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Abstract—The standard design of multicarrier and single-car-
rier employing frequency-domain equalization transceivers
requires, at least, elements of redundancy, where stands
for the channel order. The redundancy eliminates the inherent
interblock interference (IBI), which is part of all block-based
transceivers, and turns the channel matrix circulant. The spec-
tral decomposition of the circulant channel matrix through the
discrete Fourier transform (DFT) allows the use of superfast
algorithms for both the design of zero-forcing (ZF) and minimum
mean squared error (MMSE) equalizers, and the equalization
of received signals. However, it is well known that the minimum
redundancy for IBI-free designs of block-based transceivers is

� . This paper proposes practical ZF and MMSE solutions
by using DFT, inverse DFT, and diagonal matrices. In particular,
it is shown that, for some particular mild constraints on the
channel model, the new designs may have similar bit error rate
performance when compared to the standard ones, while keeping
the same asymptotic complexity for the equalization process, that
is, � ���

�
� numerical operations. The key feature of the

proposed transceivers is their higher throughput.

Index Terms—Bezoutian, block transmission, communications,
discrete Fourier transform (DFT), frequency-domain (FD) equal-
ization, frequency-selective channel, interblock interference (IBI),
intersymbol interference (ISI), minimum redundancy, orthogonal
frequency-division multiplex (OFDM), single-carrier (SC), super-
fast algorithms, Toeplitz matrix.

I. INTRODUCTION

T HE orthogonal frequency-division multiplex (OFDM) is
the simplest and most widely used implementation of a

memoryless transmultiplexer (TMUX) [1]. Transmultiplexers
are key building blocks in multicarrier communications systems
as they are efficient for data transmission through channels
with moderate to severe intersymbol interference (ISI) [1], [5],
[24], [25]. The main desirable features of the OFDM system
are the elimination of ISI and its inherent low computational
complexity. An OFDM system utilizes inverse discrete Fourier
transform (IDFT) at the transmitter and a DFT at the receiver,
enabling the use of computationally efficient fast Fourier
transform algorithms. In order to avoid ISI in transmissions
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through frequency-selective channels some redundancy must
be included at the transmitter, reducing the data rate [22].

In recent years, single-carrier (SC) digital modulation that
employs frequency-domain (FD) equalization has also emerged
as an alternative solution to overcome some drawbacks inherent
to multicarrier modulation based on OFDM, such as high
peak-to-average power ratio (PAPR) and carrier-frequency
offset (CFO) [16], [28]. In addition, for some frequency-selec-
tive channels, the bit error rate (BER) of an SC-FD system can
be lower than that of OFDM, especially if some subchannels
have high attenuation [28]. The higher BER for the OFDM
stems from the fact that the information of a given subchannel
is usually spread over time but concentrated in frequency. If
the channel behaves poorly over a given frequency range, then
some subchannel information may be lost.

The role of redundancy in filter-bank transceivers was exten-
sively studied in [11], [19], [22], and [20]. When dealing with
block-based or memoryless systems, it was shown in [9]–[11]
that the minimum required redundancy is , where is
the length of the finite impulse response (FIR) channel model.
In the open literature, improved memoryless transceivers have
been reported that use redundant transmitters [9], [11], [21],
[22], but very few works had proposed decreasing the redun-
dancy while constraining the transceiver to employ fast algo-
rithms [3], [26].

The strategy in [26] is to transmit redundant information in
the unused subcarriers, that is, the subcarriers that will be dis-
carded in the case of channel loading. By exploiting these un-
used subcarriers it is possible to achieve zero-forcing equaliza-
tion without sending redundant information in useful subcar-
riers. Usually, the number of unused subcarriers should be at
least , restricting its application. On the other hand, the ap-
proach adopted in [3] is similar to the ours, since it relies on the
same system model employed here, in which zero-padding (ZP)
and zero-jamming (ZJ) techniques are used to eliminate IBI with
reduced redundancy. However, the resulting designs do not have
well defined structure, implying that their computational com-
plexity is dependent on the channel order (in addition to the de-
pendency on the transmitted block length). For long channels,
the transceivers in [3] require more computations than the pro-
posed transceivers, as will be clearer later on. Besides, the ca-
pacity-approaching transceivers with reduced redundancy pro-
posed in [27] entail high computational burden, since they are
based on singular-value decomposition (SVD) of the involved
matrices.

This paper proposes four fixed and memoryless transceivers
with minimum redundancy for frequency-selective channels,
utilizing DFTs and diagonal matrices. The new transceivers
may be multicarrier or single-carrier, where for each type we
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propose a ZF as well as an MMSE solution for the equalizer
design. Throughout the article, we first concentrate on deriving
ZF solutions.

When compared to OFDM and SC-FD, the proposed trans-
ceivers have the following characteristics: i) comparable com-
putational complexity for the equalization process; ii) similar
BER performance; and iii) substantially higher throughput for
channels with long impulse responses due to their minimum re-
quired redundancy.

In order to achieve our goals, this paper discusses in some
detail the properties of structured matrices [8], [14] required to
derive fast transceivers with minimum redundancy. The con-
cepts of Sylvester and Stein displacements [14] are reviewed
and utilized to exploit the structural properties of typical ma-
trices appearing in channel matrix representations, such as
Toeplitz, Vandermonde, Bezoutian, and Cauchy matrices [14].
By using adequate displacement properties it is possible to
establish DFT representations of Bezoutians [6], which are the
key to reach solutions for the multicarrier and single-carrier
block-based transceivers with minimum redundancy. Many
structured matrix properties, theorems and results are presented
in the paper, where for those readily available from the literature
we include no proof, whereas for those adapted or modified we
present them along with their corresponding proofs.

The paper is organized as follows. Section II describes block-
based transceivers, highlighting the minimum redundancy case.
In Section III, some definitions and examples of structured ma-
trices are described. Section IV contains the main mathemat-
ical results of this work: a DFT-based representation of gener-
alized Bezoutians. The proposed practical ZF designs of block-
based transceivers with minimum redundancy are described in
Section V, whereas the MMSE designs of such transceivers are
described in Section VI. In Section VII, experiments are first
carried out for two distinct examples: random Rayleigh channel
and asymmetric digital subscriber line (ADSL) channel. A third
example is included for a comparison with the ZP-ZJ DMT
system. Conclusions are presented in Section VIII. The paper
also includes two appendices: one reviewing some useful results
on structured matrices (Appendix A), and the other containing
the proofs of new results (Appendix B).

A. Notation

Scalars are denoted by italic letters, with vectors and matrices
being denoted by boldface letters (lowercase for vectors and up-
percase for matrices). All vectors are column vectors. The nota-
tions , , , and stand for elementwise com-
plex conjugate, transpose, transpose of inverse, Hermitian trans-
pose and expectation operations on , respectively. The stan-
dard Euclidian norm of vectors is denoted by . The symbols

and denote an matrix with zero entries and the
identity matrix with a compatible dimension. The sets of natural,
integer, and complex numbers are respectively denoted by , ,
and . The set denotes all matrices comprising
complex entries. The set represents a given constellation.
Throughout the article, the set
will be used. In addition, the set denotes the usual Carte-
sian product . Given two sets and , the set

Fig. 1. Communication system (polyphase representation).

contains the elements of that are not elements of . The
symbol is such that . A complex number may
be described as , where represents its module
and represents its phase. The operator
generates a diagonal matrix whose elements are the entries of
the argument vector. The vectors , with ,
has its th element equal to 1 and all others to 0. The th
element of an matrix may be denoted as or

. In the latter case, it will be used the following notations:
. Given a real number ,

stands for the smallest integer greater than or equal to . When
we refer to computational complexity, we mean the total amount
of complex operations (additions and multiplications). In this
context, an algorithm is when it is possible to im-
plement it with at most complex operations, for some
positive real constant .

II. BLOCK-BASED TRANSCEIVERS

As pointed out in [11], any transmultiplexer that transmits
blocks of data may be represented by Fig. 1, in which the vectors
of transmitted and received signals are respectively denoted as

and . The noise
vector is denoted as

, whereas and are the polyphase
matrices of the transmultiplexer. The channel matrix is an

pseudo-circulant matrix, whose model becomes
when the channel impulse response has

order smaller than .
The memoryless case, in which and ,

is analyzed in this section. This case encompasses the so-called
block-based transceivers [11] because these systems do not use
information of other blocks during the transmitter and receiver
processing. Traditional OFDM and SC-FD systems are block-
based transceivers.

A. Reduced Redundancy Block-Based Transceivers

Lin and Phoong [9]–[11] showed that the redundancy
of an IBI-free block-based transceiver must satisfy

the inequality . They presented a general parametriza-
tion of block-based discrete multitone transceivers (DMT) as
well as a very useful special case of reduced redundancy sys-
tems. This special case (ZP-ZJ) is characterized by the following
transmitter and receiver matrices, respectively [3], [11]:

, with , and ,
with .
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In this case, the transmultiplexer transfer matrix is given by
, where the channel matrix

is described by

...
. . .

...
. . .

...
. . .

. . .
...

. . .
...

...

(1)
Thus, considering , we have

.
There are some mild constraints on the channel impulse re-

sponse for the existence of a ZF solution that are related to
the concept of congruous zeros. Let us define congruous zeros
with respect to as a set of distinct zeros of , namely

, with , such that
. Note that is a function of . As shown

in [11], [20], the channel is constrained to have ,
where denotes the cardinality of the largest set of con-
gruous zeros with respect to .

Thus, it is clear that if the minimum redundancy block-based
transceiver exists, i.e., , then its zero-forcing
solution is such that, given and once designed/defined ,
we must have

(2)

Of course, such a solution for the receiver is in general very
computationally intensive for two main reasons.

1) Receiver design problem: the process of inverting a given
matrix usually requires computations.1

This complexity is too high when compared with practical
systems, such as the standard OFDM and SC-FD systems.
In fact, the ZF and MMSE equalizers for the latter sys-
tems have complexity , since those solutions
are based on DFT computations of the channel impulse
response.

2) Equalization problem: in general, the process of mul-
tiplying the received vector by the receiver matrix has
complexity . Once again, this is higher than

, which is the complexity of equalization
in the standard OFDM and SC-FD systems. The simple
equalization process of OFDM and SC-FD systems
originates from the efficient calculation of DFTs and
multiplication by a diagonal matrix.

A question that arises from the above discussion is: Why are
standard OFDM and SC-FD systems so simple? The answer re-
lies on the fact that, in both cases, the effective channel matrix
is made circulant by the process of inserting and discarding re-
dundancy. This allows us to exploit the property that all squared

1In this work, computational complexity means the number of numerical op-
erations, that is, the number of complex multiplications and additions.

circulant matrices are diagonalized by a pair of DFT and IDFT
matrices. This simple spectral decomposition is paramount for
practical implementations of OFDM and SC-FD systems.

Furthermore, another question naturally arises: Is it possible
to exist OFDM-like and SC-FD-like systems that work with
minimum redundancy while keeping their simplicity? The an-
swer is yes, by properly exploiting the properties of the effective
channel matrix .

III. STRUCTURED MATRICES

There are some ways to measure the degree of structure of
a matrix, such as through the displacement operator. By ana-
lyzing the rank of the operator evaluation for a given matrix, it
is possible to verify if this particular matrix is structured.

A. Displacement Structure

There are several applications requiring the solution of
a linear system . For simplicity, let us consider

and the other vectors with compatible dimen-
sions. In this case, when the solution exists, it generally requires

computations, being prohibitively expensive for most
applications. However, it has been observed that for certain
kinds of structured matrices, this computational complexity
can be substantially reduced. For example, if is Toeplitz, the
solution requires computations [13]. Kailath et
al. proposed a measure to indicate how distinct from Toeplitz
a given matrix is, namely: the displacement rank [7], [14].
Definition 1 contains a formal statement about displacement
operators.

Definition 1 (Displacement Operators [14]): Given three
matrices , the operators

, defined analytically by
and are the displacement

linear operators of Sylvester type and Stein type, respectively.
In general, structured matrices are naturally associated with

linear displacement operators. The function of these operators
is to reveal if a given structured matrix can be represented with
a small amount of parameters. This property implies that inver-
sion (when it is possible) and multiplication by vectors can be
performed in a superfast2 way. Definition 2 formalizes this no-
tion of “small amount of parameters” present in the displace-
ment operator representation.

Definition 2 (Displacement Ranks [14]): Given three ma-
trices , and the operators and ,
the displacement ranks related to these operators applied on
are the ranks of the resulting matrices and .

In general, is represented by coefficients. But, if
is the -rank, or is

the -rank, and if , then the matrix may be represented
by a number of independent coefficients in the range from
to [14].

In Definitions 1 and 2, the matrices and are the so-called
operator matrices. They are responsible for completely defining
the displacement operator. It is important to choose correctly
these matrices in order to have a relatively small displacement

2That is, it requires ��� ��� �� multiplications, for � � �, whereas
Gaussian elimination requires ��� �, and some fast algorithms require
��� � [15].
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rank. Definition 3 introduces the most commonly used operator
matrices.

Definition 3 (Operator Matrices): The -circulant matrix
and the diagonal matrix are defined by

(3)

where , is a vector having its th element equal
to 1 and all others to 0, and . Note that

.
The proposed design for block-based filter-bank transceivers

relies on the displacement rank approach, which is characterized
by the following key features [14], [15].

• Compression: The displacement rank of a structured matrix
should be small when compared to the dimension of .

In this case, the displacement can be compressed by using
the so-called displacement generator for the input matrix

. The displacement generator, given by the pair ,
has the following characteristic: by considering that we are
dealing with a Sylvester operator, whose -rank is , we
have that

(4)

where and
, with

and .
• Operation: Once compressed, operations with structured

matrices can be performed much faster by using their dis-
placements. That is, instead of working with the original
matrix, it is worthwhile to work directly with its displace-
ment generator pair by applying appropriate techniques.

• Decompression: After the operation stage, the original ma-
trices can be easily recovered through decompression from
their displacement.

Now that we have the formal definitions related to the dis-
placement tool and its applications, we proceed by defining the
structured matrices that we are going to work with from now on.

B. Toeplitz, Vandermonde, Bezoutian, and Cauchy Matrices

Let us start by formally defining Toeplitz and Vandermonde
matrices.

Definition 4 (Toeplitz and Vandermonde Matrices [13]): The
matrix is Toeplitz if ,

, where
. In this case, . Moreover, a matrix

is a Vandermonde matrix if ,
, where . In this case, is

denoted as .
Remark 1: Observe that, given , then its th roots are

given by

(5)

where , is the phase of ,
and . For , its corresponding
Vandermonde matrix is [6]

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

(6)

where is the normalized DFT matrix [5].
We are now ready to introduce the Toeplitz-Bezoutian ma-

trices, or briefly T-Bezoutians, in Definition 5.
Definition 5 (T-Bezoutians [6]): The inverse of a non-sin-

gular Toeplitz matrix is a T-Bezoutian.
As previously mentioned, our aim is to explore the structure

of the effective channel matrix , which is a Toeplitz matrix
(see Section II-A). In the ZF solution for example, the strategy
is to employ a similar approach used in standard ZF-OFDM and
ZF-SC-FD systems, which consists of deriving a decomposition
for the inverse of the effective channel matrix. For our purposes,
the solution uses properties of T-Bezoutian matrices, commonly
denoted as , where is the class of all

non-singular T-Bezoutians.
As an example of application of displacement operators, con-

sider the Sylvester operator applied to a Toeplitz matrix
, with :

...
...

. . .
...

...
. . .

...
...

...
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...

(7)

This example, along with Proposition 4 (see Appendix A),
show that T-Bezoutians can always be compressed since the
matrix has rank at most 2, for all .
Motivated by this fact, any matrix , such that

, is called a (generalized)
Bezoutian.

In addition to Bezoutians, another very important structured
matrix that we will use from now on is the Toeplitz-Cauchy
matrix, or briefly T-Cauchy matrix, whose description is given
in Definition 6.

Definition 6 (T-Cauchy or Pick Matrices [6]): A matrix
is a T-Cauchy matrix with respect to

and ,
if the rank of the matrix is less than or equal to 2.

Usually, T-Cauchy matrices are denoted as
, where is the class of all non-singular

T-Cauchy matrices associated with and . In fact, a T-Cauchy
matrix is a generalized Cauchy matrix,3 since the traditional def-
inition of Cauchy matrices [6] associated with and is given
by , , where it is assumed that

.

IV. DFT REPRESENTATIONS OF BEZOUTIANS

In this section, we develop the mathematical background re-
quired for deriving the main contribution of this work related to
the design of practical block-based transceivers with minimum
redundancy. Inspired by traditional ZF-OFDM and ZF-SC-FD
systems that decompose inverses of circulant matrices by using
DFT, IDFT, and diagonal matrices, we now describe some re-
sults related to the decomposition of a generalized Bezoutian
matrix by using DFT, IDFT, and diagonal matrices.

A. Representations of Rank-One Cauchy Matrices

One of the main advantages presented by Cauchy matrices is
their efficient decomposition property. Proposition 1 shows that
a standard Cauchy matrix can be decomposed by using DFT and
diagonal matrices [6]. The proof of this result can be found in
Appendix B.

Proposition 1: For all , with , we have

(8)

where , ,
, and .

3There are other Bezoutians and (generalized) Cauchy matrices. A compre-
hensive study of this subject can be found in [6].

B. Transformations of Bezoutian Into Cauchy Matrices

Our aim is to represent some Bezoutian matrices in an ef-
ficient way. Since we have a very efficient representation for
rank-one Cauchy matrices, it is worth verifying if there are con-
nections between these representations. Indeed, this is the case
as stated in Proposition 2. This proposition is based on a sim-
ilar result of [6]. Unlike the polynomial approach adopted in [6],
we use a matrix approach based on the Sylvester and Stein dis-
placement operators. Our approach allows us to derive transfor-
mations without requiring extension with zeros of the involved
matrices as in [6]. This eventually allows us to design multicar-
rier transceivers (see Sections V and VI), which is not possible
by using the formulation presented in [6].

Proposition 2: For all , we have that, if ,
then .

As a by-product of the proof of this proposition (see
Appendix B), it is straightforward to verify the following
corollary, which is based on a similar result of [6].

Corollary 1: For all , with and , if
, with , where

, then

(9)

where ,
, ,

, with ,
, , , and

.
Corollary 1 and the proof of Proposition 2 also reveal a quite

interesting result.
Corollary 2: Given any matrix (not neces-

sarily a T-Bezoutian), such that , where
and , then is

such that

(10)

with and are defined as in
Corollary 1.

C. Representations of Bezoutians

Now, we have all the required tools for stating the main math-
ematical results of this work aiming at decomposing generalized
Bezoutian matrices employing only DFT, IDFT, and diagonal
matrices. Once again, these results are based on similar results
of [6], but without extending the Bezoutian with zeros.

Theorem 1: For all , with , if ,
with , for , then

(11)

where and , with .
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Note that, by using the same steps used in the proof of The-
orem 1 (see Appendix B) along with Corollary 2, it is straight-
forward to show the following theorem, which is the main math-
ematical result of this paper.

Theorem 2: For all , with , if
(not necessarily a T-Bezoutian) is such that

, where and
, then

(12)

with , , and
.

V. ZF DESIGNS OF BLOCK-BASED TRANSCEIVERS

WITH MINIMUM REDUNDANCY

In this section we apply the results of Appendix A and
Section IV in order to design two practical block-based
transceivers with minimum redundancy: a multicarrier and a
single-carrier one. Recall that, in order to achieve zero forcing
solution with minimum redundancy, the channel model is
constrained to have congruous zeros cardinality smaller than

(see Section II).

A. Multicarrier Minimum-Redundancy Block Transceiver:
ZF-MC-MRBT

It is possible to design a ZF multicarrier transceiver with min-
imum redundancy by using a similar approach as the standard
ZF-OFDM transceiver. First of all, let us consider that
and . In this case, since and ,
we have that and

(see Remark 1).
Now, as in OFDM, let us define , in such a way

that we must have in order to achieve the
zero-forcing solution. Of course, this ISI-free solution can only
be achieved if is square and invertible, which implies that
the channel model must have an even order4 and the amount
of redundancy is .

Since is a square Toeplitz matrix and, by hypothesis, it is
also non-singular, then is a T-Bezoutian. Hence, we can
apply Theorem 1, such that

(13)

which implies that

(14)

4When this condition is not met, we can consider the channel model zero
padded with one zero in order to achieve an even order. Alternatively, it is
possible to constraint the channel estimator in order to produce an even-order
channel model.

so that (in addition to Theorem 1, see Proposition 6 and (7))

(15)

(16)

with and

(17)

(18)

(19)

(20)

where is defined in (1).
Fig. 2 depicts the resulting multicarrier transceiver structure.

In this transceiver, the guard period consists of zeros.
The prefilter can be used to shorten the channel and/or to
modify some of its characteristics [11]. After removing the
guard period, parallel phase shifts are performed, where
the th phase shifter, or rotator, is defined by .
The first equalization step is performed after the application
of the IDFT on the data vector. Then, the resulting data vector
is simultaneously processed by two different branches of the
transceiver. The 1-tap equalizers in this stage are the elements
of the vectors and . After the application of the DFT,
phase shifts are performed again, but now the th rotator is
defined by . A final equalization step is performed
in each branch, after the application of the DFT on the phase
shifted data vectors. The 1-tap equalizers in this stage are the
elements of the vectors and .

Notice that the overall equalization process has an asymp-
totic complexity of , as the standard OFDM trans-
ceiver. Of course, our proposal is more complex since it requires
four additional DFT computations, not taking into account the
additional 1-tap per-channel equalizers and per-channel rota-
tors that have complexity . However, as illustrated in the
figure, it is possible to take advantage of the inherent parallel
structure in order to reduce the processing time.

The vectors and define the ZF equalizer since they con-
tain all the information about the channel (all the remaining ma-
trices are constant). However, in order to calculate these vectors,
it is necessary to solve four linear systems and

, with . As highlighted in Section II-A,
this stage is the so-called receiver design problem, which is dis-
tinct from the equalization problem that is the focus of this work.
As previously mentioned, the receiver design requires
computations for general matrices. However, there are some su-
perfast algorithms requiring algebraic operations
with structured matrices, such as Toeplitz matrices. Please, refer
to Pan’s superfast divide-and-conquer algorithm [13], which
is based on a recursive Schur complement [8] decomposition
of the Toeplitz matrices. By using this algorithm, it is possible
to efficiently solve the systems of equations that define the ZF
equalizer, allowing us to determine , , , and with only
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Fig. 2. Multicarrier minimum redundancy block transceiver: ZF-MC-MRBT.

operations. A topic for further investigation is to
use optimization techniques to solve such systems of equations.

In this paper, we assume that the receiver design was pre-
viously performed employing channel state information (CSI),
which implies that the overall complexity is only due to the
equalization stage, i.e., the asymptotic complexity of the whole
transmission/reception process is . In practice, it
will be mandatory to estimate the channel impulse response,
as well as to determine the vectors , , , and that
define the equalizer (with, at most, operations).
Nonetheless, if the channel varies slowly with time, these pro-
cedures are not required for each transmitted block, implying
that the equalization is the dominant problem.

B. Single-Carrier Minimum Redundancy Block Transceiver:
ZF-SC-MRBT

Similarly, it is possible to design a ZF single-carrier trans-
ceiver with minimum redundancy by using an analogous ap-
proach to the standard ZF-SC-FD transceiver. As in the SC-FD,
let us define , in such a way that we must have

in order to achieve the zero-forcing solution.
Once again, we can apply Theorem 1 in such a way that

(21)

where the vectors and were defined in Section V-A.

VI. MMSE DESIGNS OF BLOCK-BASED TRANSCEIVERS

WITH MINIMUM REDUNDANCY

Even though the existence of a practical ZF solution is im-
portant, most practical systems work in environments where
the environment noise cannot be considered null. In such sce-
narios, the MMSE designs are more suitable. In this section
we show how to design linear MMSE block-based transceivers
with minimum redundancy. We also show that, even though the
MMSE transceivers have slightly higher computational com-
plexity, they may take advantage of parallel processing in order
to require equivalent equalization time as the ZF transceivers.

A. Multicarrier Minimum Redundancy Block Transceiver:
MMSE-MC-MRBT

Given the transmitted vector and the received vector
, the linear MMSE solution

is given by

(22)

where we considered that the transmitted symbols and the noise
are i.i.d., drawn from white zero-mean stochastic processes, and
mutually independent. Besides, it was considered that

and . In this case, the following result is true
(see the proof in Appendix B).

Theorem 3: Given the linear MMSE solution ,
and for all , with , we have that

, where

(23)

(24)

with and
being the displacement generator pairs of and

, respectively. These generators are easily found
by using (7).

Hence, by using the result of Theorem 2, combined with The-
orem 3, and considering that , we have that

(25)

with and defined as in
Theorem 2.

Thus, in the multicarrier transmission, we can define

(26)

Authorized licensed use limited to: Paulo Diniz. Downloaded on February 10, 2010 at 20:15 from IEEE Xplore.  Restrictions apply. 



1328 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 3, MARCH 2010

(27)

in order to achieve the linear MMSE solution.
Note that the equalization process of the linear MMSE solu-

tion requires almost the same processing time of the ZF solu-
tion, since the structures of the receivers are very similar and it
is also possible to take advantage of the inherent parallel struc-
tures (the MMSE entails four parallel branches instead of only
two; see Fig. 2).

B. Single-Carrier Minimum Redundancy Block Transceiver:
MMSE-SC-MRBT

Similarly, in the single-carrier transmission, we can define

(28)

(29)

in order to achieve the linear MMSE solution.

VII. SIMULATION EXAMPLES

In this section, we present some simulation examples in order
to compare the performance of our proposed designs against the
standard OFDM and SC-FD systems, as well as the ZP-ZJ DMT
system [3].

Example 1 (Random Rayleigh Channel): In this example, we
transmit 200 blocks, each one containing BPSK data
symbols (without taking redundancy into account), and compute
the uncoded BER and throughput by using a Monte Carlo av-
eraging process with 10 000 simulations. Consider these sym-
bols are sampled at a frequency MHz and that they
are transmitted through a channel with a model operating at
the same frequency as the symbols and with long impulse re-
sponse of order . All the channel taps have the same
variance, and the channel model is always normalized, that is,

. Both the imaginary and real parts of the channel
are independently drawn from a white and Gaussian process.
For each simulation a new channel is generated. Due to the ran-
domness in the choice of these realizations, it is very likely that
the amount of congruous zeros related to the channel is smaller
than the amount of redundancy, which guarantees the existence
of ZF solutions. In addition, the definition of the signal-to-noise
ratio (SNR) used throughout the simulations is the ratio between
the mean power of the transmitted signal (input of the multipath
channel) and the mean power of the additive noise at the receiver
front-end.

Fig. 3 shows an uncoded BER curve for the OFDM,
the SC-FD, the multicarrier minimum-redundancy block
transceiver (MC-MRBT), and the single-carrier minimum-
redundancy block transceiver (SC-MRBT), using both designs
ZF and MMSE. By observing this figure it is possible to verify
that the MMSE-MC-MRBT outperforms its counterpart, the

Fig. 3. Uncoded BER as a function of SNR for random Rayleigh channels.

MMSE-OFDM. As expected [12], the MMSE-OFDM has the
same performance as the ZF-OFDM. On the other hand, the
MMSE-SC-FD outperforms the MMSE-SC-MRBT for the
whole SNR range. As expected, for the ZF solutions, the BER
performances of the transceivers are only comparable with the
MMSE when the SNR is large.

The ZF BER performance can be explained based on the con-
dition number of the involved matrices. Let us analyze, for ex-
ample, what happens in the ZF single-carrier case. We have to
solve the problem by multiplying both sides
of the expression by . It is well known that the condition
number of is given by for a given ma-
trix norm . Moreover, given that , we have that [23]:

.
In the ZF-SC-FD, is a circulant matrix, whereas in the

ZF-SC-MRBT it is a Toeplitz matrix. As observed during the
simulations, for almost all the 10 000 generated channels, the
condition number of the circulant matrix is lower than the re-
lated Toeplitz matrix. This implies that the Toeplitz matrix may
lead to higher noise enhancement than the circulant matrix. In
fact, this is the case for some of the tested channels (around 19%
of them). If the ill-conditioned channels are not taken into ac-
count, by including only the channels whose condition number
of the Toeplitz matrix is six times larger than that of the circulant
matrix, the MRBT can achieve better results in terms of BER,
as shown in Fig. 4. In this case, one can see that the uncoded
BER performance of the proposed schemes are comparable to
the traditional ones, especially for large SNRs.

Let’s consider that the throughput is given by

(30)

where is the number of bits required for representing one
symbol in the constellation , is the code rate [17], and
BLER is the block-error rate. As observed in Fig. 5, the
throughput performances of the proposed transceivers are
much better than the traditional ones, except for SNRs lower
than 12 dB in the ZF solutions. In this example, we used a
convolutional code with constraint length 7, , and
generators (octal) and (octal). This
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Fig. 4. Uncoded BER as a function of SNR for constrained random Rayleigh
channels.

Fig. 5. Throughput as a function of SNR for random Rayleigh channels (� �

�� and � � ��).

configuration is adapted from the 3G-LTE5 specifications [29].
In addition, for the BLER computation, we consider that a
block (16 bits) is lost if, at least, one of its received bits is
incorrect. We do not make any restriction on the channel model
in terms of condition number of the effective channel matrix.
Note that such favorable result stems from the choices for

and (delay constrained applications in very dispersive
environments). These types of applications are suitable for
the proposed transceivers. In the cases where , the
traditional OFDM and SC-FD solutions are more adequate.

In fact, for , it was observed that the noise enhance-
ment is even higher in the proposed transceivers. For example,
consider the results depicted in Fig. 6, where ,

, and the throughput is computed as previously. The
ZF-MC-MRBT and ZF-SC-MRBT have poor throughput
performance due to the noise enhancement. However, the
MMSE-MC-MRBT and MMSE-SC-MRBT may be used when
the designer is willing to pay the price of a higher computational
complexity.

A final important remark is that the condition number of the
Toeplitz matrix can be improved by using a time domain equal-
izer as prefilter. This will be clarified in the next example.

53rd Generation Long-Term Evolution.

Fig. 6. Throughput as a function of SNR for random Rayleigh channels (� �

�� and � � �).

Example 2 (ADSL Shortened Channel): In this example, we
transmit 2000 blocks, each one containing QPSK
data symbols (without taking redundancy into account), and we
compute the resulting uncoded BER for such transmission. We
consider that the symbols were sampled at a frequency

MHz and that they are transmitted through an ADSL channel
whose model operates at the same frequency of the symbols.
This channel is represented by the FIR approximation with 93
coefficients of the following transfer function [4]:

(31)

Considering delay constrained applications with very dis-
persive environment, it is mandatory for OFDM and SC-FD
systems to employ a front-end prefilter in order to shorten the
channel [2]. Thus, in order to have a fair comparison in terms of
amount of redundancy, we designed a shortening FIR filter of
order 64, considering the SNR fixed at 30 dB for the design of
this filter. The method used in this design was the UTC-MMSE
(unit-tap constraint MMSE) [2] and the length of the TIR
(target impulse response) was set to , in such a
way that the amount of redundancy for both the traditional and
the proposed systems was .

Furthermore, we observed from simulations that, when there
was some kind of symmetry in the equivalent channel, the ef-
fective Toeplitz matrix had a better condition number. Thus, we
used the same prefilter design above, UTC-MMSE, in order to
design the TIR, without changing the length , but
with a symmetry constraint. Please refer to [18] for the modifi-
cations that should be introduced in the design of UTC-MMSE
TIR filters in order to constrain the resulting channel impulse
response to be symmetric. Fig. 7 depicts the magnitude of the
frequency response of the original channel, the magnitude of the
frequency response of the shortened channel that is employed
in the OFDM and SC-FD systems, and the magnitude of the
frequency response of the symmetric channel employed in the
MC-MRBT and SC-MRBT systems.

Fig. 8 depicts a BER curve for all the systems, considering
the existence of the prefilter. It is possible to observe that the
proposed transceivers outperform their related pairs for both ZF
and MMSE designs.
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TABLE I
NUMBER OF COMPLEX MULTIPLICATIONS

TABLE II
VALUES FOR � ���

Fig. 7. Frequency response magnitude of the original, shortened, and symmet-
rical channels.

Fig. 8. Uncoded BER as a function of SNR for an ADSL channel with pre-
filtering.

Example 3 (Comparison With the ZP-ZJ DMT): The min-
imum redundancy solution proposed in [3] is a multicarrier
system that implements the same receiver as the one presented
here, that is, in the ZF case and in
the MMSE case. Thus, in infinite precision implementation,
there are no differences between the solutions in terms of
uncoded BER and throughput performances. The fundamental

difference is related to the computational complexity. Let us
compare the number of complex multiplications required by the
ZF-OFDM, MMSE-OFDM, ZF-ZP-ZJ DMT, MMSE-ZP-ZJ
DMT, ZF-MC-MRBT, and MMSE-MC-MRBT systems during
the equalization process.

By considering that an FFT algorithm requires
complex multiplications [5],

it is possible to derive the results of Table I. Note that the
complexity of ZP-ZJ DMT systems has a quadratic dependency
with respect to the channel order. Thus, as pointed out in
[3], these systems are specially suitable for the cases where

. However, in these particular cases, reducing the
amount of redundancy is not a priority, since it is already small.
Lowering the redundancy increases the computational burden
and, in some cases, the noise effects, in comparison with the
traditional OFDM system (see Example 1). On the other hand,
the computational complexity of the MC-MRBT systems does
not depend on the channel order. In addition, if we consider
that , with , the MC-MRBT requires fewer
complex multiplications than the minimum redundancy ZP-ZJ
DMT system when , where is
given in Table II.

In the MC-MRBT, it is possible to implement part of the
receiver side using parallel processing (see Fig. 2). In this
case, if we consider that the required time to perform a generic
complex multiplication is seconds, then the ZF-MC-MRBT
and the MMSE-MC-MRBT require
seconds, whereas the ZF-ZP-ZJ DMT system requires

seconds and the MMSE-ZP-ZJ
DMT system requires
seconds. Thus, the proposed MMSE solution is always faster
than the MMSE-ZP-ZJ DMT system, whereas the proposed
ZF solution is faster than the ZF-ZP-ZJ DMT system when

, where with given in the first
row of Table II.

VIII. CONCLUSION

In this paper, we have proposed effective and practical solu-
tions for multicarrier and single-carrier transceivers using min-
imum redundancy. Their related ZF and MMSE solutions em-
ploy only DFTs, inverse DFTs, and diagonal matrices. This fea-
ture makes the new transceivers computationally efficient. The
adopted framework relied on the properties of structured ma-
trices using the concepts of Sylvester and Stein displacements.
These concepts aimed at exploiting the structural properties of
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typical channel matrix representations, such as Toeplitz, Van-
dermonde, Bezoutian, and Cauchy matrices. By using adequate
displacement properties we were able to derive DFT represen-
tations of Bezoutians, which were the key tools to reach the
proposed solutions for the multicarrier and single-carrier block-
based transceivers requiring minimum redundancy.

Simulations had shown that the proposed transceivers have
similar bit error rate performance as compared with the standard
ones, such as OFDM and SC-FD, while maintaining compet-
itive asymptotic complexity for the equalization process,

. The key feature of the proposed transceivers
is their substantially higher throughput, especially for long
channels.

We also believe that the results of this paper can be the starting
point to develop memoryless transceivers using real transforms
as well as transceivers with memory both with minimum redun-
dancy. The next step is to extend the theory in order to develop
reduced but non minimum redundancy transceivers, as in [12].
In this situation, it is likely that a reduction in the noise enhance-
ment can be achieved, as the results in [12] and [20] indicate.

APPENDIX A
RESULTS ON STRUCTURED MATRICES

The first important result employing displacement operators
is that the Sylvester and Stein types can be easily transformed
one into another if at least one of the two operator matrices,
or , is non-singular [14], [15].

Proposition 2 (Displacement Equivalence [15]): If the
operator matrix is non-singular, then

. On the other hand, if is non-singular,
then .

The second result regarding displacement operators relates a
Sylvester displacement of a matrix with a Sylvester displace-
ment of its inverse. This result shows that the compression of
the inverse of a matrix can be achieved through operation on the
compressed representation of the original matrix.

Proposition 4 (Displacement of Inverse [15]): Given a non-
singular matrix and two operator matrices

, we have that .
Proposition 5 describes how product of matrices transforms

the displacement generators of the original matrices.
Proposition 5 (A Generator of a Product [13]): Given

and , we have
that , where and

.
Proposition 6 contains an important result: the relationship

between the displacement generators of a Toeplitz matrix and
its inverse. Even though the referenced papers use an equivalent
result, they do not state a general proposition as the following
one, which is a straightforward consequence of Proposition 4.

Proposition 6 (Toeplitz & T-Bezoutian Generators): Given
a non-singular Toeplitz matrix and given the dis-
placement generator pair related to the Sylvester dis-
placement operator applied to , with , we
have that the displacement generator pair related to the
Sylvester displacement operator applied to the T-Be-
zoutian is given by .

Lemma 1 is a useful result stated without proof in [13].

Lemma 1: For all , we have that

(32)

where , , and
.

Proof: First, consider that . Thus,

. Second, consider that . In this case,

we have
. Hence, we conclude that and, for

the case in which , .

APPENDIX B
PROOFS

Proposition 1: Given , with , we know that
and , , are their th

roots, respectively. From Remark 1, we also know that
and .

Now, let us analyze the value of the th coefficient of the matrix
:

(33)

Thus, the required result follows directly.
Proposition 2: As , then we already know that there

must exist and
, with , such that

its Sylvester displacement can be written as
, where and .

Now, let us consider the Stein displacement applied to
. So, by applying the results of Lemma 1, Propo-

sition 3, and the fact that , we have
that

(34)
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where and , with . In this
case, it is easy to verify that the rank of this Stein displacement
is less than or equal to 2, which implies that (see
Definition 6).

Theorem 1: By Corollary 1, we have that

(35)

where , ,

, , ,
, and , with . Now, by applying

Proposition 1 and computing , we have the expected result.
Theorem 3: By applying Proposition 5, we have that

(36)
Now, define . Since

, then . From
Proposition 4, it follows that

(37)

Thus, by again applying Proposition 5, we have

(38)
Hence, the displacement generator of the MMSE solution is

given by the pair

(39)

(40)

By applying the matrix inversion lemma [3], it is possible to
show that

(41)

resulting in a more compact definition for
, as in (23).

Remark 2: Note that, when , we have that

(42)

(43)

so that . If one compares this
result with the result in Proposition 6, it is possible to verify that
the displacement generator is a T-Bezoutian generator

and can be reduced to
when , i.e., the MMSE and the ZF solutions are the
same.
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