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Minimum BER Prefilter Transform for
Communications Systems With Binary

Signaling and Known FIR MIMO Channel
Are Hjørungnes, Member, IEEE, and Paulo S. R. Diniz, Fellow, IEEE

Abstract—The problem of designing an optimal prefilter
transform for finite impulse response (FIR) multiple-input mul-
tiple-output (MIMO) communication systems is addressed. The bit
error rate (BER) is minimized under a power constraint. Binary
signaling is assumed. The transmitter requires knowledge of the
channel transfer function coefficients and the receiver transform.
It is shown that the proposed prefiltering transform outperforms
three previously known prefilter transform methods in terms of
BER versus channel quality. The proposed prefilter transform is
applicable to downlink communication systems where the base
station can estimate the channel while receiving data from the
mobile station.

Index Terms—Discrete transforms, FIR MIMO filters, Gaussian
noise, MIMO system, minimum BER, multiple-input, mul-
tiple-output, transmitter optimization.

I. INTRODUCTION

THE PROBLEM of designing optimal linear prefilter trans-
forms for multiple-input multiple-output (MIMO) systems

is addressed. The goal is to find a linear memoryless transform
that minimizes the bit error rate (BER) under a power constraint.
The transmitter is assumed to know exactly the receiver trans-
form and the MIMO channel coefficients. A memoryless block
model is used to model the MIMO system. The proposed opti-
mization method returns the minimum BER prefilter so it can
be used as a benchmark method.

In particular, downlink transmission is of interest. The base
station (BS) is assumed to know the linear processing performed
by the mobile station (MS). The BS can acquire the required
MIMO channel coefficients through feedback from the MS or
by estimating the channel and relying on the reciprocity. Recip-
rocal channels often occur in time division duplex (TDD) sys-
tems. An important advantage of prefilter transforms is that the
computational complexity in the downlink transmission can be
moved into the BS, and the processing in the MS can be very
simple by using a simple transform. Consequently, it is cheaper
to produce the MS, which can be made power efficient. Since
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only the transmitter is optimized, the optimization is simpler
than a joint transmitter-receiver optimization.

At least three different criteria for designing linear prefilter
transforms have been proposed. The prefilter transform max-
imizing output signal-to-noise ratio (SNR) at the receiver is
derived in [1]. It is called the matched prefilter transform. Min-
imum modified mean square error (MSE) prefilter transform
under the zero-forcing (ZF) constraint is considered in [2]. A
minimum modified MSE prefilter transform solution is given
in [3]. In a practical communication system, however, the goal
is to minimize the BER. In this letter, a prefilter transform that
actually minimizes the BER is derived for binary signaling. The
proposed method leads to lower BER versus channel quality
in comparison with [1]–[3], where channel quality is measured
as . The related problem of designing a minimum BER
receiver transform for a known channel and prefilter transform
has been considered in [4].

II. SYSTEM MODEL AND BACKGROUND

A. Block System Model

All the signals are assumed to have zero mean with known
statistical properties, and all input vector time series to the
system are assumed to be jointly wide sense stationary. The
block model of the system considered is shown in Fig. 1, where
the dimensions of the original , channel input , and
output vectors are , and , respec-
tively. There are no constraints on the values of , and ,
except that they are positive integers. The vector components
of are assumed to be taken from a Binary Phase Shift
Keying (BPSK) constellation such that each component is i.i.d.
Bernoulli with values and with equal probability. The
vector components of are assumed to be uncorrelated.
Therefore, the autocorrelation matrix of of dimension

is given by . The original vector time series
and additive channel noise vector time series are

assumed to be uncorrelated. The noise vector is assumed
to be additive Gaussian complex circularly symmetric, and the
channel noise autocorrelation matrix of dimension
is given by , where the operator
denotes complex conjugate transposed. Note that the matrix

is positive definite, and the channel noise can be colored in
general.

It is considered that the prefilter MIMO transform
and the receiver MIMO transform are memoryless

linear transforms. At the output of the MIMO receiver transform
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, the real part of the vector is kept. Then, the resulting
vector is fed to a hard limiter, which gives the value if the
real input is nonnegative and the value if the real input is neg-
ative. Note that the used memoryless decisions are suboptimal
and that better performance can be obtained if more advanced
decoding techniques are employed. The output vector of
the receiver block transform can be written as

(1)

In order to simplify the notation, the dependency on is
dropped from all the symbols from now on. This can be done
since there is no memory in the block version of the system.

B. Noiseless Eye Diagram at the Sampling Instant

When the original signal is taken from the set there
exist different possibilities for the vector . Let these vec-
tors be arbitrarily indexed by , and denote the indexed sym-
bols as . In the derivation of the exact value of the BER, the
following vectors will be needed: The vector is de-
fined as , where the notation means the th
component of the vector to which it is applied. Whenever the
index is not required, the notation can be simplified, that is,
the symbol will be used to denote one of the vectors .
Since the transmitted signal is either or , the vector
will always contain in component number . Therefore, there
exists a total of distinct vectors .

Let the symbol denote the th vector of dimension ,
defined by

(2)

In the prefilter transform optimization, the vectors
will be required, which are defined as follows:

vec (3)

where the notation denotes row number of the matrix it
is applied to, and the operator vec stacks the columns of the
argument matrix, forming a long column vector. In this letter,
the indexing of the rows and columns begins with 0. The vectors

are called transmitter-signal vectors.
Let denote the Euclidean inner product. The

th noiseless eye diagram at the sampling instant, when was
transmitted as the th component of the original vector , can be
written as

Re Re vec (4)

which follows from the properties of the trace operator, the for-
mula Tr vec vec , and the definition of the
vector in (3).

If the system has open noiseless eye diagrams at the sampling
instant, the expressions in (4) must be positive for all possible
values of the vector for all .

III. PROBLEM FORMULATION

A. Power Constraint Expression

The average power constraint of the channel input vector
may be expressed as

Tr vec (5)

where has been used, is the power per original bit,
and is the power per channel input vector .

B. BER Expression

The total average BER can be expressed as BER
BER , where BER is the probability of error for

the th component of the vector , and it is given by

BER Re

Re

Re

Re Re

Re Re

(6)

where is the output vector from the receiver (see Fig. 1),
denotes the probability operator, and the results from (2)

and have been used. In order to further
simplify the above expression, it is important to realize that the
left-hand side of the last inequality above is a real Gaussian
stochastic variable with mean value

Re (7)

and variance

Re (8)

where Re denotes the squared value of
the real part of the argument, and . Since the
channel noise is complex Gaussian and circularly symmetric,
the filtered noise at the output of the MIMO receiver trans-
form is also complex, Gaussian, and circularly symmetric.
The last expression of (8) is equal to the variance of the th
vector component of the channel noise at the input of the hard
limiter. The assumption that the channel noise is complex
Gaussian circularly symmetric was used in this expression, that
is .

By utilizing the distribution of the vectors and , the stan-
dard definition of the -function1 together with the results from
(7) and (8), it can be shown that BER in (6) can be rewritten as

BER
Re vec

Re vec
(9)

1Q(x) (1=
p
2�) e dt.
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Fig. 1. Block model of the system considered.

where (2) and (4) have been used. The expression for BER is an
extension of (3) in [4] and (8) in [5] to the complex variable case.
The expression is also in accordance with (20) in [6], which
contains twice as many terms for each sum over . In [6], it was
not taken into account that the vectors contain in vector
component number , which is independent of .

From (4) and (9), it can be deduced that the exact value of
BER is independent of the -norm of the vectors .
Therefore, there is no loss of optimality by scaling the row vec-
tors according to . The constrained opti-
mization problem to be solved can be stated as follows:

BER subject to vec (10)

The unconstrained objective function that has to be minimized
can be expressed as

BER vec (11)

where is the positive Lagrange multiplier for the power con-
straint.

IV. PROPOSED SOLUTION

Definition 1: An channel is said to be linear
communicable if there exists a linear prefilter transform with
dimension and a linear receiver with dimension ,
such that all the noiseless eye diagrams are open at the sam-
pling instant.

Remark 1: Definition 1 is an extension of Definition 1 in [5],
to include transmitter transforms as well as receiver transforms.

Definition 2: The transmitter-signal set is defined by the
set

(12)

It can be shown that if the channel is linear communicable, then
the transmitter-signal set is a cone with vertex at the origin, and
in this case, it can be called a transmitter-signal cone. It is seen
from (12) that the transmitter-signal vectors generate the
transmitter-signal set.

The definition of the conjugate derivative [7] is used since,
in general, the optimal prefilter transform might contain com-
plex coefficients. The optimal prefilter transform meets the fol-
lowing necessary condition: vec , where the
zero matrix on the right-hand side has dimension

means complex conjugation, and is given by (11). If the nor-
malization is used, it can be shown that the equation above can
be rewritten as

Re vec

vec
Re vec vec (13)

Since vec Re vec , the equa-
tion above can be rewritten as

vec Re vec

(14)
By using the power constraint in (5), it is possible to eliminate
the Lagrange multiplier from the equation above:

vec
Re vec

Re vec

(15)

From (14) and (15), the Lagrange multiplier can be expressed
in terms of the energy per channel input vector as

Re vec

(16)

From the above equations, this theorem follows:
Theorem 1: Assume that the normalization is used; then, the

optimal prefilter transform satisfies (15), and it lies in the trans-
mitter signal set .

Remark 2: When the channel is communicable, it follows
from (15) that the optimal prefilter transform lies in the trans-
mitter-signal cone .

Proposition 1: If BER , then all noiseless eye
diagrams at the sampling instant are open.

Proof: Assume that not all the noiseless eyes at the sam-
pling instant are open. This means that there exists at least one
noiseless eye at the sampling instant that is closed, e.g., the
one with index number . From (9), it
can be seen that BER , which implies that BER

.
Proposition 2: Assume that the channel is linear communi-

cable. If the transmitter transform is constrained to belong to
the sets that have open noiseless eye diagrams at the sampling
instant and the transmitter vec satisfies (15), then the fol-
lowing is true: The optimized transmitter is a global minimum.

Sketch of proof: For a given receiver, the transmitter trans-
form can be shown to be a global optimum following the same
procedure that was used in [5, proof of Th. 1] or of [8, Prop. 1].

A numerical optimization solution is proposed through the
steepest decent method. In the steepest decent search method,
the following result is required:

vec

Re vec vec (17)



HJØRUNGNES AND DINIZ: MINIMUM BER PREFILTER TRANSFORM 237

where it is assumed that the normalization is used, and the La-
grange multiplier can be calculated from (16). As a starting
point of the iteration, other prefilter transforms from the liter-
ature [1]–[3] can be used. When the transmitter transform has
been found for a certain channel condition, this value can be
used as initial values for other channel conditions, which are
close to the one already optimized.

V. EXAMPLES AND COMPARISONS

The receiver is chosen in the following way: Let the
DFT matrix be given by . The receiver is chosen

as , where the notation
means the submatrix that consists of the

columns whose indexes are in the set .
In this example, the following values are chosen:

, and . The channel is assumed
to be linear time-invariant (LTI), with two transmit
and receiver antennas and order . All the
channel coefficients are assumed to be zero mean uncorrelated
complex Gaussian distributed with unit variance. The number
of channel realization used to find each performance result
was 100. The channel transfer matrix is a block Toeplitz
Sylvester matrix in this example since the channel is LTI. The
nonzero submatrix within has size .

Let be the variance of the complex additive channel noise,
and in this example, the autocorrelation matrix of the noise is
given by . The average BER versus perfor-
mances of the proposed system as well as of the three alterna-
tive methods described in [1]–[3] are shown in Fig. 2. It is seen
from the figure that the proposed method performs better than all
three alternative methods for all values of . For example,
for BER , a gain in in 8.4 dB is achieved by the
proposed method in comparison to the method in [3], which has
the best performance among the three alternative methods.

VI. CONCLUSION

A linear precoder transform that minimizes the BER subject
to a power constraint is proposed. It is shown by simulations
that better results can be achieved by the proposed prefiltering
transform, in terms of BER versus channel quality, when com-
pared to matched prefilter transform, minimum modified MSE
prefilter transform subject to zero forcing, and minimum modi-
fied MSE prefilter transform.

Although the proposed prefilter transform outperforms the
three alternative prefilter transforms, the computational com-
plexity for finding the proposed prefilter transform is higher.

Fig. 2. Average BER versus E =N comparison between matched filter -�-
[1], minimum modified zero-forcing MSE -�- [2], minimum modified MSE -+-
[3], and the proposed transform -�- found from 100 channel realizations.

Once the transform is found, it has similar implementation com-
plexity to other linear transforms, which is optimized under
other criteria. It is worth mentioning that the proposed optimiza-
tion method can be applied to transform structures with induced
fast algorithms. The robustness against channel estimation er-
rors is a future research topic.
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