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a b s t r a c t

This paper proposes real linear transceivers employing minimum redundancy, unlike

the standard block transceivers that require, at least, L elements of redundancy, where L

is the channel order. In all block-based systems, there is an inherent interblock

interference (IBI) that can be eliminated by inserting redundancy. For transceivers based

on the discrete Fourier transform (DFT), the redundancy induces a circulant channel

matrix, allowing superfast implementations. Although it has been known for some time

that the minimum redundancy for IBI-free designs of block transceivers is dL=2e, only

recently practical DFT-based solutions using minimum redundancy were proposed.

However, the extension of these solutions to real transforms, such as the discrete

Hartley transform (DHT), is not straightforward. The only known solution imposes a

symmetry on the channel model that is unlikely to be met in practice. This paper

proposes transceivers with practical zero-forcing (ZF) and minimum mean-squared

error (MMSE) receivers using DHT, diagonal, and antidiagonal matrices. The resulting

systems are asymptotically as simple as orthogonal frequency-division multiplex

(OFDM) and single-carrier with frequency-domain (SC-FD) equalization transceivers. In

addition, they do not enforce constraints on the channel model. Several computer

simulations indicate the higher throughput of the proposals as compared to the

standard solutions.

& 2010 Elsevier B.V. All rights reserved.

1. Introduction

Block-based transceivers [1] constitute the basis for
most modern communications systems. The special cases
of fixed and memoryless transceivers are more popular
due to their inherent simplicity. In fact, the widely used
OFDM and SC-FD systems are the best examples of fixed
and memoryless block-based transceivers (FMBTs).

In the context of finite impulse response (FIR) trans-
multiplexers, it is well-known that some redundancy must
be introduced in the block transmission in order to

guarantee perfect reconstruction of the transmitted signal
at the receiver end [1]. The amount of redundancy has
been studied in several works, such as [1–3]. Whenever
possible, FMBTs achieve perfect reconstruction by insert-
ing at least L/2 redundant elements [2], assuming a
channel impulse response with even order L. When L is
not even, one may consider the channel model padded
with one zero.

The work in [4] was the first proposal of a DFT-based
multicarrier (MC) transceiver with minimum redundancy,
constrained to have computational complexity comparable
to the traditional OFDM system. However, the resulting
computational complexity for the equalization process was
dependent on the channel order. As the authors in [4]
pointed out, their proposals are suitable when L is small
compared to the transmitted block length. This problem
was solved in [5], where the proposed transceivers use
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only DFT, inverse DFT, and diagonal matrices. Furthermore,
their complexities for the equalization process do not
depend on the channel order, as in [4].

The performance of real transform-based transceivers
using L redundant elements has been studied in some
works [6,7]. Some key advantages of employing these
transceivers rely on the following three facts [6,7]: (i) real
transforms, such as, discrete sine and discrete cosine
transforms (DST and DCT, respectively,) have larger side-
lobe attenuation than DFT. This implies less intercarrier
interference (ICI) leakage to adjacent subcarriers for
MC-based transceivers; (ii) MC systems may benefit
greatly from using real transforms along with real base-
band modulations, such as PAM, since the transmission of
inphase/quadrature (I/Q) data is not required, avoiding
I/Q—imbalance problems; and (iii) DST, DCT, and DHT
have superfast1 implementations, keeping a competitive
asymptotic computational complexity for the number of
numerical operations, OðMlog2MÞ, for M data symbols.

When dealing with minimum-redundancy systems, the
first proposal of real transform-based transceivers in [9]
has shown the possibility of implementing communica-
tions systems using only DHT and diagonal matrices.
However, the proposed transceivers require a symmetric
channel impulse response. This condition may be met with
the introduction of a prefilter at the receiver front-end in
order to turn the effective channel impulse response
symmetric. This approach was also adopted in [6].

1.1. Results of this paper

The aim of this paper is to propose a technique that
eliminates the aforementioned symmetry requirement on
the FIR channel model. For this purpose, four new FMBT
systems are proposed. These new transceivers do not

constrain the channel impulse response to have any kind of

symmetry. They may be multicarrier or single-carrier,
with either ZF or MMSE receivers. The transceivers only
use DHT, diagonal, and antidiagonal matrices in their
structures. For this reason, the proposed designs are
computationally as simple as OFDM and SC-FD systems2,
while being much more efficient with respect to the
bandwidth usage. Furthermore, unlike previous works
[5,9], which focus on the equalization process rather
than on the transceiver design, this paper shows how to
design the new transceivers employing a well-known
superfast algorithm, namely: Pan’s divide-and-conquer
algorithm [8].

The displacement rank theory [8] is applied in order to
derive such new transceivers, using new representations of
structured matrices. These new representations are heavily
based on the decompositions proposed in [10]. The
differences between this paper and [10] rely on the fact
that the restriction of only working with real matrices, as
well as the necessity of extending the involved matrices
with zeros are no longer present in this paper. These

features eventually allow us to work with channel models
comprised of complex-valued taps and to design multi-
carrier transceivers, which are not possible by using the
same formulation proposed in [10]. Moreover, Pan’s
divide-and-conquer algorithm [8] is described in order to
design the new equalizers. This algorithm computes
inverses or pseudo-inverses of structured matrices using
the displacement approach.

1.2. Other previous works

Other previous works that propose reduced-redun-
dancy schemes have been developed [11,12]. The aim in
[11] is to transmit redundant information in the unused
subcarriers of discrete multitone (DMT) systems, i.e., the
subcarriers that are discarded during the channel loading
stage. Through this process it is possible to achieve zero-
forcing equalization without sending redundant informa-
tion in useful subcarriers. However, the number of unused
subcarriers should be at least L. On the other hand, the
capacity-approaching transceivers with reduced redun-
dancy proposed in [12] entail high computational burden
since they are based on singular-value decomposition
(SVD) of the involved matrices.

Besides, some works had applied the displacement rank
theory successfully in the context of digital signal proces-
sing [13,14]. In communications systems, superfast algo-
rithms to pilot-based channel estimation schemes
employing L redundant elements were applied in [15].
The resulting algorithms are suitable for detection and
estimation of the nonzero taps of a given channel impulse
response [15,16]. It is worth mentioning that, even though
the decomposition for the inverse of a given nonsingular
Hermitian Toeplitz matrix used in [15] is equivalent to the
decomposition found in Theorem 1 of [5], for the particular
case of Hermitian Toeplitz matrix, such decompositions
cannot be applied to the minimum redundant MMSE-
based receivers [5]. The reason is that the proposed
transceivers with minimum redundancy do not induce a
Toeplitz structure in the channel correlation matrix, as in
[15]. This property originated the proposals of new
generalized-Bezoutian decompositions in Theorem 2 of
[5]. As indicated in [5], these new decompositions stem
from adaptations of results taken from [17].

1.3. Organization

This paper is organized as follows: Section 2 contains
the description of the transceiver model. Section 3 briefly
presents the main ideas of the displacement theory. In
Section 4, it is described the two main results of this paper
related to the development of new ZF and MMSE superfast
transceivers. The designs of the equalizers related to the
proposed receivers are addressed in Section 5. The
simulation results are described in Section 6, whereas the
concluding remarks of the article are in Section 7. The
paper includes a proof for the main result of this work in
Appendix A.

1 That is, transceivers that require OðMlogdMÞ operations, for dr3 [8].
2 Considering the asymptotic amount of complex-valued multi-

plications and additions used in their implementations.
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1.4. Notation

The notations ½��T , ½���T , ½���, ½��H , and E½�� stand for transpose,
transpose of inverse, conjugate, Hermitian transpose, and

expectation operations on ½��, respectively. The set CM�N

denotes all M�N matrices comprised of complex entries,

whereas CM�N
½x� denotes all polynomials in the variable x

with M�N complex-valued matrices as coefficients. The ijth
element of an M�M matrix X may be denoted as [X]ij or xi,j. In
the latter case, the following notation will be used: X = (xi,j)i,j =

0
M�1. This notation means that the entire matrix X is

generated when both indexes i and j assume all the values

in the set {0, 1, y, M�1}. The operator diagf�g generates a
diagonal matrix whose elements are the entries of the
argument vector. Depending on the situation, the operator

diagf�g may be employed in two distinct ways: diagfmg or

diagfnmg
M�1
m ¼ 0, where m¼ ½n0 n1 � � � nM�1�

T 2 CM�1. The vec-

tor em 2 C
M�1, with m 2 f0,1, . . . ,M�1g, has its mth element

equal to 1 and all the others equal to 0. The symbols 0M�N and
I denote an M�N matrix with zero entries and the identity
matrix with a compatible dimension. Moreover, the
following matrices will be used: J¼ ½eM eM�1 � � � e2 e1�,
Ju¼ ½e1 eM � � � e3 e2�, and J00 ¼ ½�e1 eM � � � e3 e2�.

2. Mathematical transceiver description

As depicted in Fig. 1, assume that a vector s 2 CM�1
�

CM�1 contains M 2 N symbols of a given constellation C. In
addition, consider that such vector is linearly processed
and transmitted through a channel, idealized as an FIR
linear system. The linear processing at the transmitter side

is completely defined by the matrix F¼ ½FT
0 0M�L=2�

T , where

F0 2 C
M�M , and L 2N is the even order of the channel

impulse response hðlÞ 2 C, with l 2 f0,1, . . . ,Lg. At the
receiver end, the received vector is also linearly
processed. Such processing is defined by the matrix

G¼ ½0M�L=2 G0�, where G0 2 C
M�M [2,4].

Under such hypothesis, the mathematical description of
the transceiver system is expressed as follows [2,4]:

ŝ ¼ GðHISIþz�1HIBIÞFsþGv¼ G0H0F0sþv0, ð1Þ

where HISIþz�1HIBI 2 C
N�N
½z�1� is the channel matrix

composed by intersymbol interference (ISI) and interblock
interference (IBI) parts, with N=M+L/2. The additive noise
at the receiver front-end is modeled by the vector
v 2 CN�1, whereas Gv = v0 represents the residual noise
after the receiver processing. Besides, H0 2 C

M�M is the
Toeplitz effective channel matrix, whose first row is given

by ½hðL=2Þ hðL=2�1Þ � � � hð0Þ 01�ðM�L=2�1Þ� and whose first
column is given by ½hðL=2Þ � � � hðLÞ 01�ðM�L=2�1Þ�

T .
Notice that this transceiver uses only L/2 elements of

redundancy, which is half the number of redundant symbols
employed by standard implementations of OFDM and SC-FD
systems. This model was first described by Lin and Phoong
[2]. They proved that this is a minimum-redundancy solution
for FMBTs that completely eliminates IBI.

The ZF and the MMSE linear receivers are commonly
used to generate an estimate ŝ of the transmitted vector s.
Such solutions are, respectively, characterized by the
following pair of receiver matrices:

GZF
0 ¼ ðH0F0Þ

�1
¼ F�1

0 H�1
0 ð2Þ

GMMSE
0 ¼ ðH0F0Þ

H
ðH0F0ÞðH0F0Þ

H
þ
s2

v

s2
s

I

� ��1

ð3Þ

in which, for the ZF solution, it is assumed that H0F0 is a
nonsingular matrix, whereas for the MMSE solution it is
considered that s and v0 are, respectively, drawn from
independent and identically distributed (i.i.d.) random
processes s and v0

3. It is also assumed that E½ssH� ¼ s2
s I,

E½v0vH
0 � ¼ s2

vI, and E½svH
0 � ¼ 0M�M ¼E½v0sH�, for s2

v , s2
s 2 Rþ .

At this point, it is possible to identify two distinct,
though related, problems: receiver design and equaliza-
tion. Considering that channel-state information (CSI) is
available at the receiver end, and assuming that the
transmitter matrix F0 had been previously defined, the
receiver-design problem essentially consists in defining
the matrices G0

ZF or G0
MMSE. For unstructured matrices,

these tasks can be performed with OðM3Þ numerical
operations. On the other hand, the equalization problem
is defined as the multiplication of a received vector by the
receiver matrix. This task can be performed with OðM2Þ

numerical operations for general matrices.
Standard implementations of OFDM and SC-FD systems

solve both problems with OðMlog2MÞ numerical opera-
tions, when M is a power of two. These solutions benefit
from the circulant shape that is induced in the effective
channel matrix, allowing the spectral decomposition of
such a matrix through DFT (eigenvector matrix) and the
channel-frequency response (eigenvalues) [1]. The con-
tribution of this work is to show how to exploit the
Toeplitz structure present in the effective channel matrix
H0 in order to produce real transform-based solutions for
the equalization and receiver-design problems related to
minimum redundant FMBT systems, using onlyOðMlog2MÞ

and OðMlog2
2MÞ operations, respectively.

Fig. 1. Mathematical transceiver model.

3 The time index was omitted for the sake of conciseness.
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3. Displacement operators

Intuitively, a matrix is said to have structure when its
coefficients follow a given formation rule regarding either
their relative position in the matrix or their mutual
relationship. This implies that the matrix entries are
defined by few parameters according to a compact formula.

A useful tool for exploiting the structure of a matrix is
the displacement approach [18]. In order to introduce the
main concepts of this theory, let us start with a particular
example: consider a nonsingular square Toeplitz matrix
T 2 CM�M , whose ijth entry is defined as [T]ij = t(i� j), for all
pair of integers i, j between 0 and M�1. Note that, when
this matrix is either multiplied by a vector or inverted, all
its M2 entries are used in such operations. However, this
matrix is completely defined by up to 2M�1 elements,
since the vector ½t1�M � � � t0 � � � tM�1� defines the entire
matrix T. This way, it would be quite reasonable to expect
that matrix operations may be performed faster by using a
reduced amount of parameters. For instance, instead of
using M2 additions to add two Toeplitz matrices, the same
result can be achieved by adding 2(2M�1)=4M�2
elements and then rearranging them accordingly.

This simple discussion motivates the definition of linear
displacement operators: given two matrices X,Y 2 CM�M ,
the linear transformations [8]

rX,Y : C
M�M-CM�M

U/rX,YðUÞ ¼XU�UY ð4Þ

DX,Y : C
M�M-CM�M

U/DX,YðUÞ ¼U�XUY ð5Þ

are the so-called Sylvester and Stein displacement operators,
respectively.

With these displacement operators, one can choose the
operator matrices X and Y in a clever way in order to compress

a given structured matrix U. The resulting matrix rX,YðUÞ or
DX,YðUÞ is the compressed form of U if its displacement rank is
small, i.e., R¼ rankfrX,YðUÞg5M or R¼ rankfDX,YðUÞg5M,
where R is not a function of M. The idea behind the
displacement approach is that the compressed form of a
structured matrix contains all the information of the original
matrix, but with a reduced amount of elements. Besides,
with some rather mild constraints on X and Y, it is possible to
decompress the matrix rX,YðUÞ or DX,YðUÞ in order to recover
the original matrix U. Thus, operations with the original
matrix can be directly translated into operations with its
compressed forms [8].

As an example, it is easy to verify that, given the operator
matrix Zl ¼ ½e2 � � � eMle1�, for some l 2 C, the Sylvester
operator rZZ ,Zx applied to a Toeplitz matrix T yields

rZZ ,Zx ðTÞ ¼ ZZT�TZx

¼

ZtM�1 ZtM�2 � � � Zt0

t0 t�1 � � � t1�M

^ ^ & ^

tM�2 tM�1 � � � t�1

2
66664

3
77775�

t�1 � � � t1�M xt0

^ & ^ xt1

tM�3 � � � t�1 ^

tM�2 � � � t0 xtM�1

2
66664

3
77775

¼

ZtM�1�t�1 � � � Zt1�t1�M Zt0�xt0

0 � � � 0 t1�M�xt1

^ ^ ^

0 � � � 0 t�1�xtM�1

2
66664

3
77775

¼

1

0

^

0

2
6664

3
7775

|fflffl{zfflffl}
p̂1

½ZtM�1�t�1 � � � Zt1�t1�M Zt0�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
q̂

T
1

þ

�xt0

t1�M�xt1

^

t�1�xtM�1

2
66664

3
77775

|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
p̂2

½0 0 � � � 1�|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
q̂

T
2

¼ p̂1q̂
T
1þ p̂2q̂

T
2 ¼ ½p̂1p̂2�

q̂
T
1

q̂
T
2

2
4

3
5¼ P̂Q̂

T
: ð6Þ

Hence, for Z¼�1 and x¼ 1, rZ�1 ,Z1
ðTÞ ¼ P̂Q̂

T
¼ p̂1q̂

T
1þ

p̂2q̂
T
2, with p̂1 ¼ ½10 � � �0�T , q̂1 ¼�½ðtM�1þt�1Þ � � �

ðt1þt1�MÞ t0�
T , p̂2 ¼ ½�t0 ðt1�M�t1Þ � � � ðt�1�tM�1Þ�

T , and

q̂2 ¼ ½00 � � �1�T . The pair of matrices ðP̂,Q̂ Þ 2 CM�2
�CM�2

is the so-called displacement generator pair. From this
example, it is obvious that a Toeplitz matrix can be
compressed, whenever MbRr2.

The operations with a compressed form of a given
matrix may be efficiently performed if some well-known
results are applied, for instance (see Theorems 1.5.1, 1.5.3,
and 1.5.4 in [8]):

rY,XðU
�1
Þ ¼�U�1rX,YðUÞU

�1, ð7Þ

DX,Y�1 ðUÞ ¼�rX,YðUÞY
�1, ð8Þ

rX,ZðUVÞ ¼rX,YðUÞVþUrY,ZðVÞ, ð9Þ

rX,YðaUþbVÞ ¼ arX,YðUÞþbrX,YðVÞ, ð10Þ

for any scalars a, b, and any 5-tuple {U, V, X, Y, Z} of
complex-valued matrices with compatible dimensions
and, when necessary, nonsingular.

3.1. Definitions of DHT and DFT matrices

Before introducing the superfast transceivers based on
discrete Hartley transforms, it is necessary to define other
three transforms, which are slight modifications of the
traditional DHT and, for this reason, are also called DHTs.
These DHTs are directly associated with modifications of
the traditional DFT, as follows.

Given yIði,jÞ ¼ 2ijp=M, yIIði,jÞ ¼ ið2jþ1Þp=M, yIIIði,jÞ ¼
ð2iþ1Þjp=M, and yIVði,jÞ ¼ ð2iþ1Þð2jþ1Þp=2M, for
ði,jÞ 2 f0,1, . . . ,M�1g2, the orthogonal DHT-X matrix is
defined as [10,19]:

½HX �ij ¼
sin½yXði,jÞ�þcos½yXði,jÞ�ffiffiffiffiffi

M
p , ð11Þ

W.A. Martins, P.S.R. Diniz / Signal Processing 91 (2011) 240–251 243
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whereas the unitary DFT-X matrix is defined as [10,19]:

½WX �ij ¼
sin½yXði,jÞ��jcos½yXði,jÞ�ffiffiffiffiffi

M
p , ð12Þ

with j2
¼�1 and X 2 fI,II,III,IVg.

4. DHT-based superfast transceivers

This section contains the main contributions of this
paper: new structures for DHT-based transceivers with
minimum redundancy. Consider the MMSE receiver de-
scribed by the matrix G0

MMSE in Eq. (3). In general, the
transmitter matrix F0 is first chosen in such a way that
F0F0

H=I (unitary precoder). In this case, G0
MMSE = F0

HKMMSE,
in which

KMMSE ¼HH
0 H0HH

0 þ
s2

v

s2
s

I

� ��1

: ð13Þ

The matrix KMMSE can be efficiently compressed as
proved in [5] (Theorem 3). Indeed, rZ1 ,Z�1

ðKMMSEÞ ¼ PQ T ,
where [5]

P¼
s2

v

s2
s

HH
0 H0þ

s2
v

s2
s

I

� ��1

P̂u �KMMSEP̂

" #
M�4

, ð14Þ

Q ¼ H0HH
0 þ

s2
v

s2
s

I

� ��T

Q̂ u KT
MMSEQ̂

" #
M�4

, ð15Þ

with ðP̂,Q̂ Þ 2 CM�2
�CM�2 and ðP̂u,Q̂ uÞ 2 CM�2

�CM�2

being the displacement generator pairs of rZ�1 ,Z1
ðH0Þ and

rZ1 ,Z�1
ðHH

0 Þ, respectively, i.e., rZ�1 ,Z1
ðH0Þ ¼ P̂Q̂

T
and

rZ1 ,Z�1
ðHH

0 Þ ¼ P̂uQ̂ u
T
.

By performing operations on the compressed represen-
tation of KMMSE it is possible to show the following result:

Theorem 1. Given a unitary or an orthogonal transmitter

matrix F0, the related MMSE-receiver matrix is

GMMSE
0 ¼

M

2
FH

0 HIII

X4

r ¼ 1

Xpr
HIIHIVXq r

 !
HIV, ð16Þ

where Xp r
¼ ðaDp r

�bJ00Dp r
Þ, Xqr

¼ ðaDqr
�bDq r

JÞ, a¼
ð1þ jÞ=2, b¼ ð1�jÞ=2, Dpr

¼ diagfprg, Dq r
¼ diagfqrg, P ¼

½p1 � � �p4� ¼HIðjPþ þP�Þ, and Q ¼ ½q1 � � �q4� ¼

HIIIð�jQ þ þQ�Þ. The matrices P7 and Q 7 are defined as

P7 ¼ ðP7JuPÞ=2, Q 7 ¼ ðZ�1Q 7JuuZ�1Q Þ=2, with (P, Q)
given as in (14) and (15).

Proof. See Appendix A for a proof. &

Theorem 1 is the first contribution of this work related to
the design of practical block-based transceivers with
minimum redundancy using DHTs. It is based on a similar
mathematical result of [10]. Unlike the polynomial
approach adopted in [10], a matrix approach was used
based on the Sylvester and Stein displacement operators
(see Appendix A for details). This approach allowed us to
derive transformations without requiring extension with
zeros of the involved matrices as in [10], leading to
efficient designs of multicarrier transceivers, which is not
possible by using the same formulation presented in [10].
Another key feature that distinguishes Theorem 1 from the

results in [10] is that the adopted approach allows us to
work with complex-valued matrices. This is important for
baseband channel models that have complex-valued taps.
Moreover, Theorem 1 does not assume a centro-symmetry
structure of the involved matrix as in [9].

Note that, when s2
v=s2

s -0 and H0F0 is invertible, then

GMMSE
0 -GZF

0 (see Eqs. (2) and (3)). Thus,

rZ1 ,Z�1
ðKMMSEÞ ¼ PQ T-ð�H�1

0 P̂ÞðH�T
0 Q̂ ÞT (see Eqs. (14)

and (15)). These facts, along with Theorem 1, justify the
following new contribution:

Theorem 2. Given a unitary or an orthogonal transmitter

matrix F0, the related ZF-receiver matrix is

GZF
0 ¼

M

2
FH

0 HIII

X2

r ¼ 1

Xp r
HIIHIVXqr

 !
HIV, ð17Þ

where all matrices are analogously defined as in Theorem 1,

except for the generator pair ðP,Q Þ ¼ ð�H�1
0 P̂,H�T

0 Q̂ Þ, with

rZ�1 ,Z1
ðH0Þ ¼ P̂Q̂

T
.

Based on Theorems 1 and 2, the single-carrier solution
can be designed by setting F0 = I, whereas the multicarrier
solution can be designed by setting F0 ¼HIII for both
MMSE and ZF designs.

Fig. 2 depicts the resulting multicarrier transceiver
structure for the zero-forcing receiver. In this transceiver,
the guard period consists of L/2 zeros. After removing the
guard period, the DHT-IV is applied to the received vector.
The first equalization step is performed on the data vector,
that is, the resulting data vector is simultaneously
processed by two different branches of the transceiver.
The equalizers at this stage are the matrices Xq1

and Xq2
.

These matrices contain at most two nonzero elements in
each row (2-tap equalizers). Fig. 3 depicts the structure of
these equalizer matrices, where all matrix entries are zero,
except the ones placed at the gray entries. A final
equalization step is performed in each branch, after the
application of the DHT-IV and DHT-II. Once again, the
equalizers at this stage (Xp1

and Xp2
) have a special

structure depicted in Fig. 3.
Note that the overall equalization process has an

asymptotic complexity of OðMlog2MÞ, as the standard
OFDM transceiver. Obviously, the proposals require more
numerical operations than OFDM transceivers in the
practical non-asymptotic case. In fact, both the proposed
solution and OFDM entail numerical complexities in the
order of Mlog2M, however, the former requires about 3
times the amount of computation of OFDM. Nevertheless,
as illustrated in Fig. 2, it is possible to take advantage of the
inherent parallel structure in order to reduce the proces-
sing time.

This ZF equalizer is completely defined by the vectors
pr and qr . These vectors contain all the information about
the channel, since all the remaining matrices are constant.
However, in order to calculate these vectors, it is necessary
to solve four linear systems H0pr ¼ p̂r and H0qr ¼ q̂r , with
r 2 f1,2g. This stage is the so-called receiver-design problem.
As previously mentioned, the receiver design requires
OðM3Þ computations for general matrices. However, there
are some superfast algorithms that require OðMlog2

2MÞ
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operations with structured matrices, such as Toeplitz
matrices. This will be clarified in the next section.

5. Superfast receiver designs

There is a large number of superfast methods to
compute inverses of structured matrices [8] that may be
used to design the equalizers related to the proposed
transceivers. The aim of this section is to describe Pan’s
divide-and-conquer algorithm and its applications to the
problems at hand [8].

5.1. Pan’s divide-and-conquer algorithm

Given a nonsingular Toeplitz matrix T 2 CM�M and a
pair of vectors x,y 2 CM�1, the linear system Tx = y can be
efficiently solved through Pan’s divide-and-conquer algo-
rithm [20,8]. In fact, assuming both that M=2I, for some
I 2 N, and that the leading principal submatrix T00 2

CM=2�M=2 is nonsingular, then the original Toeplitz matrix
T may always be represented as a 2�2 block matrix, as
follows [20,8,13]:

T¼
T00 T01

T10 T11

" #
¼

I 0

T10T�1
00 I

" #
T00 0

0 S

� �
I T�1

00 T01

0 I

" #
,

ð18Þ

where S¼ T11�T10T�1
00 T01 2 C

M=2�M=2 is the Schur comple-

ment of the block T00 in the matrix T [13]. By using this
decomposition, it is possible to verify that [20,8,13]:

T�1
¼

T00 T01

T10 T11

" #
¼

I �T�1
00 T01

0 I

" #
T�1

00 0

0 S�1

" #
I 0

�T10T�1
00 I

" #

ð19Þ

The main idea of Pan’s divide-and-conquer algorithm is
to apply such decompositions recursively up to the point
where the matrix inversions reduce to inversions of
nonzero scalars. This first step is the so-called descending

process [8]. After that, a bottom-up procedure starts. Thus,
the previously computed 1�1 matrices are used to
calculate the related 2�2 matrices, which are also used
to compute the associated 4�4 matrices, and so forth. This
second step is the so-called lifting process [8]. Accordingly,
the following recursive iteration is implemented:

TðiÞ ¼
Tðiþ1Þ

00 Tðiþ1Þ
01

Tðiþ1Þ
10 Tðiþ1Þ

11

2
4

3
5¼ TðiÞ00 2 C

M=2i
�M=2i

, ð20Þ

where in this recursive iteration, i 2 f0,1, . . . ,I�1g indicates
the recursion level. Moreover, T(0) = T is the original
Toeplitz matrix, whereas T(I)

00 is a scalar number.
Furthermore, the recursive version of Eq. (19) is

ðTðiÞÞ�1
¼

T
ðiþ1Þ

00 T
ðiþ1Þ

01

T
ðiþ1Þ

10 T
ðiþ1Þ

11

2
4

3
5, ð21Þ

in which

T
ðiþ1Þ

00 ¼ ðTðiþ1Þ
00 Þ

�1
þðTðiþ1Þ

00 Þ
�1Tðiþ1Þ

01 ðSðiþ1Þ
Þ
�1Tðiþ1Þ

10 ðTðiþ1Þ
00 Þ

�1,

ð22Þ

T
ðiþ1Þ

01 ¼�ðTðiþ1Þ
00 Þ

�1Tðiþ1Þ
01 ðSðiþ1Þ

Þ
�1, ð23Þ

T
ðiþ1Þ

10 ¼�ðSðiþ1Þ
Þ
�1Tðiþ1Þ

10 ðTðiþ1Þ
00 Þ

�1, ð24Þ

T
ðiþ1Þ

11 ¼ ðSðiþ1Þ
Þ
�1: ð25Þ

Regarding the computational complexity, consider the
matrices (T(i+1)

00 )�1, (S(i+1))�1, T01
(i+1), T10

(i+1), and T11
(i+1)

already known before computing (T(i))�1, at the ith
recursion level. In this case, the number of multiplications
to calculate (T(i))�1 reduces to five matrix multiplications.
In addition, assuming that these five matrix multiplications

have an overall asymptotic complexity ofMðM=2iþ1
Þ, then

the inversion of the original matrix T(0) = T requires [20]

XI�1

i ¼ 0

2iþ1M M

2iþ1

� �
operations, ð26Þ

Fig. 2. Multicarrier minimum-redundancy block transceiver: ZF-MC-MRBT.

Fig. 3. Equalizer-matrix structures.
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since the algorithm must be applied recursively to calculate
the inverse of T(i), as well as the inverse of its related Schur
complement.

As in each recursion step there are several multi-
plications of structured matrices, these multiplications
may be performed with less numerical operations by using
the compressed form of the resulting block matrices. A key
result that helps in such a task is (see Theorem 1.5.6 in [8]):

rXi,i ,Yj,j
ðUi,jÞ ¼=i,j�Ri,j ð27Þ

in which

X¼ ðXi,jÞ
1
i,j ¼ 0 ¼

X0,0 X0,1

X1,0 X1,1

" #
, ð28Þ

Y¼ ðYi,jÞ
1
i,j ¼ 0 ¼

Y0,0 Y0,1

Y1,0 Y1,1

" #
, ð29Þ

U¼ ðUi,jÞ
1
i,j ¼ 0 ¼

U0,0 U0,1

U1,0 U1,1

" #
, ð30Þ

rX,YðUÞ ¼ ð=i,jÞ
1
i,j ¼ 0 ¼

=0,0 =0,1

=1,0 =1,1

" #
, ð31Þ

and Ri,j = Ui,(1� j)Y(1� j),j �Xi,(1� i)U(1� i),j, for i,j 2 f0,1g. For

the particular case where rZ�1 ,Z1
ðH0Þ ¼ P̂Q̂

T
, the partitions

of the operator matrix Zl ¼ ½ðZlÞi,j�
1
i,j ¼ 0, for any l 2 C, are

ðZlÞ00 ¼

0 0

1 &

& &

1 0

2
6664

3
7775

M=2�M=2

,

ðZlÞ01 ¼

0 l
0 &

& &

0 0

2
6664

3
7775

M=2�M=2

ð32Þ

ðZlÞ10 ¼

0 1

0 &

& &

0 0

2
6664

3
7775

M=2�M=2

,

ðZlÞ11 ¼

0 0

1 &

& &

1 0

2
6664

3
7775

M=2�M=2

, ð33Þ

where the blank entries contain zeros.
These partitions of Zl�type operator matrices imply

that Ri,j can always be computed very fast, since X0,1, X1,0,
Y0,1, and Y1,0 have at most one nonzero coefficient. Thus,
by using Eq. (27), it is possible to induce a compressed
form into the block matrices of the partition, at each
recursion. Hence, with this result, along with the applica-
tion of Eqs. (7), (9), and (10), the inverse of T can be
computed in an efficient way. In fact, as multiplications of
M�M matrices using their generator pairs (with operator
matrices of Zl�type) can be calculated with
MðMÞ ¼OðMlog2MÞ operations (see Theorems 3.4 and 2.3
in [21]), the asymptotic computational complexity is

MðM=2iþ1
Þ ¼OðM=2iþ1log2ðM=2iþ1

ÞÞ operations, at the
ith recursion level. Substituting this complexity in Eq. (26),
one can verify that the overall asymptotic computational
complexity to invert T is OðMlog2

2MÞ [20,8].
Table 1 contains a pseudo-code description of Pan’s

divide-and-conquer algorithm. Some important points
must be highlighted:

� All multiplications of displacements by matrices can be
performed in a superfast way by using decompositions
similar to the one in Theorem 1. This explains why the
algorithm does not calculate the inverse of the input
matrix, but only the displacement of the inverse
of the input matrix. For example, the product
T�1

00rðZZÞ00 ,ðZxÞ11
ðT01Þ is implemented without using the

matrix T00
�1, since the displacement rðZxÞ00 ,ðZZÞ00

ðT�1
00 Þ is

the only information required to compute this product
in a superfast manner;
� After successive applications of Eq. (9), the generator-

pair matrices may have more columns than their rank,
eventually increasing the computational complexity.
Nonetheless, this difficulty can be overcome by applying
Theorem 4.6.4 of [8], which states that a generator pair

ðP,Q Þ 2 CM�S
�CM�S, where rank fPQ T

g ¼ RoS, may be

transformed into a generator pair ð ~P, ~Q Þ 2 CM�R
�CM�R

with only OðS2MÞ operations, where ~P ~Q
T
¼ PQ T ;

� In order to apply Pan’s algorithm to the ZF-based
receiver design, the input of the algorithm must be the
matrix H0 and its associated displacement matrix,
whereas the output is rZ1 ,Z�1

ðH�1
0 Þ. With the knowledge

of the displacement of the channel matrix inverse, one
may compute all vectors related to the equalizer design
(see Section 4) using only OðMlog2MÞ numerical
operations;
� In order to use this algorithm to the MMSE-based

receiver design, one may adapt Pan’s algorithm and set

½H0HH
0 þðs2

v=s2
s ÞI� as the input matrix. The MMSE

solution is calculated by applying the result of Eq. (9),

with U = H0
H and V¼ ½H0HH

0 þðs2
v=s2

s ÞI�
�1. Once again,

after running Pan’s divide-and-conquer algorithm, all
vectors related to the equalizer design may be com-

puted employing OðMlog2MÞ operations;
� Note that there are several practical applications where the

equalizer-design problem is seldom solved. For instance, in
many wireline communications systems, the channel
model does not need to be updated often. This eventually
means that the dominant problem is the equalization. The
real transform-based proposals in Section 4 solve the
equalization problem in a very efficient way, requiring only
OðMlog2MÞ computations. The aim of this section was to
elucidate an application of Pan’s divide-and-conquer
algorithm to the situations where the equalizer design is
also a concern. The described solution for the equalizer-
design problem employs OðMlog2

2MÞ operations.

6. Simulations

The aim of this section is to compare the throughput
performance of the proposed transceivers against the
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traditional OFDM and SC-FD systems4 through simula-
tions. In order to do so, it is transmitted 500 blocks with
M=32 QPSK data symbols, without taking into account the
redundant zeros required. The transmitting process is
repeated 10,000 times and a new channel is generated for
each transmission. All channels have order L=20, repre-
senting delay constrained applications in very dispersive
environments. The real and imaginary parts of the channel
coefficients are independently drawn from a white and
Gaussian stochastic process, resulting in a Rayleigh
channel with constant-power profile [4,5].

The adopted figure of merit is the throughput achieved
by each technique, whose definition is

Throughput¼ rRc
M

MþK
ð1�BLERÞfs bps, ð34Þ

where r is the number of bits required to represent one
symbol in the constellation C, Rc is the code rate, K is the

amount of redundancy (L or L/2), fs = 500 kHz is the sample
frequency, and BLER is the block-error rate. In this
example, we use a convolutional code with constraint
length 7, Rc=1/2, and generators g0=[133] (octal) and g1

=[165] (octal). This configuration is adapted from the
3G-LTE specifications [23]. Furthermore, for the BLER
computation, we consider that a data block of 32 bits5 is
lost if at least one of its received bits, after channel
decoding, is incorrect.

As observed in Figs. 4 and 5, the throughput
performances of the proposed multicarrier and single-
carrier minimum-redundancy block transceivers
(MC-MRBT and SC-MRBT, respectively) are better than
the traditional systems, except for SNRs lower than 21 dB
in the ZF solutions. The proposed ZF solutions are effective
only for high SNRs, since most of Toeplitz matrices, such as
H0, induce larger noise enhancements than circulant
matrices, for the same channel model [5]. This implies
that, even though the proposed ZF solutions use only half
the amount of redundancy of standard ZF-OFDM and
ZF-SC-FD systems, more data blocks are discarded due to

Table 1
Pseudo-code of Pan’s divide-and-conquer algorithm to invert structured matrices.

Pan’s divide-and-conquer algorithm (PDCA)

[rZx ,ZZ ðT
�1
Þ, IsEnd ] = pdca(T, rZZ ,Zx ðTÞ, IsEnd);

M = dimension {T};

Define T00, T01, T10, and T11 as in Eq. (18);

Define ðZlÞ00, ðZlÞ01, ðZlÞ10, and ðZlÞ11 as in Eqs. (32) and (33), 8l;

Define rðZZ Þ00 ,ðZx Þ00
ðT00Þ, rðZZ Þ00 ,ðZx Þ11

ðT01Þ,

rðZZ Þ11 ,ðZx Þ00
ðT10Þ, and rðZZ Þ11 ,ðZx Þ11

ðT11Þ as in Eq. (27);

If (M=2), then do

{

T00
�1 =1/T00;

S�1 = 1/(T11 � T10T00
�1T01);

IsEnd = TRUE;

}

if (IsEnd = FALSE), then do

{

[ rðZx Þ00 ,ðZZ Þ00
ðT�1

00 Þ, IsEnd ] = pdca(T00, rðZZ Þ00 ,ðZx Þ00
ðT00Þ, IsEnd);

}

if ðMa2Þ and (IsEnd = TRUE), then do

{

rðZZ Þ11 ,ðZZ Þ00
ðT10T�1

00 Þ ¼rðZZ Þ11 ,ðZx Þ00
ðT10ÞT

�1
00 þT10rðZx Þ00 ,ðZZ Þ00

ðT�1
00 Þ;

rðZZ Þ11 ,ðZx Þ11
ðT10T�1

00 T01Þ ¼rðZZ Þ11 ,ðZZ Þ00
ðT10T�1

00 ÞT01þðT10T�1
00 ÞrðZZ Þ00 ,ðZx Þ11

ðT01Þ;

rðZZ Þ11 ,ðZx Þ11
ðSÞ ¼rðZZ Þ11 ,ðZx Þ11

ðT11Þ�rðZZ Þ11 ,ðZx Þ11
ðT10T�1

00 T01Þ;

[rðZx Þ11 ,ðZZ Þ11
ðS�1
Þ, ‘‘don’t care’’ ] = pdca(S, rðZZ Þ11 ,ðZx Þ11

ðSÞ, FALSE);

}

rðZx Þ11 ,ðZZ Þ11
ðT11Þ ¼rðZx Þ11 ,ðZZ Þ11

ðS�1
Þ;

rðZx Þ11 ,ðZZ Þ00
ðT10Þ ¼ �rðZx Þ11 ,ðZZ Þ11

ðS�1
ÞðT10T�1

00 Þ�S�1rðZZ Þ11 ,ðZZ Þ00
ðT10T�1

00 Þ;

rðZx Þ00 ,ðZx Þ11
ðT�1

00 T01Þ ¼rðZx Þ00 ,ðZZ Þ00
ðT�1

00 ÞT01þT�1
00rðZZ Þ00 ,ðZx Þ11

ðT01Þ;

rðZx Þ00 ,ðZZ Þ11
ðT01Þ ¼ �rðZx Þ00 ,ðZx Þ11

ðT�1
00 T01ÞS

�1
�ðT�1

00 T01ÞrðZx Þ11 ,ðZZ Þ11
ðS�1
Þ;

rðZx Þ00 ,ðZZ Þ00
ðT01T10T�1

00 Þ ¼rðZx Þ00 ,ðZZ Þ11
ðT01ÞðT10T�1

00 ÞþT01rðZZ Þ11 ,ðZZ Þ00
ðT10T�1

00 Þ;

rðZx Þ00 ,ðZZ Þ00
ðT00Þ ¼rðZxÞ00 ,ðZZ Þ00

ðT�1
00 Þ�rðZx Þ00 ,ðZZ Þ00

ðT01T10T�1
00 Þ;

Define rZx ,ZZ ðT
�1
Þ using both Eqs. (27) and (31);

4 Since the proposed transceivers use zeros as redundant elements,

the adopted OFDM and SC-FD systems are the ZP-OFDM-OLA and ZP-SC-

FD-OLA [22], where ZP and OLA stand for zero-padding and overlap-and-

add, respectively. Like the traditional cyclic-prefix-based systems, these

ZP-based transceivers also induce a circulant channel matrix, allowing

the use of superfast algorithms, such as FFT.

5 A data block stems from 32 data bits that generate 64 bits after

channel coding. Such bits are mapped into M=32 QPSK symbols.
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bit errors after channel decoding. Nonetheless, the
advantages of using the proposed MMSE transceivers is
remarkable in both multicarrier and single-carrier
transmissions.

The proposals presented in this paper are suitable for delay
constrained transmissions in very dispersive environments,
i.e., setups where the assumption L5M is not reasonable. The
above example can be cast as delay constrained application in
dispersive environment, since L	 0:6M. For those transmis-
sions where L5M, one may prefer to use the traditional
OFDM or SC-FD systems for two main reasons: (i) it may not
be worth increasing the non-asymptotic computational
complexity of the transceiver in order to decrease the
redundancy that is already small; and (ii) the noise enhance-
ment associated with the proposed transceivers is larger when
L5M. In order to give an example, consider a transmission
with all parameter values equal to the previous example,
except for the fact that now M=32 and L=6.

Figs. 6 and 7 depict the results for both multicarrier and
single-carrier transmissions, respectively. Once again, the

proposed MMSE transceivers are more efficient than the
standard MMSE systems. However, it is clearer now that
the proposed ZF solutions is more sensitive to the presence
of noise than the standard ZF-OFDM and ZF-SC-FD
systems, whenever L5M.

As a final example, it is transmitted 100,000 data
blocks, each one of them with M=16 QPSK symbols,
through a channel whose transfer function is [24]

HðzÞ ¼ 1þ0:5z�1�0:7z�2þ0:9z�3þz�4: ð35Þ

In this case, L=4 and all the other parameter values are the
same as in the previous examples.6

Figs. 8 and 9 contain the obtained results. One may
observe a similar behavior of the proposed transceivers for
this particular channel. The proposed MMSE solutions with
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6 We do not consider random channels here since they are

considered in the previous examples. In this case, our aim is to verify

the performance in a slow-variant channel (modeled as a fixed channel), a

typical setup of practical wireline applications.
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minimum redundancy are always better than their tradi-
tional counterparts, whereas the proposed ZF-MC-MRBT
transceiver achieves higher throughputs than the tradi-
tional ZF-OFDM system for SNRs greater than 15 dB (see
Fig. 8). On the other hand, the proposed ZF-SC-MRBT
transceiver always outperforms the ZF-SC-FD system in
this example, as depicted in Fig. 9.

7. Concluding remarks

In this paper we proposed transceivers using real
discrete Hartley transforms with minimum redundancy
for block data transmission. The ZF and MMSE solutions
employ only DHT, diagonal, and antidiagonal matrices,
turning the new transceivers computationally efficient. Our
approach relied on the properties of structured matrices
using the concepts of Sylvester and Stein displacements.
These concepts aimed at exploiting the structural properties
of typical channel matrix representations. It was derived

new DHT-based representations of Toeplitz inverses and
pseudo-inverses, which were the key tools to reach the
proposed solutions for the multicarrier and single-carrier
systems. A key feature of the proposed schemes is that no
constraint is imposed on the channel model. Simulation
results demonstrate that the solutions allow higher
throughput in a number of situations, revealing the
potential usefulness of the DHT-based transceivers.
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Appendix A. Proofs of Theorem 1 and other side results

Before demonstrating Theorem 1, it will be helpful to
state some supporting results, as follows:

Lemma 1 (Martins and Diniz [9]). The four DFT matrices

defined in Subsection 3.1 obey the following identities:

Z1 ¼WH
I D1WI ¼WH

II D1WII, ð36Þ

Z�1 ¼WH
IIID�1WIII ¼WH

IVD�1WIV, ð37Þ

where D1 = diag{WM
m}m = 0

M�1 contains all the Mth unit roots,
and D�1 ¼ diagfWm

M expð�jp=MÞgM�1
m ¼ 0 contains all the Mth

roots of �1, with WM ¼ expð�j2p=MÞ.

Proof. First, consider that i 2 f0,1, . . . ,M�2g. Thus,

½D1WI�ij ¼Wi
MWij

M=
ffiffiffiffiffi
M
p
¼Wiðjþ1Þ

M =
ffiffiffiffiffi
M
p
¼ ½WI�iðjþ1Þ ¼ ½WI Z1�ij.

Second, consider that j = M�1. In this case, it follows

that ½D1WI�iðM�1Þ ¼Wi
MWiðM�1Þ

M =
ffiffiffiffiffi
M
p
¼WiM

M =
ffiffiffiffiffi
M
p
¼ 1=

ffiffiffiffiffi
M
p
¼

½WI�i0 ¼ ½WIZ1�iðM�1Þ. The other three identities can be

analogously proved. &

A vector m 2 CM�1 is even if Jum ¼ m, it is odd if Jum ¼�m, it
is quasi-even if J00m ¼ m, and it is quasi-odd if J00m ¼�m, where
Ju¼ ½e1 eM � � � e3 e2� and J00 ¼ ½�e1 eM � � � e3 e2�. The defi-
nitions of quasi-even and quasi-odd were necessary in
order to fix a related lemma stated in [19]. The authors of
the referred paper did not distinguish between quasi-even/
odd and even/odd vectors.

Lemma 2 (Martins and Diniz [9], Heinig and Rost [19]).
Given an even vector me 2 C

M�1, an odd vector mo 2 C
M�1, a

quasi-even vector mqe 2 C
M�1, and a quasi-odd vector

mqo 2 C
M�1, it follows that:

WIme ¼HIme and WImo ¼�jHImo, ð38Þ

WIIImqe ¼�jHIIImqe and WIII mqo ¼HIII mqo: ð39Þ

Lemma 3 (Martins and Diniz [9]). Given ðP,Q Þ 2
CM�R

�CM�R, with R 2N, then

jWIP¼HIðjPþ þP�Þ ¼ P ð40Þ

and

WIIIZ�1Q ¼HIIIð�jQ þ þQ�Þ ¼Q , ð41Þ

where P7 ¼ ðP7 JuPÞ=2 and Q 7 ¼ ðZ�1Q 7 J00Z�1Q Þ=2.
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Proof. Since P7 ¼ ðP7 JuPÞ=2 and Q 7 ¼ ðZ�1Q 7
J00Z�1Q Þ=2, then each column vector of P+ is an even
vector, whereas each column vector of Q+ is a quasi-even
vector. In addition, the columns of P� and Q� are odd and
quasi-odd vectors, respectively. By applying Lemma 2, one
has that jWIP¼ jHIPþ þHIP� ¼HIðjPþ þP�Þ ¼ P and
WIIIZ�1Q ¼�jHIIIQ þ þHIIIQ� ¼HIIIð�jQ þ þQ�Þ ¼Q .
&

Lemma 4 (Heinig and Rost [10]). The Hartley transforms HII

and HIV obey the following relationship:

½HIIHIV�ij ¼
1

M

1

sin
ð2iþ2jþ1Þp

2M

� � : ð42Þ

In addition to these results, it is rather straightforward to
verify that [10,19] (see Eq. (12)):

WII ¼ diag exp �j
p
M

m
� 	n oM�1

m ¼ 0
WI, ð43Þ

WIV ¼ diag exp �j
p

2M
ð2mþ1Þ

� 	n oM�1

m ¼ 0
WIII: ð44Þ

Proof of Theorem 1. As shown in Lemma 1, Z1 = WII
HD1WII

and Z�1 = WIV
H D�1WIV. By using these facts while applying

the Stein displacement DD1 ,D�1
to the matrix

~K ¼WIIKMMSEWIV, it follows that

DD1 ,D�1
ð ~KÞ ¼ ~K�D1

~KD�1

¼ ~K�ðWIIZ1WH
II Þ
~KðW�

IVZT
�1WIVÞ

¼WIIðKMMSE�Z1KMMSEZT
�1ÞWIV: ð45Þ

But, KMMSE�Z1KMMSEZT
�1 ¼DZ1 ,ZT

�1
ðKMMSEÞ. Thus, by using

the result that DX,Y�1 ðUÞ ¼�rX,YðUÞY
�1 (see Eq. (8)) and

the fact that Z�1
T =Z�1

�1, it follows that

DD1 ,D�1
ð ~KÞ ¼�WIIrZ1 ,Z�1

ðKMMSEÞZ
T
�1WIV: ð46Þ

As rZ1 ,Z�1
ðKMMSEÞ ¼ PQ T , it results DD1 ,D�1

ð ~KÞ ¼ ð�WIIPÞ

ðWIVZ�1Q ÞT . Similarly as done in [9], it is straightforward
to verify that

½ ~K�ij ¼
½ð�WIIPÞðWIVZ�1Q ÞT �ij

1�e�jð2iþ2jþ1Þp=M

 � ð47Þ

¼
ejip=M ½ð�WIIPÞðWIVZ�1Q ÞT �ije

jð2jþ1Þp=2M

ejð2iþ2jþ1Þp=2M�e�jð2iþ2jþ1Þp=2M
ð48Þ

¼
½ðjWIPÞðWIIIZ�1Q ÞT �ij

2sin
ð2iþ2jþ1Þp

2M

� � , ð49Þ

where we employed the identities in Eqs. (43) and in (44).

As shown in Lemma 3, jWIP¼HIðjPþ þP�Þ ¼ P and

WIIIZ�1Q ¼HIIIð�jQ þ þQ�Þ ¼Q , where P7 ¼ ðP7 JuPÞ=2

and Q 7 ¼ ðZ�1Q 7 J00Z�1Q Þ=2. Then, it follows that

½ ~K�ij ¼
½PQ

T
�ij

2sin
ð2iþ2jþ1Þp

2M

� � : ð50Þ

This equation along with Lemma 4 yield

WIIKMMSEWIV ¼
M

2

X4

r ¼ 1

Dp r
HIIHIVDq r

 !
, ð51Þ

where P ¼ ½p1 � � �p4�, Q ¼ ½q1 � � �q4�, Dp r
¼ diagfprg, and

Dq r
¼ diagfqrg.

Since it is easy to verify that7

HIIIWII ¼
ð1�jÞIþð1þ jÞJ

2
¼
ð1þ jÞIþð1�jÞJ

2

� ��1

, ð52Þ

WIVHIV ¼
ð1�jÞI�ð1þ jÞJ

2
¼
ð1þ jÞI�ð1�jÞJ

2

� ��1

, ð53Þ

and by taking into account the fact that JHIII ¼�HIIIJ00 and

that HIVJ¼ JHIV [10,19], then

KMMSE ¼
M

2
HIII

X4

r ¼ 1

Xp r
HIIHIVXq r

 !
HIV, ð54Þ

where Xpr
¼ðaDpr

�bJ00Dp r
Þ, Xqr

¼ðaDq r
�bDq r

JÞ, a¼ð1þjÞ=2,

and b¼ ð1�jÞ=2. Hence, the result of Theorem 1 follows.
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