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Jointly Optimized Transmitter and Receiver FIR
MIMO Filters in the Presence of Near-End Crosstalk
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Abstract—A theory for jointly optimizing transmitter and
receiver finite impulse response (FIR) multiple-input mul-
tiple-output (MIMO) filters is developed in the presence of
near-end crosstalk and additive channel noise independent of the
original signal. The transfer function of the channel is a known
MIMO transfer function with finite memory. Near-end crosstalk is
included through another MIMO transfer function. The channel
input signal is assumed to be power constrained. For a given
channel with a maximum allowable average input power, the
transmitter and receiver FIR MIMO filters are jointly optimized
such that the mean square error (MSE) between the desired and
reconstructed signal is minimized. An iterative numerical opti-
mization algorithm is proposed. When compared to the methods
available in the literature, the proposed method yields better
results due to the joint optimization of the transmitter-receiver
pair and is applicable to a more general scenario that may include
correlated sources and near-end crosstalk.

Index Terms—FIR MIMO filters, MIMO system, multiple-input
multiple-output.

I. INTRODUCTION

THE problem of transmitting a discrete-time vector
time-series with known second-order statistics over a

multiple-input multiple-output (MIMO) channel is investi-
gated. The vector components can have continuous amplitude
components. It is assumed that the channel is discrete in time
and corrupted by additive signal-independent noise with zero
mean and known second-order statistics, but the probability
density function (pdf) of the noise is arbitrary. Furthermore,
it is assumed that the channel input vectors have constrained
average power and that the vector channel transfer functions
are known and can model the desired transfer channel and the
undesired near-end crosstalk channel.

Analytical expressions for optimal transform coders were de-
rived in [1] for the identity channel transfer function. This re-
sult was extended to include an FIR channel transfer function
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Fig. 1. (a) Blocking and (b) unblocking operations.

for memoryless transforms in [2]. In the field of power-con-
strained finite impulse response (FIR) multiple-input multiple-
output (MIMO) filters, the transmitter and receiver filter are
jointly optimized by random search in [3]. Formulas for finding
the optimal receiver FIR MIMO filter for a given transmitter
FIR MIMO filter, and vice versa, are proposed in [4]. In [5], an
algorithm is given for finding jointly optimized, linear-phase,
single-input single-output (SISO), FIR pre- and post-filters with
a decimator and an expander for communication over a channel
with additive noise. For a given transmitter FIR MIMO filter, the
minimum mean square error (MSE) FIR receiver filter has been
derived in different ways [4], [6], [7] when the same filter length
are used in all the filters, and the delay through the communica-
tion system is , where is the dimension of the
input vector, is a non-negative integer, and the blocking and
unblocking operators shown in Fig. 1 are used before and after
the transmitter and receiver MIMO filters, respectively. In [8], a
multirate Kalman receiver filtering approach was proposed for
solving the FIR problem for a fixed transmitter FIR MIMO filter.

The dimension of the vectors in the original time-series
and the dimensions and of the input and output time-se-
ries of the channels may in general be different. The transmitter
and receiver are represented by polynomial matrices with finite
and known orders. For given values of , and , the trans-
mitter and receiver FIR MIMO filters are jointly optimized with
respect to the block MSE between the desired output and the
actual output time-series vector of the receiver, subject to the
input channel average power constraint. The transmitter and re-
ceiver FIR MIMO filters are jointly optimized, and an iterative
numerical algorithm is proposed based on formulas for finding
the optimal transmitter FIR MIMO filter for a given receiver FIR
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Fig. 2. Power-constrained MIMO block system with near-end crosstalk and channel noise.

MIMO filter, and vice versa. The channel transfer matrices are
assumed to have a finite order and to be known.

The system considered in this article is shown in Fig. 2.
Near-end crosstalk is modeled by a feedback from the receiver
to itself by the transfer matrix , which is assumed
to be known. Fig. 2 indicates that the dimensions of the original
source, channel input, and output vectors are , ,
and , respectively. There are no constraints on the values
of , and , except that they need to be positive integers.
Therefore, this is a generalization of the results found in [4],
where it was assumed that . It is assumed that
the transmitter FIR MIMO and the
receiver FIR MIMO filter have the following model:

(1)

where and are assumed to be known non-negative integers.
This means that the matrices and , have dimensions

and , respectively. In this paper, it is assumed
that all vector time-series in Fig. 2 are jointly wide sense sta-
tionary (WSS).

This paper is organized as follows: Some special notation is
introduced in Section II, and the problem treated is stated in
Section III. In Section IV, the proposed solution is derived, and
the iterative numerical optimization algorithm is summarized in
Section V. Section VI contains results using the proposed filters,
and comparisons are made with results found in the literature.
In Section VII, some conclusions are drawn, and three appen-
dices contain some formulas needed in the development of the
necessary conditions for optimality and formulas for finding the
frequency responses and the performance of a noncausal infi-
nite-order MIMO system.

II. NOTATION

A. FIR Matrix Polynomial Expansions

Four expansion operators for FIR polynomials matrices will
be required in this presentation, which are introduced next. Let

be an FIR polynomial matrix of order
and dimension . Matrix is the th coefficient of

the FIR MIMO filter , and it has dimension . The
row-expanded matrix obtained from the polynomial matrix

is an matrix given by

(2)

The column-expanded matrix obtained from the polynomial
matrix is a matrix given by

... (3)

The row-diagonal-expanded matrix obtained from the
polynomial matrix is a matrix
given by

...
. . .

. . .
. . .

. . .
...

(4)
The column-diagonal-expanded matrix obtained from the
polynomial matrix is a matrix
given by

. . .
...

...
...

. . .

. . .
...

...
. . .

(5)
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The matrices and are block Sylvester matrices [9],
where the operator denotes complex conjugate transposed.

B. Vector Time-Series Expansion

Let be a non-negative integer. The column-expansion of a
time-series vector of dimension is defined as

...
(6)

The column-expansions of other time-series vectors are defined
in the same manner, as shown in (6). The column-expansion
operator for time-series vectors, while related to the column-
expansion operator for matrix polynomials, have dimensions
that depend on the situation they are used. In each case, the
correct dimension is given indirectly by the notation. The
dimension of column-expansion of a matrix polynomial is
given by the dimension of the polynomial and the order of
the polynomial.

Table I summarizes the dimensions of the matrices and vec-
tors widely used in this paper.

C. Reshape Operator

A special operator called reshape operator, which
is denoted by , is introduced next. The operator

produces a
block Toeplitz matrix from an

matrix. Let be an
matrix, where the th block is given by ,

. Then, the operator acting on
the matrix yields

...
...

. . .
... (7)

where is a non-negative integer.

III. PROBLEM FORMULATION

In this section, necessary quantities involved in the calcula-
tion of the objective function are defined. The objective func-
tion to be minimized is block MSE, and it is minimized with
respect to the FIR MIMO transmitter and receiver filters subject
to a constraint on the average power used by the input vector
time-series to the channel.

In all the calculations to follow, it is assumed that all sig-
nals have zero mean, and all the second-order statistics of the
vector time-series are assumed to be known. All input time-se-
ries vectors to the system are assumed to be uncorrelated with
each other, but each of them can be correlated with itself.

Let the channel and near-end crosstalk be modeled by FIR
polynomial matrices of order and , respectively, and let these
polynomials be denoted and ; see Fig. 2. These ma-

TABLE I
DIMENSIONS OF THE MOST IMPORTANT MATRICES AND VECTORS

USED IN THIS ARTICLE

trices have dimension and can be expressed in matrix
polynomial form as

(8)

(9)

where the matrices and are assumed to be
known.

The autocorrelation matrix of dimension
of the vector is defined as

(10)

For other column-expanded vectors, the autocorrelation ma-
trices are defined in a similar way.

Let the matrix be defined
as follows:

(11)

where , the operator
means complex conjugation of the components, and the operator

represents matrix transposition.
From (10) and (11), it is seen that the following relationship

is valid:

(12)

In order to produce the input time-series vector from the
scalar time-series , the blocking structure of Fig. 1 can be
used. In the figure, and denote the th component
of the vectors and , respectively. Fig. 1(a) shows that

is used to produce the input vector to the FIR
MIMO transmitter filter through the following equation:

(13)
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The relationship between the output vector and
the time-series , when using the unblocking structure of
Fig. 1(b), is given by

(14)
The desired receiver output signal is a vector time series

that depends on the original vector time series; therefore, the re-
sults are a generalization of the results found in [4], where only
one specific choice were considered. For other ways of choosing
the desired receiver output signal , see [10]. Let the th com-
ponent of the desired vector signal be denoted , where

. The cross-covariance matrix of
dimension is defined as

(15)

The block MSE, which is denoted , is defined as

(16)

Among all the input signals to the system (see Fig. 2), it is
assumed that the desired time-series vector can only be
correlated to the original time-series vector .

The output of the transmitter FIR MIMO filter in Fig. 2 is
represented by the vector given by

(17)

where the notation in Section II is used, and the dimension of
the column-expanded vector is .

The row-expansion of the convolution of the channel transfer
matrix and the transmitter FIR MIMO filter can be
expressed as , which is an matrix.
The matrix is an matrix. The row-expanded
matrix used to express the transfer function from the original
signal to the output signal is denoted as and
has order . From the notation introduced in Section II,
it can be verified that and has dimension

. The matrix has dimension

, and the matrix has dimension
.

By rewriting the convolution sum with the notation intro-
duced in Section II, it is possible to express the output vector

of the receiver filter as follows:

(18)

where the dimensions of the vectors and the matrices are given
in Table I.

It can be shown that the block MSE in (16) can be
expressed as

Tr

(19)

The average power constraint for the channel input time-se-
ries can be expressed

Tr (20)

which follows from (17).
From (19) and (20), the problem to be solved can be stated as

follows:
Problem 1:

(21)

IV. PROPOSED SOLUTION

The constrained optimization problem stated in Section III
can be converted into an unconstrained optimization problem by
using a Lagrange multiplier. The unconstrained objective func-
tion can be expressed as

Tr (22)

where is the positive Lagrange multiplier. The role of the
Lagrange multiplier in (22) will be elaborated in Section V,
where the iterative numerical optimization algorithm is treated.
Necessary conditions for optimality are found through matrix
differentiation of the positive objective function with
respect to the conjugate of the complex unknown parameters.

The vec operator stacks the columns of the matrix to which
it is applied into a long column vector, putting the first column
on the top, then the second column, and so on [11]. By means
of the vec operator formulas developed in Appendix A, taking
the derivative of the objective function in (22) with
respect to the complex conjugate of vec , and setting the
result equal to the zero matrix, one obtains the equation for the
optimal FIR MIMO transmitter filter. For a given FIR MIMO
receiver filter, the optimal transmitter is obtained from the fol-
lowing equation:

vec (23)
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where matrix is an matrix given
by

(24)

and the vector has dimension and is given
by

vec (25)

In (24), the operator is the Kronecker product, and matrix
is the identity matrix of dimension . From (11) and
(24), it is seen that and that the matrix is positive
semidefinite. The idea of using the vec operator was inspired by
the results obtained in [12]. The vector can also be rewritten in
terms of the Kronecker product; however, a numerical example
has shown that the form given in (25) was faster, and therefore,
the referred expression for the vector is not given here.

For a given transmitter FIR MIMO filter, the equation for
the optimal receiver filter is found by matrix differentiation
of the objective function in (22) with respect to the complex
conjugated of the matrix . By using the formulas given in
Appendix B, it can be shown that the optimized FIR MIMO
receiver for a given FIR MIMO transmitter is given by the
following equation:

(26)

V. NUMERICAL OPTIMIZATION ALGORITHM

The problem of jointly optimizing the overall system perfor-
mance is performed by the following iterative approach: For
a fixed transmitter FIR MIMO filter, the receiver FIR MIMO
filter is optimized by solving (26), and then, the transmitter FIR
MIMO filter is optimized by using the previously optimized
value of the receiver filter in (23), and this procedure is repeated
until convergence is reached. The algorithm is guaranteed to
converge at least to a local minimum since each step of the ob-
jective function is decreased, and the objective function is lower
bounded by zero. Convergence can also be shown by the Global
Convergence Theorem [13].

The proposed optimization for the MIMO system is summa-
rized with pseudo-code in Table II. As termination criterion for

the iteration, the norm of the difference between the values of
the transmitter FIR MIMO filter in two consecutive iterations is
used, but other convergence criteria could be used as well.

If the delay through the system can be chosen, then the whole
system can be further optimized for the different allowable
values of the delay.

The initial value for the filter coefficients should be chosen
appropriately. One possibility is to use filter coefficients from
the filters of order [2] and zero values elsewhere as
initial values. Another possibility is to take the initial values as
truncated versions of the noncausal infinite-order case, which
will be introduced in Appendix C. When the transmitter and
receiver FIR MIMO filters have been found for a certain channel
condition, these values can be used as initial values for other
channel conditions that are close to the one already optimized.

It is not always necessary to choose the value of the power
in (20). For example, if it is interesting to find the performance
of the proposed system for a wide range of channel qualities, it is
possible to choose in a large range of possible values such that
the optimization will return the system performance for also a
wide range of values of . This procedure was used to evaluate
the system performance in Section VI.

For the case where some of the coefficients of the matrices
and vec are equal to zero, a similar optimization pro-

cedure to the one presented in [14] can be used. The solution
entails keeping the relations from (23) and (26) that correspond
to coefficient places in matrices and vec , where the
transmitter and receiver have free parameters that should be op-
timized. For coefficient places where the coefficients are forced
to zero, (23) and (26) are replaced by equations setting the cor-
responding coefficients to zeros; see [14] for details.

VI. PERFORMANCE RESULTS

In this section, results obtained by using the proposed method
are included along with comparisons with methods proposed in
[2] and [4].

A. Formulas Comparisons and FIR MIMO Simulation
Example with Near-End Crosstalk

In this subsection, it will be shown that the the formula for
transmitter optimization proposed in [4] is not applicable when
the source signal is correlated. A numerical example is also
given, showing the performance of the proposed system in
the presence of near-end crosstalk. It will be shown that if the
near-end crosstalk is not considered in the optimization of the
system, then a large performance degradation may occur. Only
the MSE criterion is considered in this subsection.

In [4], the following common choice for the desired receiver
output signal was made:

(27)

where the integer denotes the non-negative vector delay
through the overall communication system.

Define the following autocorrelation matrix
of the input vector signal to the channel:

(28)
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TABLE II
PSEUDO-CODE OF THE NUMERICAL OPTIMIZATION ALGORITHM

The definition given in (28) can be used for any time-series
vector used in the system and not only for . By studying
the definitions of the matrices and given by
(10) and (28), respectively, it is seen that the matrix is
generated from the block counter diagonal of the matrix
with blocks of dimension .

Define also the following cross-
correlation matrix between the desired signal and the input data
vectors:

...
(29)

By studying (15) and (29), it is seen that the connection between
the matrices and is the same as the con-
nection between the matrices and .

When the equation for the optimal transmitter is organized in
a column matrix, i.e., , as was done in
[4], the equation for the optimal transmitter can be written as
shown in the following equation:

(30)

When deriving this equation, some of the results included in
Appendix B were used.

In [4], , and the time-series vector was
assumed to have the same second-order statistics as the time-
series vector , but they were assumed to be independent.
Although the proposed theory treats the general case, under the
assumptions stated above in addition to the assumption that the
input signal is an uncorrelated vector process, such that

, (30) can be simplified to

...

...

(31)
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where the last matrix has dimension
and contains only zero matrices except one
identity matrix, which is positioned as the th

block matrix. The numbering of the block matrices starts
at zero here. If , and unit variance is assumed
in [4, Eq. (4.14)], then (31) is equivalent to [4, Eq. (4.14)]. This
shows that the latter equation is valid only under the assump-
tions mentioned above, and one of them is that the input source
is uncorrelated and has unit variance. Therefore, [4, Eq. (4.14)]
is not optimal for correlated sources.

In [15], it was assumed that the input signal was uncorrelated,
and it was mentioned that the results could be easily general-
ized to correlated sources. In [4], further generalizations to the
system were introduced, but as demonstrated above, the results
are still not directly applicable for correlated sources.

The next numerical example is designed to show the perfor-
mance of the proposed FIR MIMO system in the presence of
near-end crosstalk. In this example, the following parameters
are used: , and
the coefficients of the desired channel and the undesired
crosstalk channel are given by the (32) and (33), shown at the
bottom of the page. Notice that in this example, the magnitude
of the channel coefficients of is often greater than ,
as is usually the case in a practical situation. The chosen vector
delay is . The signals and are assumed to be
white with uncorrelated signal components where both vector
components have equal variance, and the additive channel noise
is assumed to be white with uncorrelated vector components,
both with equal variance.

Let signal-to-noise ratio (SNR) be defined as
, where is the variance of one of

the components of the vector input time series, is
the MSE per source sample, and can be computed
from (19). Let channel SNR (CSNR) be defined as ,
where is the output energy from the transmitter per
source sample [see (20)], and is the variance of the additive
channel noise. It is assumed that the additive channel vector is a
white time-series vector that contains uncorrelated components
where all entries have equal variance .

Fig. 3 shows the SNR versus CSNR performance of the
proposed system when the parameters are chosen as explained
above. From Fig. 3, it is seen that if the near-end crosstalk is not
taken into consideration in the optimization, i.e., if ,
then the performance of the system is considerably worse
than the system where the near-end crosstalk in taken into
consideration. From Fig. 3, it is seen that the SNR values are
getting worse for better channel conditions when the optimiza-
tion is done such that the presence of the near-end crosstalk
is not considered. However, from Fig. 3, it can be observed
that the system considering the near-end crosstalk reaches a

Fig. 3. SNR versus CSNR performance of the proposed system when
l = m = q = p = N = M = M = 2. The solid line show the
performance when the near-end crosstalk is taken into consideration, and the
dotted line shows the performance of the system where the near-end crosstalk
is not considered, i.e., GGG(z) = 0.

saturation when the CSNR increases. This behavior is expected
because when the noise approaches zero; that is, when CSNR
is increasing, the near-end crosstalk is always present. For low
values of CSNR, there is not a big difference between the two
curves in the figure, and this shows that for low CSNR values,
the additive channel noise is the dominating error, as compared
with the near-end crosstalk noise.

B. FIR SISO Channel Performance Comparisons Without
Near-End Crosstalk

In this subsection, numerical comparisons are given for
an FIR SISO channel with different solutions found in the
literature. Result comparisons are given for both the MSE and
bit error rate (BER) criteria. This example shows the potential
of the proposed method for FIR SISO channel problems, even
though this is a special case of the general problem treated in
the paper.

In [2], analytical expressions were found for jointly opti-
mizing transmitter and receiver transforms when and
for a scalar channel , such that , under the
following assumptions.

• The channel is a scalar FIR filter of order , where
and are different from zero.

• , and .
• , and .
• .
• .

(32)

(33)
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Fig. 4. Equivalent system to the scalar system studied in [2].

In the last equation, the matrix has dimension ,
and the reason for choosing this shape for is to avoid in-
terblock interference in the system. The assumptions made in
[2] are quite restrictive, and as will be demonstrated in this sub-
section, better results can be achieved if the developed theory in
this paper is used.

For three cases, analytical solutions are found in [2], and they
can be described briefly as follows:

i) minimum MSE transforms including zeros in the trans-
mitter subject to the average channel input power con-
straint (case given in [2, Th. 4]);

ii) minimum MSE transforms including zeros in the trans-
mitter subject to the zero forcing (ZF) constraint and
the average channel input power constraint (case de-
scribed in [2, footnote 5]);

iii) maximum output SNR (OSNR) transforms including
zeros in the transmitter subject to the ZF constraint (in
this case, no power constraint imposed in the optimiza-
tion; case given in [2, Th. 3]).

These systems will be denoted i), ii), and iii), respectively, and
they will be used in the simulations for comparisons.

A system equivalent to the system studied in [2] is shown
in Fig. 4. As explained in [2], the structure in Fig. 4 includes
orthogonal frequency division multiplexing (OFDM), code di-
vision multiple access (CDMA), time division multiple access
(TDMA), and many other structures as special cases.

For the theory developed in [2], the following choice was
made for the desired signal:

(34)

where is the original time-series scalar used to produce the
input vector to the transmitter filter through the following
vector:

(35)
Notice the difference between this equation and (13).

Under the assumptions mentioned in the beginning of this
subsection, it is shown in [2] that the equivalent vector channel

matrix of dimension has order and that the
two terms of the channel matrix polynomial are given by

...
. . .

...
...

. . .
. . .

...
. . .

. . .
...

. . .
...

...
...

. . .
...

(36)

The performance of the system is measured by SNR versus
CSNR. The SNR is given by , where is the
variance of the input time-series, and is the MSE
per source sample and given by (19). The CSNR is
given by , where is the output energy from the
transmitter per channel sample [see (20)], and is the vari-
ance of the additive channel noise. It is assumed that the addi-
tive channel noise vector is a white vector time-series that
contains uncorrelated components, where all entries have equal
variance .

In order to find an upper bound for the SNR versus CSNR
performance of the proposed system, a comparison will also be
made to the noncausal infinite-order system proposed in [16].
The special problem of a scalar channel is treated in [17]. Ex-
pressions for the filter responses and the MSE performance of
the noncausal infinite-order system is presented in Appendix C.

Let be the energy per bit given by

Tr (37)

where it is assumed that , that the probability
of 1 and 1 are equal, and that the input time-series is un-
correlated. Let the variance of the complex, Gaussian, circularly
symmetric, additive channel noise be given by .

Fig. 5 shows the SNR versus performance of var-
ious systems for the case of an uncorrelated unit-variance input
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Fig. 5. Theoretical SNR versusE =N performance of the following systems:
OFDM: —�—, iii) —4—, ii) —+—, i) —�—, proposed system with m =

l = 0, and � = 0: —�—, proposed system with m = l = � = 2:
—�—, noncausal infinite-order case — —, and the OPTA curve —5—. The
input signal is assumed to be white with unit variance, and the channel transfer
function is given by (38), N = 8, and M = 11.

signal, , , and the channel transfer function given
by

(38)
This is the same channel1 as that used in [2, Fig. 11(b)], where
it can be verified from the equation above that . When
calculating the performance in Fig. 5, (19) and (20) were used.

The optimal performance theoretically attainable (OPTA)
curve given in Fig. 5 was found by the distortion rate function
of a unit-variance memoryless Gaussian signal with squared
error distortion and the channel capacity for a channel with ad-
ditive, complex, white, circularly symmetric noise and channel
transfer function given by (38) [18]. Fig. 5 shows that the OPTA
curve is much better than the linear systems considered in the
figure. This shows that there is a great potential for improve-
ment if nonlinear structures are considered. If the OPTA curve
is calculated for non-Gaussian memoryless sources with the
same variance and the squared error distortion metric, it would
be found that the OPTA curve for the non-Gaussian case would
lie above the OPTA curve shown in Fig. 5. The reason for this
is that the Gaussian source has the highest differential entropy
of all sources [19] with a given variance.

Fig. 5 shows that the SNR versus performances of
the proposed system using both and

are better than the performances of all the systems pro-
posed in [2]. From Fig. 5, it is also seen that the noncausal infi-
nite-order system performs just slightly better than the proposed
system with . If the performance of the system
i) is compared with the proposed system with ,
it is seen that a gain of approximately 2 dB is achieved for the

for a constant SNR value, even though the systems have
the same complexity. This shows that the assumption made in

1Note that the vector containing the impulse response of this channel has norm
greater than 1.

Fig. 6. BER versus E =N performance of the following systems: OFDM:
—�—, iii) —4—, ii) —+—, i) —�—, proposed system with m = l = 0 and
� = 0: —�—, proposed system with m = l = � = 2: —�—, noncausal
infinite-order case — —, and the OPTA curve —5—. The input signal is
assumed to be white with unit variance and the channel transfer function is given
by (38), N = 8, and M = 11.

[2] about inserting zeros in the transmitter to avoid interblock
interference is not optimal for the SNR versus perfor-
mance. However, if the zeros contained in the transforms in
systems i)–iii) are utilized, the complexity can be reduced in
comparison with the proposed system. Another advantage with
OFDM is the low complexity implementation costs required to
implement the fast Fourier and inverse fast Fourier (FFT and
IFFT) transforms.

Fig. 6 shows the BER versus for various systems
for the channel given by (38). At the output of the receiver, the
decisions are made on a symbol-by-symbol basis by checking
the sign of the real part of the receiver output. It is remarked that
the used memoryless decisions are suboptimal and that better
performance can be obtained if more advanced reconstruction
techniques are employed. Examples of such techniques are
decision feedback equalization, maximum likelihood sequence
detection, and maximum a posteriori sequence detection [20].
The BER versus performance can be interesting to
compare, even though another optimization criterion, namely
the minimum MSE, was used when the system parameters
were found.

The proposed system’s BER versus performance was
evaluated through a Monte Carlo simulation of the system where
bits were transmitted through the system, i.e., .

original bit samples were used in the simula-
tions, and the uncorrelated additive channel noise samples were
complex, circularly symmetric, and Gaussian distributed. For
the noncausal infinite-order case, the system performance was
found by using the FFT and IFFT of the input original signal
and the output of the receiver filter, respectively, and the fil-
tering was performed by multiplication in the frequency do-
main. The same technique was used in [17] for simulating an
infinite-order filtering operation by first taking the FFT of the
system finite length input signals. Each vector component
is treated independently. First, the time series , where
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, is transformed to the frequency domain by
performing an FFT. Then, expansion by the factor is done
in the frequency domain. Then, the output of the expanders are
filtered with the filters given by (60), (38),
and (62), and the filtering is done by multiplication in the fre-
quency domain. The noise is also first transformed to the fre-
quency domain using an FFT; then, it is filtered by the receiver
filter and added to the signal component described above.
Then, decimation with a factor is also performed in the fre-
quency domain before the output is found by performing
IFFT in order to transform the result back to the time domain.
The formulas for the expansion and decimation technique were
performed in the frequency domain according to the expressions
given in [21].

It is possible to calculate the confidence intervals for the es-
timate of the BER. If this is done, then it is found that when the
estimated BER is small, the length of the confidence interval
is large in comparison with the estimated value of BER. This
is the reason why the curve of BER in Fig. 6 is not smooth
for low values of BER. In Fig. 6, the mentioned uncertainty re-
gards the three performance curves of the proposed system with

, the proposed system with ,
and the noncausal infinite-order case. The OPTA can be derived
from expressions found in [18]. For OFDM and systems i)–iii),
analytical expressions can be found for the BER, and this will
be explained next.

For uncorrelated input sources, it can be shown that for
system i) in [2], the transfer matrix from the input to
the output is diagonal. Since there is no interblock interference
in the systems proposed in [2], then the output of the receiver
matrix is given by

(39)

Let be the th diagonal element of the matrix , and
let be the th diagonal element of the correlation ma-
trix . For complex, circularly symmetric,
Gaussian, additive channel noise, it can be shown that the BER
can be expressed as

BER erfc (40)

This equation is valid for all systems that have a diagonal
transfer function from the input to the output of the system.
This result is valid for systems i)–iii) and OFDM. Therefore,
there is no uncertainty for the four upper curves in Fig. 6.

From Fig. 6, it is seen that the proposed system outperforms
all the systems considered in [2] by approximately 3 dB when

and approximately 5 dB when
. One surprising result seen from Fig. 6 is that the BER versus

performance of system ii) is better than system i), even
though the SNR versus CSNR performance of system i) is better
than system ii). However, for very low values of , it can
be shown that the performance of system i) is better than system
ii). This shows that when the system performance is measured

using a criterion different from the one it was designed for, sur-
prising results may occur. This example also shows that for the
BER versus performance, the ZF constraint is important
for moderate to good channel conditions when minimum MSE
is the optimization criterion. From Fig. 6, it is also observed that
the performance of system iii) is better than system i) and ii) for
good channel conditions. This suggests that maximum OSNR
might be a more suitable performance criterion than minimum
MSE when the system performance is measured as BER versus

and the ZF property is enforced.
Another interesting observation that can be made from Fig. 6

is that the BER versus of the noncausal infinite-order
system is approximately the same as the proposed system with

, but the performance is worse than the
proposed system using . This is surprising
since for the SNR versus performance, the noncausal in-
finite-order system is better than the proposed system both for

and , as can be seen from
Fig. 5. Again, the reason for this surprising result is due to the
fact that the systems are designed for one criterion, and then, the
system performance is measured with another criterion than for
which it was designed.

By considering the source as a binary source, using the Ham-
ming distortion [19], and if the channel capacity is calculated
for a Gaussian complex-valued channel with known transfer
function, it is possible to find the OPTA curve also for the
BER versus . If this is performed, the OPTA curve is
much better than the systems shown in Fig. 6 for good channel
conditions. It can be shown that for dB, it
is theoretically possible to achieve zero BER. From Fig. 6,
the great distance from the performances of all systems to the
OPTA curve suggests that there is still a great potential for
investigating sophisticated systems.

In Appendix C, it will be shown how to calculate the
frequency responses when the transmitter is interpreted as
a synthesis filterbank and the receiver is interpreted as an
analysis filterbank for the case where the filters are noncausal
and have infinite-order impulse response. If this is compared
with the FIR solution proposed in this paper, it is found that
approximately the same pass- and stopband regions are found
in the noncausal infinite-order and the FIR cases. This is
illustrated in one example shown in Fig. 7, which shows that
the noncausal infinite-order case has ideal filters, i.e., infinite
attenuation in the stopband regions. The first transmitter filter
is transmitting in the frequency region where the channel has
the highest signal amplification. If all the frequency responses
are plotted, it would be observed that frequency regions where
the channel has the lowest amplitude response are not used.

In [2], minimum MSE transforms containing zeros are pro-
posed such that interblock interference is eliminated. If these
transforms are used as an initial value for the MSE optimization
proposed here and filters with the same filter coefficients are
optimized, the numerical optimization proposed in this paper
converges to the same result as obtained in [2] after one itera-
tion. The filter coefficients that are optimized, and the ones that
are forced to zero are decided before starting the optimization.
The optimization technique used, when some of the coefficients
are set to zero, is explained in more detail in [14].
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Fig. 7. Amplitude response of transmitter filter number 0 (upper figure) and
3 (lower figure) when the transmitter is interpreted as a synthesis filterbank for
the following systems: Noncausal infinite-order is shown as a solid line, the
proposed system with m = l = � = 0 is shown by the dashed dotted curves,
and the channel transfer functionC(f) from (38) is shown by the dashed curve.
The input signal is assumed to be white with unit variance having values chosen
from {�1,1}, the channel transfer function is given by (38), N = 8, and M =
11. In both cases plotted, E =N = 0:95 dB.

VII. CONCLUSIONS

Equations were derived for finding jointly optimized trans-
mitter and receiver FIR MIMO filters for communication over
a power-constrained MIMO channel. Based on these equations,
an iterative algorithm was developed and presented that is able
to converge to a locally optimal solution. The equations obtained
for the receiver filter are a generalization of the FIR MIMO
Wiener filter equations found in the literature to include arbi-
trary filter lengths, and the desired receiver output signal just
needs to depend on the original signal.

A new solution was proposed in this paper to optimize FIR
MIMO transmitter filters for correlated sources.

A numerical example was given, showing the potential of the
proposed method compared with other methods found in the
literature using redundant FIR MIMO filters for an FIR SISO
channel. It was shown that the proposed method had better SNR
versus and better BER versus performances than
the methods found in the literature. The reason for the improve-
ment is that the proposed system was developed without some
of the restrictive assumptions used in existing solutions.

The proposed iteratively optimized joint transmitter-receiver
filter pair was confronted with methods found in the literature
in simulations for different application scenarios. In all of them,
the proposed method performed better, setting new benchmark
values toward the optimal performance.

APPENDIX A
VEC OPERATOR EXPRESSIONS

In order to find the equation for the optimal transmitter in a
linear form, the formulas in this Appendix will be useful. All the
terms of the unconstrained objective function given in

(22) that depend on the transmitter filter are rewritten by means
of the vec operator [11] in this Appendix.

The block MSE can be written in terms of vec
by means of the following three formulas:

Tr

vec

vec (41)

Tr

vec

vec (42)

and

Tr

vec vec

(43)

where is the Kronecker product. In (42) and (43), the operator
is defined in (7).

For the input channel average power constraint, the following
formula is needed:

Tr

vec vec (44)

When deriving the formulas in this Appendix, many results
found in [11, Ch. 4] have been used.

APPENDIX B
MATRIX DIFFERENTIATION RESULTS

In this Appendix, matrix differentiation formulas are given
that are used when deriving the optimal FIR MIMO transmitter
and receiver filters.

The definition of the conjugate derivative [22] is used since,
in general, the FIR MIMO filters might contain complex values.
For an introduction to this topic, see [22, App. B], where the def-
inition of the conjugate derivative introduced there with respect
to complex matrices can be used to derive the results contained
in this appendix.

In the optimization for the FIR MIMO receiver, the following
three relations are needed:

Tr (45)
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where the zero matrix on the right-hand side has dimension

Tr (46)

and

Tr

(47)

For the transmitter optimization, it is also interesting to ar-
range the equations in the column-expanded format. Therefore,
the following four formulas are needed:

Tr (48)

where the zero matrix on the right-hand side has dimension

Tr

(49)

Tr

(50)

and

Tr (51)

The last equation is used to include the input average power
constraint.

APPENDIX C
NONCAUSAL INFINITE-ORDER MIMO SYSTEM

There are two motivations behind this Appendix. First, the
performance of the noncausal infinite-order system is an upper
limit to the SNR versus CSNR performance of the FIR system
proposed. Second, an appropriately truncated version of the in-
finite-order polynomials found in this Appendix can be used as
initial value in the numerical optimization algorithm proposed
earlier.

In this Appendix, several expressions are stated, namely, the
optimal expressions for the frequency responses of the trans-
mitter MIMO filter when it is interpreted as a synthesis filter-
bank, the frequency responses of the receiver MIMO filter when
it is interpreted as an analysis filterbank, the MSE, and the power

used by the noncausal infinite-order system. In this case, it is as-
sumed that the transfer matrix can be derived from a scalar
transfer function , such that . No deriva-
tion of the expressions will be given, but these results can be
derived from the results presented in [10] and [16].

Assume that the noise and signal statistics are given as
follows:

(52)

(53)

is the Kronecker delta function. Furthermore, assume that
the channel transfer function is scalar and given by .

In order to express the performance of the noncausal in-
finite-order system, the eigenvalues of the following matrix

are needed. By using the results from
[23], it is possible to show that the eigenvalues of this
matrix can be expressed as

(54)

where the functions are called the ordering functions.
The ordering functions are defined for all frequencies and return
integers:

(55)

where the set is defined as . The
reason for naming these functions ordering functions is that they
make sure that the following ordering of the eigenvalue func-
tions are maintained for all frequencies:

(56)

For a fixed frequency, the ordering functions will take each
of the numbers in the set only once. Therefore, the sum
of all the ordering functions for a fixed frequency is given by

(57)

The following property is valid:

(58)

The period of the ordering functions is given by :

(59)

It is sufficient to decide the values of the ordering functions
in the frequency interval (0,1]. The reason can be in-

ferred from (58) and (59).
If the theory developed in [16] is used to find expressions

for the filters that are part of the transmitter MIMO filter



358 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 53, NO. 1, JANUARY 2005

interpreted as a synthesis filterbank, the following expressions
are found:

(60)

where is relative frequency, and can be found from
the following equation:

(61)

If the receiver is interpreted as an analysis filterbank, the fol-
lowing expressions can be found for the filters:

(62)
The block MSE of the noncausal infinite-order

system can be expressed as

if

if .
(63)

The constraint on the average power used per channel input
vector can be expressed in the following way:

(64)
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