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Abstract—Recent works have proposed practical zero-forcing
(ZF) and linear minimum mean squared-error (LMMSE) solutions
for fixed and memoryless block-based transceivers with minimum
redundancy, using only half the amount of redundancy employed
in standard systems. Their equalization processes require only
� ���

�
� operations. However, it may be difficult to apply

LMMSE equalizers with minimum redundancy in some practical
systems, given their higher number of operations. This letter
proposes novel suboptimal LMMSE equalizers with minimum
redundancy that require the same amount of computations of ZF
equalizers, with a mild decrease in the throughput performance
when compared to the optimal LMMSE solution.

Index Terms—Block transceivers, displacement, equalization,
minimum redundancy, OFDM, superfast algorithms.

I. INTRODUCTION

O NE of the key features that enables the widespread adop-
tion of orthogonal frequency-division multiplex (OFDM)

and single-carrier with frequency-domain equalization (SC-FD)
systems is the insertion of redundancy for the block-based trans-
mission. This redundancy eliminates the interblock interference
(IBI) and allows computationally efficient implementations of
ZF and LMMSE equalizers based on discrete Fourier transform
(DFT) and diagonal matrices [1].

Nonetheless, it is known that the minimum redundancy,
required to eliminate IBI in fixed and memoryless block-based
transceivers, is only half the amount employed in standard
OFDM and SC-FD systems [2]. Minimum redundancy may
lead to solutions with higher throughputs. However, throughput
is not the only figure of merit to be considered, since cost ef-
fectiveness is an important issue. Indeed, practical transceivers
with minimum redundancy, constrained to be asymptotically
as simple as OFDM and SC-FD systems, have already been
proposed [3], [4].

In general, these new transceivers feature higher throughputs
than standard OFDM and SC-FD systems, especially for chan-
nels with a large delay spread. In addition, they are cost effec-
tive, since they require either DFT, inverse DFT (IDFT), and di-
agonal matrices [3], or discrete Hartley transforms (DHT) and
diagonal matrices [4]. Both ZF and LMMSE solutions are avail-
able and they differ from each other in the number of parallel
branches at the receiver end (see Fig. 2).

Even though those ZF- and LMMSE-based equalizers with
minimum redundancy [3], [4] may require equivalent time for
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Fig. 1. System model.

processing a received vector, the LMMSE solutions perform
almost twice the number of computations of the ZF solu-
tions. This letter addresses this drawback by proposing novel
multicarrier and single-carrier transceivers with minimum
redundancy that keep the structure of the ZF solutions, while
remaining as “close” to the optimal LMMSE solution as pos-
sible. This closeness is measured by the standard norm-2 of
matrices [5]. As a result, the new suboptimal LMMSE trans-
ceivers lead to higher throughputs than the related ZF systems,
with the same complexity for the equalization process.

In order to derive the proposed transceivers, we start from
the optimal LMMSE equalizers with minimum redundancy [3]
and apply the displacement approach [6] along with computa-
tionally simple singular-value decompositions (SVD) based on
Householder-QR factorizations [5], [7].

II. BLOCK TRANSCEIVERS WITH MINIMUM REDUNDANCY

The system model used in this work is depicted in Fig. 1.
It is assumed that is the even order of a finite im-
pulse response (FIR) baseband channel model , with

. This is a minimum-redundancy solution for
memoryless block-based transceivers, described as [2]:

(1)

where it is assumed that
is the channel matrix composed by

intersymbol interference (ISI) and IBI parts [1], [2]. More-
over, is a Toeplitz matrix, whose first row is

and whose first
column is .

The minimum-redundancy transmission, which includes
redundant elements, can be achieved by properly designing the

matrices and . The key idea behind the proposed
designs [3], [4] is the use of the displacement rank approach (see
[6] and references therein). The displacement theory is used to
deal with structured matrices by revealing how many parame-
ters such matrices can be built from. For this reason, the first
step of the displacement approach is to apply a linear operation
on the related structured matrix in order to generate a new ma-
trix, whose rank is smaller. This rank is the so-called displace-
ment rank. After this compression stage, computations with the
resulting matrix with smaller rank can be performed efficiently
since there is a reduced amount of parameters to operate on.
After all, the required result can be assessed by inverting, when
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Fig. 2. Multicarrier system with minimum redundancy.

possible, the displacement linear operation. The latter process
is called decompression.

Mathematically, given three matrices ,
the linear maps and

are the so-called Sylvester and Stein displacement
operators, respectively [6]. When applied to a structured matrix

, these linear operations, e.g., , may generate a new ma-
trix with smaller rank. For example, such a new matrix may be
represented by , where

and .
We shall focus on DFT-based transceivers [3] from now on.

All results derived here may be applied to the DHT-based trans-
ceivers [4] in a straightforward manner.

A. Zero-Forcing Solution

The ZF solution to a system described by (1) is
, where it is assumed that and are known non-

singular matrices. For DFT-based systems, can be chosen as
in the single-carrier solution, or in the multicarrier so-

lution, where is the normalized DFT matrix [3].
What remains is to use an efficient decomposition for the inverse
of the Toeplitz matrix . In fact, the inverse of a nonsingular
Toeplitz matrix is the so-called Toeplitz–Bezoutian matrix, or
shortly, T–Bezoutian matrix [3]. This type of matrix is character-
ized by a displacement whose rank is at most 2 for the Sylvester
operator , where , for some

. The vector , with , has
its th element equal to 1 and all the others equal to 0. Thus,
by using the displacement theory, it is possible to show that [3]

(2)

where for any vector
,

, and
are such that .

B. Optimal LMMSE Solution

In the case of LMMSE solution, once defined as in the pre-
vious subsection, we have that , with

, where it is considered that and
(see Fig. 1) are respectively drawn from i.i.d. random processes

and . It is also assumed that ,
and , for . It was shown in
[3] that is a generalized Bezoutian matrix, whose displace-
ment rank is at most 4 for the Sylvester operator . So,
it is possible to show that [3]

(3)

where
, and are such that

.
Fig. 2 depicts the LMMSE and the ZF multicarrier systems

with minimum redundancy. As previously mentioned, the time
required to equalize a received vector may be the same for both
solutions. However, the LMMSE solution performs almost
twice the number of computations of the ZF solution.

III. SUBOPTIMAL LMMSE EQUALIZERS

An interesting fact concerning the LMMSE and the ZF solu-
tions in the case of standard OFDM and SC-FD systems is that
both induce the same equalizer structure at the receiver end. For
example, in an SC-FD system, the process of “inserting and dis-
carding” redundancy induces an effective circulant channel ma-
trix. For such a matrix, the related LMMSE- and ZF-receiver
matrices are both circulant as well. Note that this resemblance
does not happen in the case of minimum-redundancy systems,
since the effective channel matrix is Toeplitz. Indeed, for the
single-carrier solution, the related ZF-receiver matrix is a T–Be-
zoutian matrix, whereas the related LMMSE-receiver matrix is
a generalized Bezoutian matrix.

These facts, along with the practical necessity of designing
simpler equalizers, led us to investigate the “best” T–Bezoutian
matrix that still takes into account the presence of noise. Thus,
instead of using a generalized Bezoutian matrix as in the
optimal LMMSE solution [3], we shall describe how to design
another matrix , which is the “closest” T–Bezoutian matrix
to . An additional constraint is that the method to achieve
this new suboptimal solution must be computationally cheap.
The low-complexity requirement motivated us to work with the
compressed form of and . This means that we will operate
on at most coefficients per matrix, instead of . Hence,
we now derive a pair , with

, from a known pair , where
and . In order to

do this, we will use the following result [5], [7]: Given a matrix
, whose SVD is , being and

unitary matrices, and , where
, we have

(4)

in which , with , where
, for all , and otherwise. In
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this discussion, the norm-2 of a matrix is defined
as , for .

By applying this useful result, we can use a similar reasoning
as in [6], [7] in order to derive a new generator pair

related to a matrix based on the SVD of
. Therefore,

(5)

where and, in this case, and
(for T–Bezoutian matrices, ). This is a suboptimal

LMMSE solution in the sense that the resulting displacement
matrix is the closest one to the displacement matrix of the op-
timal LMMSE solution, where the closeness is measured by the
induced Euclidean norm of matrices.

However, this solution is based on SVD of matrices,
which, in general, requires computations [5]. The next
section describes a way to simplify these SVD computations by
taking into account the structure of the matrices. The resulting
computational complexity for this specific SVD process is only

operations.

A. SVD of Displacements: A Householder—QR Approach

The aforementioned SVD computations may be efficiently
performed by first computing QR decompositions of the ma-
trices and [7]. There are several versions for the QR algo-
rithm [5]. Among them, the Householder-based QR factoriza-
tion is one of the most popular. Thus, by applying a complex
version of Algorithm 5.2.1 described in [5] (see also Sections
5.1.2, 5.1.3, and 5.1.4 of this reference), it is possible to calculate
four matrices , and , such that and

. All these computations require only oper-
ations since they are based on computationally efficient House-
holder reflections [5].

In addition, as and are matrices, then
is such that

(6)

The resulting matrix is 4 4. Thus, a general SVD algorithm
may be applied now to this reduced-dimension matrix. This can
be done using numerical operations [5]. Hence, assuming
that , with and being unitary matrices,
we have

(7)

Therefore, we can apply (5) to derive the proposed solutions.
The number of operations to obtain the generator pair
from the generator pair is approximately .

We have assumed that is known. In fact, these ma-
trices completely define the LMMSE equalizer, since they are
the only ones that contain information about the channel. Nev-
ertheless, these matrices must be previously computed in the
so-called receiver-design stage [3]. This task can be performed
using up to operations [3]. We have shown that
the design of does not increase substantially the com-

plexity of the receiver-design stage, since , for
all . Besides, there are many applications in which the
equalizer-design problem is not frequently solved. In wireline
communications systems, the channel model is not updated so
often. This means that the main problem is the equalization.
Taking these facts into account, this letter proposes suboptimal
LMMSE solutions that considerably reduce the computational
effort during the LMMSE-based equalization process.

It is worth mentioning that the proposed suboptimal solution
is not the optimal T–Bezoutian-LMMSE solution. Indeed, we
had attempted to design a T–Bezoutian matrix , such that

is minimized, where . However,
after lengthy calculations, we verified that the solution to such
a problem requires the use of optimization techniques that em-
ploy more than operations. Even though our proposals
are not the optimal T–Bezoutian-LMMSE solution, the simu-
lations indicate that suboptimal solutions perform rather close
to the optimal LMMSE solutions (generalized Bezoutians) in a
number of situations.

IV. SIMULATION RESULTS

This section aims at assessing the performance of the pro-
posed systems. The figure of merit adopted here is throughput
[3], whose definition is bps,
where is the number of bits required to represent one symbol
in a constellation , is the code rate, is the amount of
redundancy ( for OFDM and SC-FD systems, and for our
proposals), kHz is the sample frequency, and BLER
is the block-error rate.

Four channel models were considered: Channel A [2], whose
transfer function is

; Channel B, whose transfer function
is

; Channel C,
whose transfer function is ;
and Channel D [1], whose zeros are , and

.
We transmitted 100 000 blocks containing 16 data bits (8 data

bits for Channel A) that generates 32 bits (16 bits for Channel
A) after passing through a convolutional encoder with constraint
length , and generators (octal) and

(octal) [8]. These bits are then mapped into
QPSK symbols using a Gray-mapping scheme (8 symbols for
Channel A). After the redundancy insertion, the resulting block
is transmitted through Channels A, B, C, and D, whose orders
are1 . At the receiver end, a data block is discarded when
at least one of the original 16 bits (8 bits for Channel A) is
incorrectly decoded.

Fig. 3 depicts the obtained results. For each setup, we com-
pare four transceivers: the LMMSE-OFDM or LMMSE-SC-FD
systems2, the multicarrier or single-carrier minimum redundant
block transceivers (MC-MRBT or SC-MRBT) proposed in [3],
and the brand new suboptimal LMMSE proposals, which dis-
card the two smallest single-values of .

From Fig. 3(a), one can observe that the suboptimal LMMSE
solution for this transmission is as good as the optimal one,

1These setups exemplify delay constrained applications in very dispersive en-
vironments since � � ��� or � � ���. As highlighted in [3], [4], it may
not be worth using the proposed transceivers when � � � .

2Since the proposed transceivers use zeros as redundant elements, the adopted
OFDM and SC-FD systems are the ZP-OFDM-OLA and ZP-SC-FD-OLA [9],
where ZP and OLA stand for zero-padding and overlap-and-add, respectively.
Like the traditional cyclic-prefix-based systems, these ZP-based transceivers
also induce a circulant channel matrix.
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Fig. 3. Throughput (kbps) � SNR (dB).

TABLE I
RELATIVE IMPORTANCE (PERCENTAGE) OF THE SINGULAR-VALUES OF ��

being both of them much better than the LMMSE-OFDM
system. One can verify in Fig. 3(b) that our proposal is again
very efficient with respect to the throughput, especially for large
SNRs (signal-to-noise ratios). It is possible to verify that the
T–Bezoutian-ZF solution [3] should not be used in the setup of
Fig. 3(c), but the proposed T–Bezoutian-LMMSE solution is a
good choice. A similar observation applies to Fig. 3(d), except
for the fact that none of the minimum redundant transceivers
are better than the LMMSE-SC-FD system. Fig. 3(e) and (f)
also illustrate the fact that the proposed T–Bezoutian-LMMSE
solutions enhance the T–Bezoutian-ZF proposed in [3].

Table I contains the relative importance (in percentage) of the
singular-values related to the compressed form of the optimal
LMMSE solution . Due to lack of space, only the results
related to Channel A are presented. The last row shows how
much we are discarding of the total sum of singular-values to
get the suboptimal solution. For example, for an SNR of 20 dB,
we discard 9.1% of the total sum of the singular-values, i.e.,

% . Note that the first two
singular-values are extremely important for the representation
of for all SNRs, confirming the fact that a T–Bezoutian is
a good choice for a suboptimal LMMSE solution. This was also
observed for Channels B, C, and D.

V. CONCLUDING REMARKS

New suboptimal LMMSE equalizers requiring only half the
amount of redundancy used in standard OFDM and SC-FD

systems were proposed. Compared to previous works, the
obtained multicarrier and single-carrier transceivers have the
same structure of the ZF solutions with minimum redundancy,
which perform around half the computations of the related op-
timal LMMSE solutions. We presented some simulation results
that confirm the throughput improvements of the proposed
solutions over the traditional OFDM and SC-FD systems for
delay constrained applications in very dispersive environments.

ACKNOWLEDGMENT

The authors thank CNPq, a Brazilian research council, for
funding, and T. N. Ferreira, M. V. S. Lima, and the anonymous
reviewers for suggesting improvements to this letter.

REFERENCES

[1] A. Scaglione, G. B. Giannakis, and S. Barbarossa, “Redundant filter-
bank precoders and equalizers part I: Unification and optimal designs,”
IEEE Trans. Signal Process., vol. 47, no. 7, pp. 1988–2006, July 1999.

[2] Y.-P. Lin and S.-M. Phoong, “Minimum redundancy for ISI free FIR
filterbank transceivers,” IEEE Trans. Signal Process., vol. 50, no. 4, pp.
842–853, Apr. 2002.

[3] W. A. Martins and P. S. R. Diniz, “Block-based transceivers with min-
imum redundancy,” IEEE Trans. Signal Process., vol. 58, no. 3, pp.
1321–1333, Mar. 2010.

[4] W. A. Martins and P. S. R. Diniz, “Minimum redundancy multicar-
rier and single-carrier systems based on Hartley transforms,” in Proc.
17th Eur. Signal Processing Conf., Glasgow, Scotland, Aug. 2009, pp.
661–665.

[5] G. H. Golub and C. F. Van Loan, Matrix Computations, 3rd ed. Bal-
timore, MD: Johns Hopkins Univ. Press, 1996.

[6] V. Y. Pan, Structured Matrices and Polynomials: Unified Superfast Al-
gorithms. New York: Springer, 2001.

[7] V. Y. Pan, “Concurrent iterative algorithm for Toeplitz-like linear sys-
tems,” IEEE Trans. Parallel Distrib. Syst., vol. 4, no. 5, pp. 592–600,
May 1993.

[8] “Evolved universal terrestrial radio access (E-UTRAN): Multiplexing
and channel coding,” 3rd Generation Partnership Project v8.7.0, May
2009, 3GPP TS 36212.

[9] B. Muquet, Z. Wang, G. B. Giannakis, M. de Courville, and P.
Duhamel, “Cyclic prefixing or zero padding for wireless multicar-
rier transmissions?,” IEEE Trans. Commun., vol. 50, no. 12, pp.
2136–2148, Dec. 2002.


