimal FIR MIMO Filter With Closed
Eye

Let and , and assume that the channel transfer
function is given by

(55)
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Fig. 4. (a) Unit circle and (b) polar plot of the BER versus angle � for
normalized receiver filter RRR = [cos(�); sin(�)]. N = M = � = 1,
M = q = 2, and m = l = 0. The lines ending with circles show the
K = 4 scaled receiver-signal vectors in (56). The unit-norm average matched
receiver filter given in (48) is shown by the dash-dotted line (� = �77:1 ), the
unit-norm minimum MSE receiver is shown by the solid line (� = �62:5 ),
the unit-norm minimum BER receiver vector is shown by the dotted line
(� = �46:9 ), and one open-eye unit-norm receiver is shown by the dashed
line (� = �20:7 ).

such that , , and . The order of the trans-
mitter and receiver polynomials are and .
The noise autocorrelation matrix is . In this ex-
ample, dB.

The vectors for this example are
given by

(56)

This is a linear FIR communicable channel since, for example, a
receiver vector along the first axis [1, 0] will have a positive eye
opening Re for all . Since
the receiver in this example has dimension 1 2 and its re-
ceiver norm, as defined in (62), can be chosen arbitrarily, the
receiver filter can be set equal to , where

is the angle that the receiver vector ,
lying on the unit circle, makes with the first axis [1, 0]. Fig. 4
shows the unit circle, the BER as a function of the angle , the
scaled receiver-signal vectors, and four different unit-norm re-
ceiver filters.

In Fig. 5, an artificial eye diagram employing a triangular
pulse shape function is presented for the average matched re-
ceiver filter, the minimum MSE, the minimum BER, and an ar-
bitrarily chosen open eye, with . All four receiver
filters are normalized according to (29). This eye diagram was
constructed by drawing all the possible values of the
eye opening given in (20). The solid lines correspond to 1,
and the dotted lines correspond to 1 being transmitted from
the transmitter at the bit that the receiver is trying to detect. It is
observed that for the three receiver-signal vectors that lie in the
fourth quadrant, the eye opening is positive for all four receiver

Fig. 5. Eye diagrams for matched filter, minimum MSE, minimum BER, and
an open eye example when all the receiver filters are normalized according to
(29). The solid lines correspond to +1, and the dotted lines correspond to �1
sent from the transmitter. N = M = � = 1, M = q = 2, and m = l = 0.

filters, but for the receiver-signal vector that lies in the first quad-
rant , the eye diagram is open only for
the open eye receiver and not for the other three receiver solu-
tions. In this example, the optimal minimum BER receiver is
given by , resulting in a BER . Since
BER in this case, this example does
not contradict Proposition 1. However, it shows that when there
is high variance noise present on the channel, it is not in gen-
eral true that the eye is open. For the average matched filter
solution, which corresponds to , it is found that
BER . For the minimum MSE solution,
leads to BER . If , the eye diagram is
open, but BER . In this example, the receiver-signal
set corresponds to , and the open eye is
given by .

In [4], a receiver was searched only in a region where the
eye is open, but this example shows that when the BER is very
high, this is a suboptimal restriction to impose on the system.
The optimal filters lie in transmitter- and receiver-signal sets,
and inside these sets lie the transmitters and receivers with open
eyes. The set that is used in the optimization in this paper is not
restricted to the sets that open the eyes.

VII. CONCLUSIONS

Equations were derived that enabled the minimization of the
BER by jointly optimizing the transmitter and receiver FIR
MIMO filters for communication of a vector time-series with
uncorrelated Bernoulli vector components over a power-con-
strained FIR MIMO channel with known transfer function. No
constraints were imposed on the orders or dimensions of the
receiver, transmitter, and channel models, which indicates that
the system considered here is more general than others found
in the related literature. Simplifications were only considered
in order to stress the relationships with other system models
treated in previous works, such as SISO channels, memoryless
MIMO channels, or transform filters. Despite the generality
of the model, a compact presentation of the functions, and
consequently of the solutions proposed, was possible due to
the new notation introduced. Based on the derived equations,
an iterative algorithm was developed and presented that is able
to converge to a local minimum BER solution. It was shown
that for very good channel conditions and
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for communicable channels, the minimum BER solution is
equivalent to maximizing the minimum eye opening, but for
bad channel conditions, the average value of the eye opening
should be maximized. An example showed that the eye can be
closed for the minimum BER solution when the channel noise
is large even for a linear communicable channel.

In the developed theory, complex symmetric noise is as-
sumed, but if is replaced by for real channel
noise, the developed theory is also valid for real noise.

APPENDIX A
INNER PRODUCTS AND RELATED INEQUALITIES

Two inner-product operators are used. The ordinary
Euclidean inner product for complex column vectors is useful
in the transmitter optimization: For , the
Euclidean inner product is defined as

(57)

It can be shown that the following inequality is valid:

Re (58)

with equality holding if and only if for an arbitrary
positive constant . The Euclidean norm is given by

. Since

Re
Re
Im

Re
Im

(59)

the value of Re is also the Euclidean inner product
between two vectors in .

For the receiver optimization, the following inner product will
be used: For , a complex-valued row vector
known as the receiver inner product is defined as

(60)

It can be shown that the following inequality is valid:

Re (61)

with equality holding if and only if for an arbitrary
positive constant . The receiver norm is given by

(62)

Since

Re

Re Im Re Im (63)

the value of Re can be interpreted as an inner

product between two vectors in .

APPENDIX B
DERIVATION OF THE LAST EQUALITY OF (20)

Let the total transfer function from the input of the transmitter
filter to the output of the receiver filter be denoted

, and let .
The expression inside Re is

vec (64)

A more detailed expression for vec is needed:

vec

vec

vec

vec

vec

vec

vec (65)

It is seen from (20), (64), and (65) that the expression that
needed to be shown to be equal to is the following:

(66)

In order to rewrite the last expression, the subvectors of the
block vector are needed. Let the following no-
tation be used:

(67)
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where the vector has dimension . Using this
notation, the last expression in (66) can be rewritten as (68),
shown at the bottom of the page, The last equality in (20) is
now shown.

APPENDIX C
-FUNCTION AND ITS APPROXIMATIONS

The -function is a positive monotonic decreasing function
defined for real numbers as follows:

(69)

This means that the function is equal to the probability
that a real zero-mean unit-variance Gaussian random variable is
greater than the real number . The following approximations
will be used [17]:

for large positive values of ,

for values of close to zero.
(70)

APPENDIX D
PROOF OF LEMMA 1

Proof: The transmitter is considered first. Observe
first that if the transmitter has a component in the set
span , where the operator means the orthogonal

complement of the set to which it is applied, this component
will not contribute anything in the expression of the BER [see
(24) and (28)], but it will reduce the length of the transmitter,
which is equivalent to reducing the power, that can be used by
the transmitter component that lies in . Therefore, the
component of the optimal FIR MIMO transmitter filter that lies
in span is zero.

Fig. 6. Abstract illustration of the situation in the proof of Lemma 1.
(a) represents the hyper-sphere in with radius

p
E N and

center at the origin. The shaded sector of (b) represents the part of the cone in
with vertex at the origin that is lying inside the hyper-sphere.

(c) represents the transmitter that lies outside the cone in (b). P represents the
hyper-plane that lies between the cone and the transmitter, passing through the
origin, chosen such that the reflection of the transmitter about the hyper-plane
P lies inside the cone.

From the definition of a linear FIR communicable channel
and due to the result in (59), it follows that the vectors
Re
Im form a cone whose vertex is at

the origin. Assume that the optimal transmitter Re vec
Im vec

lies outside this cone but on the hyper-sphere in
with radius and center at the origin. Let be a
hyper-plane in that lies between the cone and
the transmitter, passing through the origin, chosen such that
the reflection of the transmitter with respect to the hyper-plane

lies inside the cone. This situation is illustrated in Fig. 6.
The reflection of the transmitter with respect to then has a
greater or equal Euclidean inner product with all the vectors
that generate the cone compared with the original transmitter

...

vec

vec ...

...
...

. . .
...

vec (68)
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outside the cone. In addition, the power used by the transmitter
outside the cone and its reflection are equal because they
have the same length. Since the -function is monotonically
decreasing, it is clear that the BER using the reflection is
smaller than when the transmitter lies outside the cone. Since
the transmitter lying outside the cone was chosen arbitrarily, it
is impossible that the optimal transmitter lies outside the cone.

The argument for the receiver can be done in a similar
manner, where the result from (63) must be utilized.

APPENDIX E
PROOF OF PROPOSITION 1

Proof: Assume that not all the eyes are open. This means
that there exists at least one eye that is closed, e.g., the one with
index number , . From (28), it can be seen
that BER , which implies that BER .
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