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Abstract—This paper presents coherent representations of elec-
tric power systems signals. These representations are obtained by
employing adaptive signal decompositions. They provide a tool to
identify structures composing a signal and constitute an approach
to represent a signal from its identified components. We use the
Matching Pursuits algorithm, which is a greedy adaptive decompo-
sition, that has the potential of decomposing a signal into coherent
components. The dictionary employed is composed of damped si-
nusoids in order to obtain signal components closely related to
power systems phenomena. In addition, we present an effective
method to suppress the pre-echo and post-echo artifacts that often
appear when using the Matching Pursuits. However, the use of a
dictionary of damped sinusoids alone does not ensure that the de-
composition will be meaningful in physical terms. To overcome this
constraint, we develop a technique leading to efficient coherent
damped-sinusoidal decompositions that are closely related to the
physical phenomena being observed. The effectiveness of the pro-
posed method for compression of synthetic and natural signals is
tested, obtaining high compression ratios along with high signal-to-
noise ratio.

Index Terms—Coherent representations, damped sinusoids,
matching pursuits, power systems transient analysis, signal com-
pression, signal modeling, signal representations.

I. INTRODUCTION

D ISTURBANCE monitoring is increasingly being required
in contemporary top-quality power plants. The approach

most relevant to this work is the post-event analysis of moni-
tored signals. This analysis allows for the identification of pat-
terns and characteristics of faults [1] in order to improve the
knowledge of the system behavior and prevent future problems.
The information is measured by digitizing the signals corre-
sponding to the voltage and/or current quantities with a Dig-
ital Fault Recorder and storing them for future transmission and
analysis in order to identify the different natural phenomena rep-
resented in the signal that took place in the course of the distur-
bance. In a broad sense, these techniques are called oscillog-
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raphy and can be divided into Short-Time or Transient Oscil-
lography, in which sampled versions of the voltage and/or the
current waveforms at points of the network are used for moni-
toring transient phenomena, protection systems, and equipment
malfunctions, as well as for locating faults in time and space
and also for power quality assessment. In Long-Time Oscillog-
raphy, the power flow and the oscillations of the fundamental
frequency are monitored and searched for low-frequency oscil-
lations and slow transients; these provide information about the
dynamic behavior of the interconnected network.

Regardless of the quantities measured, the net result of oscil-
lography is the study of the evolution in time of various phe-
nomena. In general, these phenomena are represented as sinu-
soidal oscillations of increasing or decreasing amplitudes. They
are also highly influenced by circuit switching, as well as non-
linear power systems components and loads. The number of
points monitored by oscillographic systems increases rapidly
because system operation bounds are more critical as demand
increases. In addition, at interconnected systems, it is necessary
to establish precisely the causes of the disturbances as well as
the parts responsible for the resulting effects.

The storage and transmission of oscillographic signals may
generate an information overload; even though storage cost is
decreasing, the general tendency is to sample signals at higher
rates and using longer windows. Thus, storage capacity and
transmission bandwidth problems persist, demanding good
compression schemes. In order to obtain high compression
ratios, lossy compression must be used. However, the com-
pression must be such that the loss of quality involved does
not impair the signal analysis. In addition, the information
overload is a serious problem to disturbance analysis since
human experts performing such analyses are not, in general,
able to look through all available data. This creates a demand
for computational tools that both enable efficient transmission
and storage of the information and aid in the analysis of the
phenomena. Therefore, a technique that decomposes a signal
into components that are coherent to power system phenomena
modeling would be welcome in automated analysis (for ex-
ample, using expert systems techniques [1]).

This work proposes a procedure aimed at efficient represen-
tations of power systems signals for short-time oscillography
such that their analysis is not impaired. The approach is to use a
damped sinusoid signal model that is related to the phenomena
typically observed at power system plants. The different com-
ponents of a signal, each one associated with a different phe-
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nomena, are identified through an algorithm based on Matching
Pursuits [2], leading to an efficient representation of all relevant
information. Thus, no important phenomenon is lost or distorted
by the compression process; thus, a high compression ratio can
be achieved while maintaining high signal-to-noise ratio (SNR).

After this brief introduction, Section II discusses some
aspects of signal representations, including a review of the
Matching Pursuits (MP) algorithm, which is the basis of the
proposed method. In Section III, a model for power systems
signals is proposed. Section IV reviews the Matching Pursuits
with the Gabor Dictionary and proposes some improvements
to it. In Section V, it is shown how to obtain decompositions
according to the proposed model, along with heuristics that
prevent MP deviation from a physically meaningful decomposi-
tion. Section VI describes how to obtain an automatic coherent
representation with MP. The proposed algorithm is evaluated in
Section VII by employing it to decompose and compress natural
signals. Other applications of the method, such as denoising by
synthesis and filtering, are presented in Sections VI-C and V-E.
Conclusions are presented in Section VIII.

II. SIGNAL REPRESENTATIONS

In general, any signal can be represented by a linear
combination (finite or infinite) of signals , provided that the
set of signals , forming the dictionary , spans the space ,
or, in other words, is complete [2]. A signal can be represented
as a sum of predefined signals , (in gen-
eral, ) as [3], [4]

(1)

Equation (1) decomposes the signal as a linear combina-
tion of signals. Note that the dictionary may contain more
elements than necessary to span the space , that is, may be
larger than the dimension of the signal space. The key issue
is how to obtain the coefficients and the atoms . Usu-
ally, a signal approximation is generated by using a number of
atoms smaller than . In general, this approximation improves
as the number of atoms used increases. Usually, the dictionary
must contain a very large number of structures to enable the
decomposition of (1) to coherently identify the different phe-
nomena composing a signal. Indeed, the dictionary should con-
tain distinct structures for any phenomena that we would poten-
tially identify or discriminate, meaning that the dictionary may
be quite large. That is why is, in general, larger than the di-
mension of the signal space. In this case, the dictionary is
called redundant or overcomplete [3].

Power system disturbance signals provide a good illustra-
tion. These signals are composed of several concatenated or
superimposed components (fundamental frequency, harmonics,
transients, etc.). If a dictionary containing every possible phe-
nomena represented in power system signals was built, then a
redundant decomposition such as in (1) would have the poten-
tial of identifying each of these components. Although it is ob-
viously impossible to construct such a dictionary, an alternative
is to design a coherent dictionary (see 1 and 2 below, as well as
Section VI).

In addition to redundancy, another desirable feature of signal
representations is compactness [5], i.e., most of the signal en-
ergy should be concentrated in a small number of coefficients

, corresponding to a small number of phenomena. One nat-
urally asks the following: How do we combine both concepts,
that is, to allow the identification of the structures in the signal
employing a redundant representation while obtaining a com-
pact representation of the signal? A good answer is given by
adaptive representations [2]–[6].

Adaptive representations combine the points above by
choosing, from a large dictionary, which atoms to use to repre-
sent a signal. This choice is signal dependent, hence, the term
adaptive. These representations have been used in a wide range
of applications: coding and compression, signal enhancement
and denoising, pattern recognition, and understanding of sig-
nals [7]–[10].

There are still three aspects of signal representations that
should be considered, especially in adaptive cases [3], [11]:

1) Are the functions being used to represent the signal
coherent? That is, are they related to the possible phe-
nomena composing the signal? A coherent dictionary
would be one in which the atoms are good models
for the phenomena inherent to a given signal. This paper
proposes in Section V the use of a dictionary of damped
sinusoids for the representation of electric signals.

2) Are atoms being used in the decomposition to represent
noise? Coherent representations are the ones in which the
only significant atoms in the decomposition are those re-
lated to useful phenomena and not to noise. A key ques-
tion is how to define which atoms correspond to coherent
components and which ones correspond to noise. If such
atoms can be identified, then we have a criterion to stop
the decomposition. We will further explore this idea in
Section VI-A.

3) Is the representation consistent [3]? This aspect concerns
the similarity between the original signal representation
and its quantized version . In [3], a consistent recon-
struction is defined as follows: Given a signal and
a function , , if , then is
a consistent estimate of . Thus, consistency is related
to how precisely the parameters representing the phe-
nomena should be measured and/or quantized. Supposing
the function is an expert analyst (human or system),
a consistent reconstruction is obtained if the characteris-
tics observed by an expert in the original signal and in
its quantized representation are the same. Consistency of
the proposed decomposition, in the above sense, is ad-
dressed in Sections V-E and VII through real-world (nat-
ural) examples.

To obtain a representation as the one in (1), based on some
optimality criterion, is an NP-hard problem [6], that is, its com-
plexity is not bounded by a polynomial of degree (the signal
length). Some approaches lie on the selection of bases on which
the signals are projected and represented [11], [12]. The op-
timum representation in these cases is the one that maximizes
or minimizes a given criterion, considering that atoms are
used to represent the signal. As an alternative, a suboptimal al-
gorithm is used, namely the Matching Pursuits (MP), that has a
large, but manageable, computational complexity.
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A. Matching Pursuits

The MP introduced by Mallat and Zhang [2] is a greedy
adaptive approximation algorithm [6], [13]. At each step, the
MP chooses the atom in the dictionary that best represents the
signal (the atom with largest inner product with the signal). The
chosen atom is then scaled and subtracted from the signal, and
the process is repeated, representing the signal by progressive
approximations.

Define a dictionary , , ( is a set of param-
eters that define , and is the set of all possible ), such that

. If is complete [2], [4], we can represent as a sum
of elements, that we call atoms or structures, of the dictionary

. In order to compute the coefficients
and the indexes , choose such that is max-
imum, let , and then split in two parts, defining
the residue . Carrying out this process itera-
tively, we can compute the th-order residue as

(2)

where

and

Properties of this algorithm as well as variations of it have been
extensively studied [4], [10]. One of the most important proper-
ties of the MP is that the energy of the residue decreases mono-
tonically at each approximation step, ensuring its convergence.

At each step of the MP, two pieces of information must
be stored—the coefficient and the index defining the
atom—and more information about the signal is extracted.
Thus, at step , we have an approximation of the signal based
on the dictionary structures selected up to this step [4]; this
means that the process can be halted, given a desired error cri-
terion or a fixed number of steps. The obtained representation
is adaptive since, at each step, the most similar structure to the
signal is chosen from the dictionary to decompose the signal.
A compact representation can be obtained, provided that the
number of atoms used in the decomposition is small. Therefore,
the MP is capable of obtaining compact and efficient represen-
tations; the key to this lies in the choice of the dictionary ,
which should be coherent to the signal components. However,
due to the greedy nature of MP, pre- and post-echo artifacts
may appear (see Section IV-B), along with inefficiencies with
respect to phenomena identification (see Sections V-B and D).

Summarizing, the MP decomposes a signal into a sequence
of inner products and indexes . Fast
algorithms exist for a limited number of . However, for
infinite possibilities of , as employed here, there is no fast
implementation. In this work, a method is proposed to reduce
the complexity of the search for in the case of damped
sinusoid structures.

III. BUILDING A DICTIONARY FOR POWER SYSTEMS SIGNALS

In order to analyze and compress signals from power systems,
it is important to use a model capable of precisely representing
the components that may compose those signals. Xu [14] de-
fines the signal components in power systems as Harmonics are
low-frequency phenomena ranging from 60/50 Hz (system fun-

damental frequency) to 3000 Hz. Transients are observed as im-
pulses or high-frequency oscillations superimposed on the volt-
ages or currents of fundamental frequency (60/50 Hz), as well as
exponential (DC and modulated) components. Sags and Swells
are increments or decrements, respectively, in the RMS voltage
of duration from half cycle to 1 min (approximately).

In a very simplistic way, power systems can be considered
to be built from transmission lines, sources, and loads. Trans-
mission lines can be modeled by a series of distributed induc-
tances, capacitances, and resistances. In these circuits, currents
or voltages closely follow the solutions of differential equations.
We should add to this model the discontinuities due to circuit
switching caused by operative maneuvers and by the protec-
tion system. The proposal here is to generate a model for power
system signals based on the solutions of linear differential equa-
tions that also incorporates these discontinuities. These solu-
tions are given by an appropriate set of concatenated and su-
perimposed damped sinusoids, each with a well-defined region
of support. Therefore, the employed model is given by [15], [16]

(3)

where each component is a damped sinusoid represented by a
six-tuple ( , , , , , ), where is its amplitude,
is the frequency, is the damping factor, is the phase, and

and are the component starting and ending times.
In this work, the analysis of power system signals will be

restricted to frequencies that are integer multiples of a funda-
mental frequency . Such harmonic analysis is
appropriate for pseudo-periodic signals such as the power sys-
tems signals in question. It also simplifies the model and the best
damped sinusoids matching search. Now, the six-tuple is given
by ( , , , , , ), where is an integer. This
model can effectively describe the relevant phenomena in elec-
tric power systems signals that are worth analyzing; therefore,
being able to decompose a signal compactly and accurately in
terms of these six-tuples and the model of (3) would be a pow-
erful tool for analysis. The aim now is to develop an effective
way to obtain this representation.

Note that the model in (3) by no means compactly repre-
sents “all” possible phenomena in power systems signals, as,
for example, inrush currents or interharmonic oscillations (for

). However, since the proposed dictionary is complete,
then any signal can be represented as a linear combination of the
atoms, although this representation may not be compact.

A similar model is obtained with the well-known
Prony method [17]–[19] used in the analysis of power
system signals (as well as in numerous other appli-
cations). It obtains a representation of the signal as

. A drawback of
the Prony method, for the desired application, is that it does not
take into account the discontinuities due to circuit switching,
i.e., it does not allow the damped sinusoids to start at different
instants. Therefore, the proposed model can be seen as the
Prony model with time localization capabilities. Another ad-
vantage is that the proposed method, when applied to obtain the
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Fig. 1. Block diagram of the decomposition algorithm.

model, avoids the numerical instabilities inherent to the Prony
method that might appear due to the matrix inversions required
to compute the damping factors.

Using a dictionary of unit norm vectors, the structures of
(3) are uniquely determined by the five-tuples ( , , ,

, ). Observe that this dictionary has a basis of impulses in
time [five-tuples (0, 0, 0, , )], as well as a basis of impulses
in frequency [five-tuples ( , 0, 0, , )] and is thus com-
plete. However, in order to implement the MP algorithm, the
parameters of the five-tuple ( , , , , ) must be dis-
cretized. Preliminary tests were held in this direction [16], but
the results were not encouraging. One dictionary for which dis-
cretization processes are well known and have been extensively
used is the Gabor dictionary [2], [4], [20]. The Gabor dictio-
nary is composed of Gaussian functions modulated by sinu-
soids. Then, at each step, we decided to adopt the strategy of
decomposing the signal using the MP with the Gabor dictio-
nary as an intermediate solution and, then, from the parameters
of the chosen Gabor atom, searching for the damped sinusoid
that best matches the signal at that step. This approach gives
an MP-based decomposition with good performance and fea-
sible computational complexity. It is important to note that it is
not claimed here that a solution using a direct discretization of
the damped sinusoid dictionary is not feasible. Based on some
preliminary results, we have simply chosen the strategy of first
using the MP with the Gabor dictionary and then performing a
search for the best sinusoid. Justifications for this strategy, in
terms of computational complexity, are given in Section V-C.

A block diagram of the algorithm is shown in Fig. 1 (where
the sections of this paper in which each topic is developed are
also indicated). The process breaks the problem of finding the
parameters in a five-dimensional space ( , , , , ) into

several smaller-dimensional problems, each demanding less
computational effort, thereby reducing the overall complexity.
The first step is the decomposition of the current residue into
a dictionary of Gabor atoms. The result of the decomposition
at each step is used to match the current residue to a damped
sinusoid instead of the Gabor atom. Then, for the damped
sinusoid a frequency quantization is applied, as is a heuristic to
select between damped or pure sinusoids. Then, the parameters
of the resulting damped sinusoid structure are stored. The ap-
proximation sufficiency procedure is implemented to estimate
whether the approximation already obtained is good enough
or if the decomposition must continue. The parameters are
quantized and encoded at the end of the decomposition process
using different quantizers for each parameter.

IV. MATCHING PURSUITS WITH THE GABOR

DICTIONARY—DISCUSSION AND IMPROVEMENTS

The Gabor dictionary is generated by time shifting,
scaling, and modulation of a Gaussian window

[4]. A Gabor atom is given by
, where

and is a well-localized time-frequency component [2]. For this
, the parameters of the atoms can be sampled, obtaining a

finite dictionary with discrete parameters that is complete and,
indeed, capable of representing any signal.

The phase and is such that . Sam-
pling gives [2] , . Thus,

can be represented uniquely by (the
phase is continuous). The index defines the atom scaling, de-
fines the time shift, and defines the atom’s modulation. With
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, the indexes ranges are , ,
[2]. Thus, the discrete atom is

if
if
if

with (4)

where is equivalent to . We do not need to search for the
phase . It is derived analytically from the triplet (see
Section IV-A).

From the discretely parameterized atom, a local search by
a pseudo-Newton method [21] can be applied to find a con-
tinuous parameters set that best matches to the current
residue being decomposed. This achieves an MP using a Gabor
dictionary with densely sampled parameters. We have imple-
mented and tested both the discrete and “continuous-param-
eter” versions of the MP. The results were around 10% better
(this refers to inner products values), on average, for the contin-
uous case. Thus, when searching for the damped sinusoid, we
start from a continuous-parameters Gabor atom. To obtain the
continuous-parameter Gabor atom, using the Newton method,
there is no closed form for the inner product ; therefore,
inner products ought to be calculated for each new update of the
atom parameters. Directed by these observations, the strategy
employed for the pseudo-Newton method was as follows: I) In-
dependently increment each parameter of the atom by half of
its value. II) If the inner product increases, then the param-
eter is updated; otherwise, the increment is negated and halved
(multiplied by -0.5) for the next iteration. III) At each itera-
tion, the three parameters are tested in a sequentially
ordered fashion for updates. IV) The iterations take place until
the inner product increase is less then 1% or the parameter in-
crement is less then 10% of their actual values. Note that when
implementing an MP with a continuous-parameter dictionary,
the fast MP algorithm [2] (based on correlation updates) is not
applicable.

Next, we discuss how to compute the optimum phase for
an atom, given the residue. In addition, the suppression of the
pre-echo and post-echo artifacts that appear when using the MP
is investigated. For other examples of these phenomena, see [2]
and [22]. Actually, [22] presents the so-called High Resolution
Pursuits (HRPs), which try to overcome the problem by never
adding any atoms to the decomposition that would introduce
pre-echoes.

A. Optimum Phase Computation

Once the parameters are found, the optimum
phase for the atom can be computed [5], [23]. The result pre-
sented in [23] is for continuous time atoms but can be general-
ized to discrete ones. Any unit-norm atom depending on a set of
parameters is given by

(5)

where can be any real function that depends on the set
[for Gabor atoms , see (7), and for the damped

sinusoid , see (4)]. can be regarded as the
real part of a complex function , ,
normalized to have unit energy. Defining Re
and Im at the th step of the MP, the optimum
phase (always obtaining positive inner products)
for the atom is given by the following.

1) If and , and

then
then

2) If and

then
then

.

3) If and

then
then

where

(6)

B. Pre-Echo and Post-Echo Reduction

When using the MPs to decompose signals, undesirable arti-
facts of pre-echo and post-echo may arise. As an example, con-
sider the decomposition of the synthetic signal S1, which is just
the atom corresponding to the six-tuple (1.000, 8, 0.080, -90,
0.0312, 0.1059) (see Section III), with fundamental frequency

Hz [see (3)] and sampling frequency Hz.
The decomposition of S1 using the discrete parameter Gabor
Dictionary with an optimal phase is shown in Fig. 2 at a different
number of steps (2, 4, and 8), where pre-echo and post-echo ar-
tifacts can be seen.

One way to suppress those artifacts is to include in the dictio-
nary atoms having all possible temporal supports. This is equiv-
alent to box-windowing the atoms as

(7)
where , and is the step function. Defining

with , where is the starting
time of the atom, is its ending time, and is chosen such that

. Finding and that minimize the error norm in
the support region of the atom would cope with the pre-echo and
post-echo artifacts. For digitized signals, the error norm in the
support region, at the step , is given by

, where is
the signal sample corresponding to , and corresponds to
(note that initially, for all the atoms, and ,
where is the signal length). Actually, minimizing the norm
of the error is the same as finding the support interval that gives
the largest inner product (the atoms with new time support must
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Fig. 2. Reconstructed versions of the synthetic signal S1 with the MPs of continuous parameters and optimum phase with two, four, and eight steps.

be renormalized to unity norm). Then, a new support interval
is considered for the atom only if

and (8)

where . That is, the best time
support for the atom is the one yielding an inner product
that is greater than or equal to the inner product of the
atom with larger temporal support for the same .
Being , it is easy to show that if

, then

(9)

where is the th sample of , and is
the th sample of . Thus, if we know the inner product
in (8) for a given value of , the inner products for smaller
values of can be computed recursively and, consequently,
with low computational complexity. A similar result tells us that
an inner product for an atom starting at can be computed
from the one of the atom starting at . In addition, in order
to further simplify this procedure, the search can be performed
independently for and , leading to a fast algorithm to find
the best time support.

Fig. 3 shows the reconstruction of synthetic signal S1 for
a four-step decomposition without and with temporal support
search in the continuous-parameter Gabor dictionary. When
temporal support search is applied, the reconstructed signal
is visibly more similar to the original one, and the pre-echo
and post-echo artifacts vanish in this example; differences are
noticed only after the 80th sample, where the signal has little
energy. When decomposing this signal with the Gabor dic-
tionary of discrete parameters and optimum phase, we obtain
an inner product at the first step of 1.643, whereas using the
continuous parameters, it jumps to 2.0874 (a 27% increase).
Further performing the search for the best time support, the
result becomes 2.145 (around 3% increase to the second and
30% increase to the former). Since the energy of the signal is
equal to the sum of the energies of the inner products [4], a
larger inner product means a smaller reconstruction error. This
shows that the closer visual similarity corresponds to a closer
match in a mean-squared sense.

Here, unlike standard MP algorithms where the set of struc-
tures is static (discrete parameters and fixed dictionary), we have
obtained an MP with a dictionary of continuous parameters. In
addition, the structures found have the best time support, elimi-
nating pre-echo and post-echo artifacts.

Fig. 3. Synthesis of synthetic signal S1 [Fig. 2(a)] after decomposition using
four steps of the MPs with densely sampled Gabor dictionary. (a) and (c)
Without and (b) and (d) with the temporal support search of Section IV-B.

V. SIGNAL DECOMPOSITION USING MP WITH DAMPED

SINUSOIDS DICTIONARY

In the proposed approach, an indirect search for the damped
sinusoids is carried out. First, the continuous-parameter Gabor
atom that maximizes the inner product is found. These parame-
ters are then used to generate a guess for the best damped sinu-
soid. This guess initializes a pseudo-Newton algorithm to find
the parameters of the best damped sinusoid. When we perform
such indirect damped sinusoid search, one cannot use correla-
tion updates (as in [2]), and therefore, there is no fast MP algo-
rithm. This is because the dictionary we effectively use has con-
tinuous parameters and, thus, infinite cardinality. Therefore, the
computational complexity of the proposed method is increased
when compared with the one of the standard MP; however, the
good results obtained justify the increase in complexity.

A. Search for the Damped Sinusoids

The procedure to obtain the damped sinusoid that is best rep-
resented at step of the MP is the following.

1) Find the Gabor atom index such that
using the MP with op-

timum phase (see Section IV-A).
2) Obtain the initial guess for the damped sinusoid:

a) Find the half plane of the Gabor atom above that has
a higher inner product with the signal: Either the right
half (defined as the points to the right of the Gaussian
window center ), which implies a decreasing expo-
nential to be searched for, or the left half (defined as
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the points to the left of the Gaussian window center ),
which implies an increasing exponential to be searched
for. That is, the best half-plane is the Gabor atom’s half
with a higher inner product with the current residue.

b) With the scale found, compute the initial guess for
the damping factor that best matches the half-plane
identified above. This initial value is given by

for a decreasing exponential and
for an increasing exponential. This value of leads to
the damped sinusoid having the same sample value of
the Gaussian at its inflection point. In case of functions
with limited time support, this value needs to be cor-
rected. This is done iteratively by a pseudo-Newton al-
gorithm (fast and in closed-form as both functions are
known).

c) With the obtained , , and previously found, a
pseudo-Newton method is applied to search for the
atom

, where is a normalization factor.
As the modulated exponential can be increasing or de-
creasing ( or ), we must devise how to
search for the start and end samples of the damped
sinusoid. In the case of a decreasing exponential, we
assume that and that . In
the case of an increasing exponential, , and

. A pseudo-Newton algorithm is applied to ob-
tain one of the five-tuples or

( can represent either the start or
end time). The phase is obtained through the proce-
dure of Section IV-A. The pseudo-Newton method ap-
plied is similar to that presented for the Gabor atom
(see Section IV) but for four parameters
(with the same constraints: step computation, and stop
criterion).

3) Search for the best time support, as in Section IV-B, ob-
taining the five-tuple that charac-
terizes the atom. Note the following: a) If , then we
have a decreasing atom, and we must search only for .
b) If , then the atom is an increasing one, and the
time support search must be done for .

4) For the best time support found above, make a new local
search for and using the pseudo-Newton method, and
compute .

5) With the five-tuple , we compute the
inner product of the corresponding atom with the current
residue , and the process is finished.

In the search process, we end up with damped sinusoids, as in
(3), which can have any phase . These atoms are called deref-
erenced [5] as the atoms’ start time and phase are not related.

The identification of damped sinusoids using this approach
performed effectively. An illustration of this effectiveness will
be given in Section VII, where results with natural signals are
shown.

B. Frequency Quantization

The decomposition obtained represents a signal as a sum of
damped sinusoids of any frequencies. To obtain the proposed
signal model, the frequencies of the structures must be quantized
as integer multiples of the fundamental frequency. The quantiza-
tion process must take into account the sampling frequency

Fig. 4. First-step decomposition of synthetic signals S2 and S3 with time
support search and frequency quantization.

(the maximum possible frequency in the signal is ). The
frequency quantization can then be performed as follows:

1) Compute the ratio between the sampling frequency and
the fundamental .

2) With this ratio, design a quantizer for the frequency of the
atom using a linear quantizer of bits
and step .

3) The quantized frequency for an atom is
, where is the original

frequency of the atom.
4) After quantizing the frequency, a local optimization using

the pseudo-Newton method is performed for the damping
factor .

Some examples are shown in order to point out problems re-
garding the identification of structures. In Fig. 4, we can see the
described process behavior at the first step of the decomposition
of synthetic signals S2 in Fig. 4(a) and S3 in Fig. 4(d), whose
parameters are given in Table I (where and are the sam-
ples indexes of and , respectively, and is the component
number). These synthetic signals were chosen as they are rep-
resentative of common phenomena in power systems [1], [14],
[16], [18], [19], [24], [25]. Indeed, they indicate the limitations
of the MP algorithm and the effectiveness of the procedures pre-
sented for the desired application. In Fig. 4(b), we can observe
the damped sinusoid obtained from the Gabor atom guess that
best matches the signal S2 [see Fig. 4(a)]. In Fig. 4(c), we can
observe the result of the time support search for the damped si-
nusoid atom and frequency quantization. The same is presented
for signal S3 in Fig. 4(e) and (f), respectively. Note that prior
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TABLE I
GENERATION OF THE SYNTHETIC SIGNALS S2, S3, AND S4 ACCORDING TO THE MODEL OF (3)

to frequency quantization, the frequency of the decomposing
structure is different from the original one used to generate the
signal component. The frequency quantization effectively cor-
rects this error, which is caused by the greediness of the MP de-
composition together with the particularities of the dictionary
used. Although this behavior may seem odd, the atom found
prior to quantization is the one with higher inner product with
the signal under decomposition. Indeed, as we have observed
through simulations, even by forcing the frequency of the de-
composing structure to be equal to the one used in generating
the atom, the inner product is still smaller than the one found
by the decomposition algorithm. In the present case, we ideally
want to find the three structures that, when concatenated, give
the largest inner product with the signal.

As observed in these examples, the searches for damped sinu-
soids and frequency quantization perform well. Still, some false
phenomena identification takes place due to the greedy aspect
of the MP.

1) Signals formed by two or more sinusoids of same phases
but different amplitudes are confused as one damped si-
nusoid, as is the case of the decomposition of signal S2 in
Fig. 4(b). Signal S2 is formed by two sinusoids of same
phases: one of them being corrupted by higher frequency
components. However, the damped sinusoid chosen by
the MP to represent the signal is a decreasing exponen-
tial almost in phase with the higher energy sinusoid with
full time support. Note that the amplitude decrease at the
40th sample is not identified.

2) Sinusoids of the same frequency and amplitude but dif-
ferent phase are identified as one sinusoid with phase that
maximizes the inner product. That is exactly the case of
signal S3, with two phase discontinuities, which are usu-
ally caused by switching, for which the 90 phase change
(around the 70th sample) is located by the time support
search, but the smaller phase change (around the 40th
sample) is not.

In fact, the false phenomena identification that take place
when decomposing signals with greedy approximation algo-
rithms have previously been described in [26] (see Section IV).
There, the authors give an example of a signal composed by a
sum of two dictionary structures in which these structures could
not be found by the greedy decomposition. In Section V-D, an
algorithm is proposed that obtains better structure identification
for the signal model proposed here and addresses the limitations
presented above.

C. Complexity Issues

In this subsection, we will discuss computational complexity
issues of the proposed method.

Due to the nature of the problem at hand, we can use fre-
quency quantization. This contributes to decreasing the compu-
tational complexity since it represents a significant decrease in
size of the search space, and the sinusoids generated by these
quantized frequencies can be either precomputed or generated
on the fly using efficient algorithms as the fast Fourier transform
(FFT).

One important point affecting the computational complexity
is that the recurrent formula for fast computation of the MP, as in
[2], is not applicable to the present case. This is so because at the
end of each decomposition step, the signal is decomposed by an
atom from a dictionary that has infinite cardinality (continuous
parameters), which makes it impossible to prestore all the inner
products between the dictionary atoms; therefore, the recurrence
relation in [2] cannot be used.

In addition, the continuous-parameter dictionary requires the
use of a Newton method at each iteration, leading to high com-
putational demands. Actually, the Newton method in a multi-
variate space is used twice: one for finding the best Gaussian
atom (see Section IV) and the other for finding the best damped
sinusoid (see Section V-A). It is important to note that the use of
a discrete-parameter dictionary followed by a Newton method
in order to generate a continuous parameter dictionary has often
been suggested in the literature [2]. In addition, note that for sig-
nals of length , if we used a dictionary with discrete parame-
ters, its cardinality would be , where
is the number of quantized frequency levels, is the number
of different possible damping factors , and is the
number of all possible time-support intervals. Note that to use
a dictionary with such a cardinality is prohibitive (the initial
discrete Gabor dictionary has cardinality , i.e., much
smaller than previously for any ); therefore, taking
into consideration the fact that a continuous-parameter dictio-
nary has superior performance (see the end of Section IV-B),
its use is clearly a viable alternative.

D. Pure Sine Substitution

The structures found in the examples in Section V-B, despite
leading to the largest inner product with the signal, do not match
the phenomena represented in it. This problem is inherent to
any MP-based or greedy decomposition [26]. To solve this, the
component that we chose to represent the atom, which is ei-
ther a damped or a pure (or plain) sinusoid, will be the one that
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gives smaller error in the region of support of the atom (this
is closer to a shape similarity measure than the inner product).
Previous works have shown that a successful representation re-
lies on detailed analysis or an appropriate distortion model in
order to select the atoms [27], [28]. The proposal is similar to
the criterion of Section IV-B, with extra conditions on the inner
product. There are two cases in which we will use a pure si-
nusoid instead of a damped one of the same frequency. These
cases are supported by the assumption that, as in traditional
works on MP [2], [4], a fraction (close to one) of the maximum
inner product is acceptable for selecting the atom to represent
the residue at a given step. However, in our case, this fraction is
only acceptable, provided that a shape similarity measure (the
error per sample) is satisfied in a given region. Considering two
sets of parameters (damped sinusoid)
and (pure sinusoid), where is
the current residue, the cases are as follows.

i) If the inner product of the pure sinusoid with the signal is
at least times the inner product obtained
with the damped sinusoid, then use the pure sinusoid. That
is, if , then use
instead of to represent the current residue.

ii) If the inner product of the pure sinusoid with the signal is
greater than times the inner product

obtained with the original damped sinusoid, then we
verify if a pure sinusoid should be used to represent the
signal (see 1 and 2 below). More precisely, if case i above
is not satisfied and ,
then it should be verified whether it is worthwhile to
use instead of to represent the signal at the
step.

Case i is straightforward since the use of a pure sinu-
soid will be only slightly worse, in terms of energy re-
duction, than the use of the damped one. In case ii, the
use of the pure sinusoid is significantly worse than the
damped one, but it is still valuable to verify the possibility
of using a pure sinusoid instead of the damped one. Ob-
viously, these impose . Simulations on a large set
of natural and synthetic signals have suggested for the
value 0.99 and for the value 0.75. In brief, if case i is
met, a pure sinusoid will be used; otherwise, a pure sinu-
soid will be searched for to represent the current residue
if case ii holds. This is done as follows:

1) From the frequency and the temporal limits (in samples)
of the structure, a region in which to search for a pos-
sible pure sinusoid to represent the signal is computed by

defining [ is the fundamental frequency;
see (5)]. The limits of the region where the pure sinusoid
may be located are then given by and

. This range yields a possible region of
support that is one cycle larger than the one of the orig-
inal atom (half cycle before the start and half cycle after
the end of the structure).

2) A pure sinusoid of the same frequency as
the damped one will be a candidate to represent the
signal at the current step in the region of support

if the two conditions below hold
simultaneously:
a) The error per sample in the region of support for the

pure sinusoid is smaller than the error per sample for
the damped sinusoid in the region of support of the pure
sinusoid. That is, we have (10), shown at the bottom
of the page, where the primed variables correspond
to the pure sinusoid and the nonprimed ones to the
damped sinusoid. This error-per-sample metric is in-
tended to avoid modeling errors that would have to
be corrected in later iterations of the MP algorithm.
Equation (10) compares the pure to the damped sinu-
soid in the region where the first is defined, providing a
shape similarity measure in this region. As in the case
of the pre-echo and post-echo suppression, which is de-
scribed in Section IV-B, the expression in (10) can be
computed recursively in a fast fashion.

b) The error per sample for the pure sinusoid is smaller
than or equal to half of the error per sample obtained
with the damped sinusoid in its original region of sup-
port, that is, we have (11), shown at the bottom of the
page. This procedure compares the overall shape sim-
ilarity of the two possible atoms in their respective re-
gions of support. We also impose the inner product of
the current residue with the pure sinusoid to be at least
50% of what is obtained with the damped sinusoid.
This constraint forces a reasonable and acceptable ap-
proximation ratio in the step.

Note that the search for the best time support can be per-
formed independently for and . If , then it is ex-
pected that the start time of the atom is well defined since this
is the region of the structure with largest energy. Thus, we first
search for by applying the two conditions above, and then,
we search for using the same conditions. In the case where
we have , is expected to be well defined, and then, we
first search for and then for .

(10)

(11)
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In Fig. 5, this algorithm is verified when applied to the first
step of the decompositions of signals S2 and S3. Fig. 5 presents
the sine discrimination together with the quantized frequency-
damped sinusoid identified so far (see Fig. 4). Note that the pure
sinusoidal structures found are totally coherent to the structures
used to generate the atoms. Thus, the proposed sine discrimina-
tion procedure succeeded in correcting the erroneous decisions
made by the MP algorithm. We have verified that this procedure
does not impact the cases where the damping is representative
of the phenomenon, as will be seen in examples to be shown.

Summarizing, the full decomposition algorithm (shown in
Fig. 1) and reconstruction consists of the following steps:

1) Apply one step of the decomposition:
a) Carry out one step of the MP algorithm with the Gabor

Dictionary.
b) From the obtained Gabor atom, search for a damped

sinusoid (Section V-A).
c) Quantize the structure frequency (Section V-B).
d) Apply the sine substitution heuristic (Section V-D).

2) Repeat (2) iteratively until some stop criterion such as a
fixed number of steps or a prescribed error is met or by
using the criterion to be presented in Section VI.

3) Reconstruct the signal with these structures.

Using the procedures described, the atoms found are phys-
ically meaningful (refer to Figs. 4–6). This can be confirmed
by the decomposition of signal S4 [see Fig. 6(a)]. The struc-
tures identified for that signal, using a three-step decomposi-
tion, are presented in Fig. 6(b), and the reconstructed signal in
shown Fig. 6(c). In Table II, the parameters of the structures ex-
tracted by the decomposition algorithm for signals S3 and S4
are shown together with the parameters used to generate them.
Signal S4 is reconstructed with an SNR of 29.79 dB and signal
S3 with an SNR of 92.87 dB (SNR is defined in Section VII,
(14)), implying that the estimation of the structure parameters
is accurate for these signals. The results shown so far aim to
verify the proposed method’s behavior with completely known
signals and are not intended to serve as arguments for its valida-
tion. A convincing validation of the proposed method can only
be performed by decomposing natural signals; this is addressed
in Section VII.

E. Application to Filtering of DC Components

Here, we show a study on the capability of the MP in fil-
tering the exponential decay that sometimes appears in current
quantities after disturbances, which are commonly known as
the “DC Component” [29]. It appears to be added to the sinu-
soid and can be modeled as

, where and are the start and end times
of the phenomenon (for simplicity, the start and end times of
the sinusoidal component are not presented), and is the expo-
nential decay constant. Observe that this is a particular case of
(3), and we expect that the decomposition developed is capable
of extracting/identifying the “DC Component.” Once the signal
is decomposed, the “DC Component” can be filtered out at the
reconstruction process. Furthermore, all the low structures in
the signal decomposition that are not of impulsive nature (time
support not smaller than 10% of the fundamental frequency pe-
riod) are eliminated in the reconstruction process. This filtering
was effective when applied to synthetic and natural signals as

Fig. 5. Sine substitutions at the first step decomposition of synthetic signals
S2 and S3.

well as signals obtained through the Alternative Transients Pro-
gram/Electromagnetic Transients Program (ATP-EMTP) [30].

Most analyses of oscillographic signals are based on com-
parisons of the values of current and voltage quantities, often
in phasor form. For that, the signal is filtered to obtain just the
fundamental frequency contribution [29]. Therefore, this mea-
sure was used to evaluate the proposed filtering. In all cases,
the proposed filtering worked very well, and the modulus and
angle of the phasor have been correctly estimated. The results
for an ATP-EMTP generated signal are shown in Fig. 7. Note
that the only significant difference appears in the angle of the
phasor after the elimination of the fault; however, in this region,
the phasor is null, and this difference is not meaningful. Thus,
we see that the modulus variation due to the “DC Component”
has been filtered without compromising the angle analysis.

VI. COHERENT REPRESENTATIONS WITH DAMPED SINUSOIDS

In previous sections, we have devised a method to decompose
an electric signal into coherent components. However, when a
given structure is identified, is it really necessary to represent
the signal? Does the structure represent signal or noise? These
questions are now addressed.

A. Approximation Ratio

The Approximation Ratio

is a measure of how much of the signal residue is approxi-
mated at step [2], [6]. Fig. 8(a) shows the behavior of the
approximation ratio with a Gabor dictionary of discrete
parameters and continuous phase (see Section IV) for signals
of 128 samples. The values shown are for synthetic signals
(presented in Section V) and for a noise signal (denoted as
g-128) generated with independent identically distributed
(i.i.d.) random Gaussian variables. The approximation ratio
tends to be inside a neighborhood of a fixed value for
a sufficiently large number of steps (although the behavior
around this neighborhood is quite irregular) [4]. It should be
noted that is independent of the signal being decomposed;
it depends only on the dictionary [4], [6], [13]. The dictionary,
in turn, depends only on the signal space dimension (length)
in our algorithm, as the parameter space of the structures that
compose the dictionary is parameterized based only on the
signal length. We can also note that for the noise signal (i.i.d.
Gaussian noise), the approximation ratio wanders around ,
even at the initial steps. Davis [6], [13] defines the structures
with large as the coherent structures since they are
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Fig. 6. Three steps decomposition of synthetic signals S4.

TABLE II
DECOMPOSED STRUCTURES PARAMETERS OF SIGNALS S3 AND S4

highly correlated with the signal. Therefore, one can assume that
the residues of the signal being decomposed behave as noise
after their approximation ratio is in the vicinity of . Thus,
if the approximation ratio of the residues behaves like the one
of noise, then there are no more coherent components to the
dictionary in the residue, and the decomposition/approximation
process can be stopped.

Note in Fig. 8(a) the small oscillations around a neighborhood
for large values of the step compared to the values at the initial
steps. To filter out the oscillations around , we can consider
the -step forward mean approximation ratio

(12)

For a given step , if the moving mean approximation ratio in
the next steps is similar to the value of the noise signal mean
approximation ratio, we can assume that we are approximating
noise. In other words, to avoid modeling such noise, the decom-
position should be carried out only while

(13)

where is obtained for i.i.d. Gaussian noise signals, and
is a confidence constant. Thus, we need to compute, for each
dictionary, the mean approximation ratio of the i.i.d Gaussian
noise. In Fig. 8(b), we see the behavior of the mean approxi-
mation ratio for different length i.i.d Gaussian noise signals of
zero mean and unit variance. See that the value of depends
on the dictionary (that in this case is completely specified by the
signal dimension), which is in agreement with [2], [6], and [13].
When the time support search is applied (see Section IV-B), the
approximation ratio changes because it is an intrinsic character-
istic of the dictionary for a given signal dimension . Time sup-
port search is equivalent to using a much larger dictionary that
is composed by the original Gabor dictionary and all its atoms

with all possible time supports. This increases the approxima-
tion ratio in the step [the search for best time support implies
a greater than or equal to inner product; see (13)]. However, it
should be observed that with time support search, the values ob-
tained for without this search can still be used as a lower limit
for the approximation ratio as a halting criterion. In the results
presented in this work, was 10% of .

B. Approximation Ratio in the Damped Sinusoids Dictionary

We carry out the MP while the approximation ratio satisfies
(13). This guarantees that the MP yields a model consisting of
the structures coherent to signal phenomena and not noise com-
ponents. Table III shows, for the dictionary of damped sinusoids,
the values of that are used as the stopping criterion on the
decomposition. Note that the damped sinusoid dictionary em-
ployed here is fully specified by its dimension, and therefore,
the approximation ratio is a function only of the dimension of
the signal space. Note that this is independent of the fact that we
use the Gaussian-to-damped sinusoid fitting and the procedure
to decide whether to use either a pure or a damped sinusoid since
every outcome of the five-tuple ( , , , , ) is possible.

The values in Table III are for the decomposition using the
dictionary of damped sinusoids without frequency quantization
and sine discrimination. As these operations decrease the
inner products, they tend to reduce the approximation ratio
at the decomposition step. Therefore, a small modification in
the computation of the approximation ratio in the iteration
was performed: The approximation ratio is computed before
the frequency quantization and pure sinusoid discrimination.
Experimental results showed that this strategy performs well in
identifying the coherent structures of the signal. For example,
for signals S2 and S3, this procedure identified four and 17
structures, respectively, with an SNR for the reconstructed
signals of 83.37 and 93.62 dB, respectively, using
steps to compute the mean approximation ratio. Nevertheless,
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Fig. 7. Fundamental frequency contribution after the “DC Component” filtering of a signal simulated with ATP-EMTP.

Fig. 8. Approximation ratio behavior of the MP using the discrete Gabor
parameters dictionary with continuous phase.

TABLE III
MOVING MEAN APPROXIMATION RATIO FOR DIFFERENT SIZE NOISE SIGNALS

IN THE MP WITH THE DAMPED SINUSOID DICTIONARY OF CONTINUOUS

PARAMETERS OBTAINED INDIRECTLY FROM THE MP WITH GABOR ATOMS

it is important to point out that most of the structures found
have amplitude near zero that tend to be eliminated
during quantization, as will be discussed in Section VII. Note
that finding a large number of structures is inherent to the
decomposition of most signals (either synthetic or natural) with

Fig. 9. Decomposition of synthetic signal S2 with noise addition in the
damped sinusoid dictionary. The noisy signal is the dashed line, whereas the
reconstructed one is in the continuous line.

the MP algorithm. This is so because, since the dictionary is
overcomplete, each additional step of the MP can reintroduce
components removed in a previous iteration. This tends to
generate decompositions with many small energy structures.
Solutions to this problem have been proposed. One example is
the Orthogonal Matching Pursuits (OMPs) [6], [31].
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Fig. 10. Quantization of signal R1 with b = 6, b = 7, and b = 7, where the compression ratio is 15.46, and the SNR is 28.08 dB at 1.035 b/sample.

C. Noise Immunity

In order to assess the effectiveness of the proposed stopping
criterion, we studied its performance to represent signals with
different levels of added noise. This enables assessment of the
capability of the method for discriminating signal from noise.
To do this, we use the

SNR dB (14)

where is the original signal, and is the reconstructed signal
using structures identified by the modeling algorithm.

Gaussian, i.i.d, noise signals of zero mean and energy of
0.0238 and 0.3237 were added to signal S2. The decomposi-
tions of those noisy signals have found six and three structures
with SNRs of 36.57 and 19.73, respectively. The signals cor-
responding to the noisiest case can be observed in Fig. 9 (for
the less noisy, there is no visually perceivable difference). The
algorithm identifies successfully and precisely the structures
whose energy is larger than the noise energy. We see that a small
energy noise does not influence the choice of the atoms used
to represent the signal; however, they influence the number of
structures used (this is based on the mean approximation ratio,
i.e., more added noise leads to earlier occurrence of noise-like
representation). Therefore, the addition of a small amount of
noise may help in obtaining faster decompositions, that is,
the more noise added, the fewer terms (steps) the algorithm
executes, and therefore, the smaller the overall computational
complexity of the decomposition. As we can see, the algorithm
is capable of sensing the presence of noise in the signal. This
can be used to perform signal denoising by synthesis [4].
For example, if power system signals are corrupted by noise
during the sampling process, such noise can be filtered by
reconstructing the signal from the adaptive decomposition, as
can be seen in Fig. 9.

VII. COMPRESSION OF NATURAL SIGNALS

The decomposition algorithm was applied to measured sig-
nals from real power systems. As mentioned, this decompo-
sition is meant to represent the signals by obtaining their co-
herent structures, yielding good compression ratios with low
distortion. Oscillographic signals are often post-analyzed by ex-
perts (human or system) in order to gain knowledge about the
fault event. Thus, the compression must allow an accurate signal
analysis, that is, the analysis made on the reconstructed signal

must give the same results as the ones held on the original mea-
sured signal. This refers to the consistency concept discussed
in Section II. We present below a simple method to quantize
and encode the parameters of the structures. This procedure is
such that high SNR, high compression, and accurate analysis are
possible. Results confirming these conjectures are presented for
natural signals.

A. Quantization of Structures

The damped sinusoid structure obtained by the decomposi-
tion proposed, at each step , is characterized by the six-tuple

. We present
a simple scheme to quantize this six-tuple. The starting and
ending times (or samples) of the structures are quantized by a
scalar quantizer of bits, where is the signal length.
The inner product at a given step of the decomposition ,
the damping factor , and the phase , can also be quan-
tized by simple and independent fixed-rate scalar quantizers
[32]. These quantizers are designed according to the dynamic
range (minimum and maximum values) of each parameter for
all the structures found in the signal. This is done by setting
up a number of bits for each of these parameters. We refer to
the number of bits used to quantize the inner product of the
structures as , the number of bits for the damping factor as ,
and the number of bits for the phase as . For frequency ,
a quantization that considers the sampling frequency and
the fundamental frequency is used, as shown in Section V-B.
In addition, a signal header is used to inform the models of the
quantizers above, the signal length, the sampling frequency ,
and the fundamental frequency . In the experiments presented
next, the header was 150 bits long.

One should note that after the decomposition finishes, the
parameters are quantized with no update of the residues. Thus,
this can be regarded as an off-line quantization, which in essence
allows for a simple rate control scheme if desired. The quantiza-
tion/encoding procedure presented a satisfactory performance
to enable the assessment of the compression capability of the
proposed decomposition.

B. Results

Measured signals collected from fault events in the Brazilian
power system were decomposed using the procedure presented.
Those signals are shown in Fig. 10(a) (neutral current during a
real fault—R1) and Fig. 11(a) (voltage phase during a real
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Fig. 11. Quantization of signal R2 with b = 6, b = 6, and b = 6, where the compression ratio is 27.40, and the SNR is 31.12 dB at 0.584 b/sample.

TABLE IV
TEN STRUCTURES OBTAINED AFTER DECOMPOSING SIGNAL R2 AND QUANTIZING THE STRUCTURES WITH b = 6, b = 6, AND b = 6 (SEE FIG. 11)

Fig. 12. Compression and reconstruction of the waveform of a fault. Compression Ratio = 68:27 and SNR = 26:12 dB.

fault—R2). R1 was decomposed using 19 structures and R2
using 20 structures prior to quantization. It is relevant to say
that the first structure extracted from signal R1 is

,
where and are in samples, the funda-
mental frequency is 50 Hz, and the sampling fre-
quency is 1000 Hz. After quantization, it becomes

.
Table IV presents the ten structures that represent signal R2
after quantization. The compression ratio is defined as the
overall bit rate of the original signal divided by the total
number of bits used to represent the structures of the signal and
the header. The original signals were stored in single-precision
floating-point [using 16 bits per sample (b/sample)] and with
no header, and the compression ratios were computed with
respect to this format. The quality of the compressed signal R1
can be verified visually in Fig. 10(b) and from its reconstruction

error in Fig. 10(c). The same can be observed for signal R2 in
Fig. 11. Note that in these examples, the reconstruction error is
computed after the quantization of the structures, and they can
be diminished as we improve the quantization or reduce the
compression ratio.

From these figures, we see that the results obtained are
promising in that high compression ratios can be achieved
along with high SNR. In addition, the important phenomena
represented in the signal (according to the damped sinusoids
model of Section III) are preserved. Since we use quantizers
with a dead zone [33], the number of bits used to quantize the
amplitude has a direct influence on the number of structures
used to represent the signal after the quantization process.
In addition, since and determine the quantization error
of these parameters, the representations improve as they are
increased. Therefore, they yield a compromise between com-
pression ratio and reconstruction quality. We should also point
out that the optimal selection of the number of bits used to
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quantize each of the three parameters is not straightforward
and deserves further study. In addition, vector quantization
[32] and context coding schemes [33] could be investigated.
For example, it is expected that frequency and damping factor
have some correlation between them, and exploitation of such
correlation may lead to further rate-distortion improvements.

In Fig. 12, we present another natural signal: a voltage
from a transmission line where a fault has occurred. In

Fig. 12(a), the original signal is presented, in Fig. 12(b),
the compressed one (after quantization) is presented, and in
Fig. 12(c), the reconstruction error is presented. To objec-
tively assess the compression algorithm, when used in a signal
analysis framework, we have analyzed both the original and
compressed signals of Fig. 12 by filtering the fundamental
frequency contribution [29]. The maximum percentile errors
were 1.25% and 4.75% for modulus and angle, respectively,
which is indeed a good result.

Note that the compression ratio is not a fair measure of the
performance of the proposed method because if the sampling
rates of the signal and of the dictionary change by the same
amount, then the signal decomposition will undergo little
change. In other words, the bit stream obtained would be the
same (the only difference would be in the number of bits used
to quantize the frequency, implying the addition of a small
number of bits per structure). Thus, the compression ratio
increases almost linearly as a function of the sampling rate of
the signal.

VIII. CONCLUSIONS

We proposed a compression algorithm for signals measured
during power system disturbances that obtains good compres-
sion ratios while preserving important features for signal anal-
ysis. The algorithm decomposes a signal into a set of damped
sinusoids through an adaptive algorithm (MP), that is, it rep-
resents the signal as a sequence of inner products

and indexes , where is the step. Each
damped sinusoid is represented by a set of parameters

. We have developed procedures to accom-
plish the search in this five-parameter space in a computation-
ally feasible and effective fashion.

The decomposition presented is coherent since it yields a
representation that is related to the phenomena represented in
the signal, that is, robust to noise, and that can be quantized
effectively while maintaining the signal characteristics and pre-
serving the proportions of the signal phenomena.

This work has also presented methods to obtain a representa-
tion of a signal based on damped sinusoids together with proce-
dures to eliminate post-echo and pre-echo errors that often ap-
pear on greedy decomposition algorithms. We have also shown
ways to correct the false phenomena identification that tends to
occur when standard MP is used. In addition, there have been
devised ways to decide how many atoms to use in order to de-
compose a signal based on the approximation ratio.

As suggestions for further research and improvements, we
should mention that further studies in the discretization of the
damped sinusoid’s parameter space is welcome. In addition,
it is worthy to include into the model parameterized functions to
represent inrush currents, as well as an approach using nonquan-
tized frequency to model interharmonic frequency components.

This would enable the elimination of sub-synchronous compo-
nents that are components of frequency near the fundamental
that are not multiples of it, which impair the analysis of oscillo-
graphic signal. In addition, the decomposition procedure that we
present could be applied to other types of signals composed of
damped sinusoids and suited to harmonic analysis, such as audio.
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