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Abstract Set-membership (SM) adaptive filtering is appealing in many practical sit-
uations, particularly those with inherent power and computational constraints. The
main feature of the SM algorithms is their data-selective coefficient update leading to
lower computational complexity and power consumption. The set-membership affine
projection (SM-AP) algorithm does not trade convergence speed with misadjustment
and computation complexity as many existing adaptive filtering algorithms. In this
work analytical results related to the SM-AP algorithm are presented for the first
time, providing tools to setup its parameters as well as some interpretation to its de-
sirable features. The analysis results in expressions for the excess mean square error
(MSE) in stationary environments and the transient behavior of the learning curves.
Simulation results confirm the accuracy of the analysis and the good features of the
SM-AP algorithms.

Keywords Adaptive filter analysis · Analysis of the set-membership affine
projection algorithm

1 Introduction

In recent years the affine projection (AP) algorithm, first proposed in [12, 13], has
gained increasing popularity due to its faster convergence than the stochastic gradient
algorithms, such as the LMS, and its lower computational complexity than the RLS
algorithm [3, 12, 13]. The AP algorithm reuses old data, leading to fast convergence
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when the input signal is highly correlated. Unfortunately the AP algorithms trade off
computational complexity with convergence speed.

Set-membership (SM) adaptive filtering algorithms [2, 4–11, 18, 20–22] have been
increasingly discussed in the literature, since they reduce the computational burden
while bringing about some improvements in the overall performance. In the standard
case the filter coefficients are updated such that the output estimation error is upper
bounded by a prescribed threshold. The SM adaptive filters employ a deterministic
objective function related to a bounded error constraint on the filter output such that
the updates belong to a set of feasible solutions. The SM adaptive filtering algorithms
are inherently data-selective, whereby a given rule decides if updates are required or
not. The data selection is the key component to reduce the computational burden [3].

Despite the AP algorithms being very appealing in applications requiring a trade-
off between convergence speed and computational complexity, these algorithms
might have a high misadjustment. Therefore, their combination with deterministic
objective functions, leading to data-selective updating, results in computationally ef-
ficient algorithms with low misadjustment and high convergence speed such as the
SM-AP algorithms first proposed in [20].

Analytical results concerning the SM-AP algorithms are so far lacking in the open
literature, even though the binormalized SM algorithm [4] was briefly analyzed for a
very particular model for the input signal vector. This work presents the analysis of
the simplified SM-AP algorithms leading to useful closed-form expressions for the
excess mean square error (MSE) in stationary environments as well as quite insightful
interpretations for the algorithms convergence behavior. The approach utilized in the
analysis relies on energy conservation concepts recently used to derive analytical
results related to a number of adaptive filtering algorithms [16, 23]. The analytical
results presented explain some observed experimental features and provide tools for
correctly setting up the algorithm parameters for a given application. In particular, it
is shown for the first time how the probability of coefficient update can be controlled
by a deterministic threshold parameter inherent to the SM algorithms. Unlike other
existing adaptive filtering algorithms, the SM-AP algorithms are very robust in the
sense that they achieve low excess mean square error without slowing down the speed
of convergence.

This paper is organized as follows. The next section provides a brief review of set-
membership filtering. In Sect. 3 the SM-AP algorithms are briefly derived. Section 4
discusses the energy conservation method for convergence analysis along with its
application to the SM-AP algorithms, whereas Sect. 5 derives expressions for the
excess mean square error (MSE) and misadjustment related to the simplified SM-
AP algorithm. In Sect. 6 the transient behavior of the SM-AP algorithm is addressed
followed by some discussions. Section 7 presents some simulation results in order to
assess the validity of the analytical results.

2 Set-Membership Filtering

Set-membership filtering (SMF) consists of a concept suitable to adaptive filtering
problems that are linear in parameters. Let us start by defining the adaptive filter
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output

y(k) = wTx(k) (1)

where x(k) = [x0(k) x1(k) . . . xN(k)]T is the input signal vector, and w =
[w0 w1 . . . wN ]T is the parameter vector.

Assuming the availability of a desired signal sequence d(k) and a sequence of
input vectors x(k), both for k = 0,1,2, . . . ,∞, the estimation error sequence e(k) is
defined as

e(k) = d(k) − wTx(k) = d(k) − y(k) (2)

also for k = 0,1,2, . . . ,∞. The desired signal is given by

d(k) = wT
o x(k) + n(k) (3)

The vectors x(k) and w ∈ R
N+1, where R represents the set of real numbers, whereas

e(k) and y(k) represent the output error and adaptive filter output signal, respectively.
The objective of the SMF is to choose w such that the magnitude of estimation output
error is upper bounded by a prescribed quantity γ . If the value of γ is appropriately
chosen, several valid estimates for w are possible. That means any filter parameter is
acceptable as long as the magnitude of the output estimation error is smaller than the
deterministic threshold γ . The bounded error constraint results a in set of estimates,
rather than a single one. If γ is chosen too small there might be no solution.

In actual applications only measured data are available. Given a set of data pairs
{x(i), d(i)}, for i = 0,1, . . . , k, we can define H(k) as the set containing all vectors w
such that the associated output error at time instant k is upper bounded in magnitude
by γ . That means,

H(k) = {
w ∈ R

N+1 : ∣∣d(k) − wTx(k)
∣∣≤ γ

}
(4)

The set H(k) is known as the constraint set. The boundaries of H(k) are hyperplanes.
For the two-dimensional case, where the coefficient vector has two elements, H(k)

represents the region between the lines where d(k) − wTx(k) = ±γ as depicted in
Fig. 1. For more than two dimensions, H(k) represents the region between two par-
allel hyperplanes in the parameter space w.

Each data pair is associated with a constraint set. As a consequence the intersection
of the constraint sets over all the available iterations i = 0,1, . . . , k, is called the exact
membership set ψ(k), formally defined as

ψ(k) =
k⋂

i=0

H(i) (5)

The set ψ(k) represents a polyhedron in the parameter space, and one of the main
objectives of the SMF is to find the polyhedron location.

In the early iterations it is likely that the constraint set reduces the size of the
membership-set polyhedron as illustrates Fig. 2a. The polyhedron in w, represented
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Fig. 1 Constraint set in w plane
for a two-dimension example

by ψ(k − 1), becomes small if the set of data pairs includes substantial innovation.
This condition is usually met after a large number of iterations k, when most likely
ψ(k) = ψ(k − 1), where ψ(k − 1) is already placed inside the constraint set H(k), as
depicted in Fig. 2b. In such situation, the parameters do not require updating since the
current membership set is inside the constraint set, giving rise to a data-dependent se-
lection of update. This selective updating opens venues for power and computational
savings, particularly important in power constrained devices such as mobile stations.

3 Set-Membership Affine Projection Algorithm

The exact membership set ψ(k) described in (5) suggests the use of more constraint-
sets in the update [20]. The SM-AP algorithms perform updates belonging to the past
L + 1 constraint sets. In order to describe the algorithm let us define ψ(k) as

ψ(k) =
(

k−L−1⋂

i=0

H(i)

)
⋂

(
k⋂

j=k−L

H(j)

)

= ψk−L−1(k)
⋂

ψL+1(k) (6)

where ψL+1(k) represents the intersection of the L + 1 last constraint sets, whereas
ψk−L−1(k) is the intersection of the first k − L constraint sets. The goal here is to
generate an algorithm whose coefficient update belongs to the last L + 1 constraint-
sets, i.e., w(k + 1) ∈ ψL+1(k).

Let us assume we have available the last L + 1 input signal vectors in a matrix as
follows:

X(k) = [
x(k) x(k − 1) . . . x(k − L)

]
(7)

where X(k) ∈ R
(N+1)×(L+1) contains the available inputs, with x(k) being the input-

signal vector. The vectors representing the data available at a given iteration k, namely
the input-signal, the desired signal, and error vectors, are given by

x(k) = [
x(k) x(k − 1) . . . x(k − N)

]T (8)
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Fig. 2 Exact membership set ψ(k) and its possible intersection with the constraint set H(k)

d(k) = [
d(k) d(k − 1) . . . d(k − L)

]T (9)

e(k) = [
e(k) e1(k) . . . eL(k)

]T (10)

where x(k) ∈ R
(N+1)×1, and e(k) ∈ R

(L+1)×1 and d(k) ∈ R
(L+1)×1 contain infor-

mation from the L + 1 last time instants. The elements of the error vector are defined
as ei(k) = d(k − i) − xT(k − i)w, for k = 1, . . . ,L.

We denote as S(k − i + 1) the hyperplane which contains all vectors w such that
d(k − i + 1) − wTx(k − i + 1) = γi(k), for i = 1, . . . ,L + 1, where the values of
γi(k) represent the bound constraint to be met by the error magnitudes after co-
efficient updating. The possible choices for the parameters γi(k) will be presented
later on, but for now any choice satisfying the bound constraint is valid. That means
if all γi(k) are chosen such that |γi(k)| ≤ γ then S(k − i + 1) ⊂ H(k − i + 1), for
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Fig. 3 SM-AP algorithm coefficient update, L = 1

i = 1, . . . ,L + 1. Vector γ (k) ∈ R
(L+1)×1 specifies the point in ψL+1(k), where

γ (k) = [
γ1(k) γ2(k) . . . γL+1(k)

]T (11)

The SM-AP algorithm minimizes the objective function by performing a coeffi-
cient update whenever w(k) /∈ ψL+1(k) in such a way that

min
∥∥w(k + 1) − w(k)

∥∥2 (12)

subject to:

d(k) − XT(k)w(k + 1) = γ (k) (13)

Figure 3 depicts a typical coefficient update related to the SM-AP algorithm for the
case with two parameters, i.e., for L = 1 and |γi(k)| < |γ |, such that w(k + 1) is not
placed at the border of H(k).

The updating equation for the general SM-AP algorithm is given by [3]

w(k + 1) =
{

w(k) + X(k)[XT(k)X(k)]−1[e(k) − γ (k)] if |e(k)| > γ

w(k) otherwise
(14)

where

e(k) = [
e(k) ε(k − 1) . . . ε(k − L)

]T (15)

with ε(k − i) = d(k − i) − xT(k − i)w(k) denoting the a posteriori error calcu-
lated with the data pair of iteration k − i using the coefficients of iteration k, for
i = 1, . . . ,L.

Some properties inherent to the SM-AP algorithm are: (i) for time instants k <

L + 1, i.e., during initialization, we can only assume knowledge of H(i) for i =
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0,1, . . . , k, so that if an update is needed when k < L + 1, the algorithm is used
with the only k + 1 constraint sets available; (ii) to verify if an update w(k + 1) is
required, we only have to check if w(k) /∈ H(k) since due to previous updates w(k) ∈
H(k − i + 1) holds for i = 2, . . . ,L + 1; (iii) when γ = 0 the algorithm updates all
the time and resembles the conventional AP algorithm with unity step-size.

3.1 A Simple Vector γ (k)

Any choices for the γi(k) are valid as long as they correspond to points repre-
sented by the adaptive filter coefficients in H(k − i + 1), i.e., |γi(k)| ≤ γ , ∀i. One
can exploit this freedom in order to make the resulting algorithm more suitable
for a target application. A particularly simple SM-AP version is obtained if each
γi(k) for i �= 1 corresponds to the a posteriori error ε(k − i + 1) = d(k − i + 1) −
wT(k)x(k − i + 1). Since the coefficients were updated considering previous data
pairs, at the current iteration it is true that w(k) ∈ H(k − i + 1), i.e., |ε(k − i + 1)| =
|d(k − i + 1) − xT(k − i + 1)w(k)| ≤ γ , for i = 2, . . . ,L + 1. Therefore, by choos-
ing γi(k) = ε(k − i + 1), for i �= 1, all the elements on the right-hand side of (14)
become zero, except for first element. The constraint value γ1(k) can be selected as
in the SM-NLMS algorithm where γ1(k) is such that the solution lies at the nearest
boundary of H(k), i.e.,

γ1(k) = γ
e(k)

|e(k)| = γ sgn
[
e(k)

]
(16)

Such choices lead to the following update equation for the simplified SM-AP algo-
rithm

w(k + 1) = w(k) + X(k)
[
XT(k)X(k)

]−1
μ(k)e(k)u1 (17)

where u1 = [1 0 . . . 0]T and

e(k) = d(k) − wT(k)x(k) (18)

μ(k) =
{

1 − γ
|e(k)| if |e(k)| > γ

0 otherwise
(19)

This algorithm minimizes the Euclidean distance ‖w(k + 1) − w(k)‖2 subject to the
constraint w(k + 1) ∈ ψL+1(k) such that the a posteriori errors at iteration k − i,
ε(k − i), are kept constant for i = 2, . . . ,L + 1. Figure 4 illustrates a typical coeffi-
cient updating for the simplified SM-AP algorithm where it is observed that the a pos-
teriori error related to previous data remains unaltered. The simplified SM-AP algo-
rithm, given by (17), will perform an update if and only if w(k) /∈ H(k), or |e(k)| > γ .
The step-by-step description of the simplified SM-AP algorithm is presented below.
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Fig. 4 Simplified SM-AP algorithm coefficient update with constant a posteriori error, L = 1

The Simplified SM-AP Algorithm
Initialization
x(0) = w(0) = [0 . . . 0]T

choose γ around
√

3σn (to be explained)
δ = small constant
Do for k ≥ 0
e(k) = d(k) − XT(k)w(k)

μ(k) =
{

1 − γ
|e(k)| if |e(k)| > γ

0 otherwise

w(k + 1) = w(k) + X(k)
[
XT(k)X(k) + δI

]−1
μ(k)e(k)u1

In the following sections we proceed with the analysis of the SM-AP algorithm
under the assumptions:

• The additive noise is white and statistically independent of the input signal.
• The inverse of the correlation matrix is statistically independent of both the a priori

error and the noise.
• The error in the coefficients during the transient is independent of the data.
• The a priori error e(k) is modeled as a zero-mean Gaussian process, after conver-

gence.

4 Energy Expressions in the Simplified SM-AP Algorithms

Convergence analyses of the set-membership affine projection algorithms are not
available in the literature. Previous analysis of related algorithms, namely the set-
membership binormalized data reusing LMS algorithms [1, 4, 17], relied on sim-
plified assumptions and was not extended to the set-membership affine projection
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algorithms. The analysis presented here utilizes the framework of energy conserva-
tion [16, 19]. This tool has been employed to analyze several adaptive filtering al-
gorithms [23]. The approach is particularly useful to analyze the affine projection
algorithm in a simpler way than previous analyses [19].

Whenever required, the updating equation of the set-membership affine projection
algorithm has the following form

w(k + 1) = w(k) + X(k)
[
XT(k)X(k) + δI

]−1
μ(k)e(k)u1 (20)

the term δI should always be included in the updating equation for regularization pur-
poses, that is, to avoid the situations where [XT(k)X(k)]−1 becomes ill-conditioned.
The value of δ should be small so that the regularization does not noticeably affect
the behavior of the algorithm.

Before proceeding it should be considered that a coefficient update will not take
place all the time. This can be addressed by associating to the coefficient updating
equation of the SM-AP algorithm a probability of updating denoted by Pup(k). This
strategy enables us to employ the energy conservation approach with Pup(k) rep-
resenting the mean value of the probability of updating that depends on the mean
value of the squared coefficient-error vector norm E[‖�w∞‖2], as discussed in the
Appendix. A model for the underlying updating equation, taking into account the
probability of updating, can be alternatively described by

�w(k + 1) = �w(k) + Pup(k)X(k)
[
XT(k)X(k) + δI

]−1
μ(k)e(k)u1 (21)

where �w(k) = w(k) − wo.
Using the definition of the squared error and applying the expected value operator

we obtain

ξ(k) = E
[
e2(k)

]

= E
[
n2(k)

]− 2E
[
n(k)�wT(k)x(k)

]+ E
[
�wT(k)x(k)xT(k)�w(k)

]
(22)

If the additive noise is zero mean and independent of all other variables and applying
the orthogonality principle, we can simplify the expression above as follows:

ξ(k) = σ 2
n + E

[
�wT(k)x(k)xT(k)�w(k)

]= σ 2
n + E

[
ẽ2

0(k)
]

(23)

where ẽ0(k) is the first element of vector ẽ(k) to be defined in (26), and E[n2(k)] =
σ 2

n .
By premultiplying (21) by the input vector matrix, the following expressions re-

sult:

XT(k)�w(k + 1) = XT(k)�w(k)

+ Pup(k)XT(k)X(k)
[
XT(k)X(k) + δI

]−1
μ(k)e(k)u1 (24)

−ε̃(k) = −ẽ(k) + Pup(k)XT(k)X(k)
[
XT(k)X(k) + δI

]−1
μ(k)e(k)u1

where

ε̃(k) = −XT(k)�w(k + 1) (25)
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is the noiseless a posteriori error vector and

ẽ(k) = −XT(k)�w(k) = e(k) − n(k) (26)

is the noiseless a priori error vector, with n(k) = [n(k) n(k − 1) . . . n(k − L)]T

representing the standard noise vector.
Let us now define the following quantity:

e(k) = μ(k)e(k)u1 (27)

With the above definition, by solving (24), we get
(
XT(k)X(k)

)−1(ẽ(k) − ε̃(k)
)= Pup(k)

(
XT(k)X(k) + δI

)−1e(k) (28)

Multiplying X(k) on both sides of the above equation and then replacing the resulting
equation in (21), the resulting expression is given by

�w(k + 1) − X(k)
(
XT(k)X(k)

)−1ẽ(k) = �w(k) − X(k)
(
XT(k)X(k)

)−1
ε̃(k) (29)

From the above equation, by following similar steps as in page 163 of [3], it is possi-
ble to show that

E
[‖�w(k + 1)‖2]+ E

[
ẽT(k)

(
XT(k)X(k)

)−1ẽ(k)
]

= E
[‖�w(k)‖2]+ E

[
ε̃T(k)

(
XT(k)X(k)

)−1
ε̃(k)

]
(30)

It should be observed that no approximations are required to reach this result.
If it is assumed that the algorithm has converged, that is, the coefficients remain in

average unchanged, then E[‖�w(k + 1)‖2] = E[‖�w(k)‖2]. The SM-AP algorithm
converges as long as the eigenvalues of E[μ(k)X(k)Ŝ(k)u1xT(k)] are positive, a con-
dition met in actual implementations. As a result, the following equality holds in the
steady state:

E
[
ẽT(k)

(
XT(k)X(k)

)−1ẽ(k)
]= E

[
ε̃T(k)

(
XT(k)X(k)

)−1
ε̃(k)

]
(31)

It is now required to extract the dependence on the a posteriori error from (31)
utilizing the expression

ε̃(k) = ẽ(k) − Pup(k)XT(k)X(k)
(
XT(k)X(k) + δI

)−1e(k) (32)

By substituting (32) in (31), we obtain

E
[
ẽT(k)

(
XT(k)X(k)

)−1ẽ(k)
]

= E
[
ẽT(k)

(
XT(k)X(k)

)−1ẽ(k) − Pup(k)ẽT(k)
(
XT(k)X(k) + δI

)−1e(k)

− Pup(k)eT(k)
(
XT(k)X(k) + δI

)−1ẽ(k)

+ P 2
up(k)eT(k)

(
XT(k)X(k) + δI

)−1XT(k)X(k)
(
XT(k)X(k) + δI

)−1e(k)
]

(33)
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Then the following definitions are employed to simplify the discussion [3]:

R̂(k) = XT(k)X(k)

(34)

Ŝ(k) = [
R̂(k) + δI

]−1 ≈ R̂
−1

(k)

where the latter approximation originates from the fact that δ � 1.
The expression (33) can then be simplified as

Pup(k)E
[
eT(k)Ŝ(k)R̂(k)Ŝ(k)e(k)

]= E
[
ẽT(k)Ŝ(k)e(k) + eT(k)Ŝ(k)ẽ(k)

]
(35)

In order to compute the excess mean-square error we should find a way to ex-
tract the value of E[ẽ2

0(k)] from (35). Since we aim at computing E[ẽ2
0(k)], we can

substitute (26) in (35) to eliminate e(k). The resulting expression is given by

Pup(k)E
[
(ẽ(k) + n(k))TŜ(k)R̂(k)Ŝ(k)(ẽ(k) + n(k))

]

= E
[
ẽT(k)Ŝ(k)(ẽ(k) + n(k)) + (ẽ(k) + n(k))TŜ(k)ẽ(k)

]
(36)

where n(k) = n(k)−γ (k). By considering the noise to be white as well as statistically
independent of the input signal, the relation above can be further simplified as

Pup(k)E
[
ẽT(k)Ŝ(k)R̂(k)Ŝ(k)ẽ(k) + nT(k)Ŝ(k)R̂(k)Ŝ(k)n(k)

+ ẽT(k)Ŝ(k)R̂(k)Ŝ(k)n(k) + nT(k)Ŝ(k)R̂(k)Ŝ(k)ẽ(k)
]

= 2E
[
ẽT(k)Ŝ(k)ẽ(k)

]+ E
[
nT(k)Ŝ(k)ẽ(k) + ẽT(k)Ŝ(k)n(k)

]
(37)

Highlighting the energy relations we can apply the trace operation to the above ex-
pression, which after some rearrangements can be rewritten as

2E
{
tr
[
n(k)ẽT(k)Ŝ(k)

]}+ 2E
{
tr
[
ẽ(k)ẽT(k)Ŝ(k)

]}

= Pup(k)E
{
tr
[
ẽ(k)ẽT(k)Ŝ(k)R̂(k)Ŝ(k)

]}

+ Pup(k)E
{
tr
[
n(k)nT(k)Ŝ(k)R̂(k)Ŝ(k)

]}

+ 2Pup(k)E
{
tr
[
ẽ(k)nT(k)Ŝ(k)R̂(k)Ŝ(k)

]}
(38)

where we used the property tr[A · B] = tr[B · A].
By employing the result of (34) and by assuming that the matrix Ŝ(k) is statisti-

cally independent of both the a priori error after convergence, and of the noise, (38)
can be rewritten as

2tr
{
E
[
n(k)ẽT(k)

]
E
[
Ŝ(k)

]}+ 2tr
{
E
[
ẽ(k)ẽT(k)

]
E
[
Ŝ(k)

]}

= Pup(k)tr
{
E
[
ẽ(k)ẽT(k)

]
E
[
Ŝ(k)R̂(k)Ŝ(k)

]}

+ Pup(k)tr
{
E
[
n(k)nT(k)

]
E
[
Ŝ(k)R̂(k)Ŝ(k)

]}

+ 2Pup(k)tr
{
E
[
ẽ(k)nT(k)

]
E
[
Ŝ(k)R̂(k)Ŝ(k)

]}
(39)
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This equation can be further simplified by assuming that when δ is small Ŝ(k) is
the inverse of R̂(k) leading to the expression

(
2 − Pup(k)

)
tr
{
E
[
ẽ(k)ẽT(k)

]
E
[
Ŝ(k)

]}+ 2(1 − Pup(k))tr
{
E
[
n(k)ẽT(k)

]
E
[
Ŝ(k)

]}

= Pup(k)tr
{
E
[
n(k)nT(k)

]
E
[
Ŝ(k)

]}
(40)

Based on the expressions derived in this section, the following section presents the
excess MSE in the SM-AP algorithms.

5 Excess MSE in the Simplified SM-AP Algorithm

We can now start the derivation of the excess MSE in the SM-AP algorithm. Our
initial aim is to compute the noiseless error covariance E[ẽ(k)ẽT(k)]. The ith row
of (25) and (26) are given by

ε̃i (k) = −xT(k − i)�w(k + 1) (41)

and

ẽi (k) = −xT(k − i)�w(k) = εi(k) − n(k − i) (42)

for i = 0, . . . ,L. Using in (24) the fact that XT(k)X(k)[XT(k)X(k) + δI]−1 ≈ I for
small δ, then

−ε̃(k) = −ẽ(k) + Pup(k)e(k) (43)

By properly utilizing in (41) and (42) the i + 1th row of (24), we obtain

ε̃i (k) = (
1 − Pup(k)

)
ẽi (k) − Pup(k)n(k − i) + Pup(k)γi+1(k) (44)

for i = 0 and

ẽi (k) = −n(k − i) + γi+1(k) (45)

for i �= 0. We will now square the equation above, and compute its expected value
assuming that the noise is white and independent of all variables; Pup(k) is constant
in steady state. By squaring (44) and applying the expected value, we get

E
[
ε̃2

0(k)
] = (1 − Pup)

2E
[
ẽ2

0(k)
]+ P 2

upσ
2
n + 2Pup(1 − Pup)E

[
ẽ0(k)γ1(k)

]

− 2P 2
upE

[
γ1(k)n(k)

]+ P 2
upE

[
γ 2

1 (k)
]

(46)

The expression above relates the squared values of the a posteriori and a priori errors.
However, according to (25), (26) and (27) the same kind of relation holds for the
previous time instant by replacing k by k − 1, that is,
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E
[
ẽ2

1(k)
] = (1 − Pup)

2E
[
ẽ2

0(k − 1)
]+ P 2

upσ
2
n

+ 2Pup(1 − Pup)E
[
ẽ0(k − 1)γ1(k − 1)

]

− 2P 2
upE

[
γ1(k − 1)n(k − 1)

]+ P 2
upE

[
γ 2

1 (k − 1)
]

= (1 − Pup)
2E

[
ẽ2

0(k − 1)
]+ P 2

upσ
2
n

+ 2Pup(1 − Pup)γ

√
2

πE[e2
0(k − 1)]E

[
ẽ2

0(k − 1)
]

− 2P 2
up

√
2

πE[e2
0(k − 1)]γ σ 2

n + P 2
upγ

2 (47)

where in the last equality we employed the results of the Price theorem [3, 15].
For i > 1 it follows that

E
[
ẽ2
i (k)

] = E
[
e2

1(k − i + 1)
]

≈ σ 2
n − 2E

[
n1(k − i + 1)γ2(k − i + 1)

]+ E
[
γ 2

2 (k − i + 1)
]

= σ 2
n + γ 2 − 2

√
2

πE[e2
1(k − i + 1)]γ σ 2

n (48)

where in the last equality we again used the Price theorem and the fact that for
γi+1(k) = γ sgn[ei(k)] then γ 2

i+1(k) = γ 2.
By using the recursions of (46), (47) and (48), and assuming that E[ẽ2

0(k)] ≈
E[ẽ2

0(k − i)] for i = 0, . . . ,L, we can show that

E
[
ẽ(k)ẽT(k)

]= AE
[
ẽ2

0(k)
]+ P 2

upB (49)

with

A =

⎡

⎢⎢⎢⎢
⎢
⎣

1
a1 0

a2

0
. . .

ak−L

⎤

⎥⎥⎥⎥
⎥
⎦

where ai = (1 − Pup)
2 + 2Pup(1 − Pup)

√
2

πE[e2
0(k−i)]γ , and
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B =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢
⎢⎢
⎣

0
b0 0

b1
. . .

0 bl

. . .

bL−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥
⎥⎥
⎦

where b0 = σ 2
n − 2

√
2

πE[e2
0(k−1)]γ σ 2

n + γ 2 and bl = σ 2
n − 2

√
2

πE[e2
0(k−l−1)]γ σ 2

n + γ 2.

It was also considered that the matrix E[ẽ(k)ẽT(k)] above was diagonal dominant,
as is usually the case in practice given the a priori errors have low cross-correlation.
Note from the relation above that the probability of updating Pup is in the range
0 < Pup � 1, as a result the elements of the noiseless a priori error remain bounded
for any value of L.

We have available all the quantities required to calculate the excess MSE in the
simplified SM-AP algorithm. Specifically, we can substitute the result of (49) in (40)
and use n(k) = n(k) − γ (k) obtaining

(2 − Pup)
[
E
[
ẽ2

0(k)
]
tr
{
AE

[
Ŝ(k)

]}+ P 2
uptr

{
BE

[
Ŝ(k)

]}]

= Puptr
{
E
[
n(k)nT(k)

]
E
[
Ŝ(k)

]}− 2(1 − Pup)tr
{
CE

[
Ŝ(k)

]}

= Puptr
{
E
[
n(k)nT(k)

]
E
[
Ŝ(k)

]}+ Puptr
{
E
[
γ (k)γ T(k)

]
E
[
Ŝ(k)

]}

− 2(1 − Pup)tr
{
CE

[
Ŝ(k)

]}− 2Puptr
{
E
[
n(k)γ T(k)

]
E
[
Ŝ(k)

]}

= Puptr
{
E
[
Ŝ(k)

]}
σ 2

n + Puptr
{
E
[
Ŝ(k)

]}
γ 2

− 2(1 − Pup)tr
{
CE

[
Ŝ(k)

]}− 2Puptr
{
DE

[
Ŝ(k)

]}
(50)

where

C =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢
⎣

c0 0
c1

. . .

0 ci

. . .

cL−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥
⎦

with ci = E[ẽi (k)ni(k)] = −
√

2
πE[e2

i (k)]E[ẽ2
i (k)]γ , and
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D =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢
⎣

d0 0
d1

. . .

0 di

. . .

dL−1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥
⎦

with di = E[γi+1(k)ni(k)] = −
√

2
πE[e2

i (k)]γ σ 2
n (k).

In (50) the second term on the left-hand side can be neglected in case the signal
to noise ratio is high. For small P 2

up this term also becomes substantially smaller
than the term on the right-hand side. For Pup close to one the referred terms become
comparable only for large L, when the misadjustment becomes less sensitive to L. In
the following discussions we will not consider the term multiplied by P 2

up.

Considering the diagonal elements of E[Ŝ(k)] are equal and the matrix A mul-
tiplying it on the left-hand side is a diagonal matrix, after a few manipulations it is
possible to deduce that

E
[
ẽ2

0(k)
] = Pup

2 − Pup

{
tr{E[Ŝ(k)]}

tr{AE[Ŝ(k)]}
(
σ 2

n + γ 2)− 2(1 − Pup)

Pup

tr{CE[Ŝ(k)]}
tr{AE[Ŝ(k)]}

− 2
tr{DE[Ŝ(k)]}
tr{AE[Ŝ(k)]}

}

= 1

2 − Pup

{
(L + 1)Pup

1 + L((1 − Pup)2 + 2Pup(1 − Pup)

√
2

πE[e2
0(k)]γ )

(
σ 2

n + γ 2)

−2(1 − Pup)
tr{CE[Ŝ(k)]}
tr{AE[Ŝ(k)]} − 2Pup

tr{DE[Ŝ(k)]}
tr{AE[Ŝ(k)]}

}

(51)

If we consider the fact that last two terms of E[ẽ2
0(k)] are results of cross corre-

lations between the environment noise with the elements of γ (k) and the noiseless
a priori error, these quantities can be disregarded without changing significantly the
value of the estimate of the excess MSE. In this case

E
[
ẽ2

0(k)
] ≈ (L + 1)Pup

2 − Pup

1

1 + L
(
(1 − Pup)2 + 2Pup(1 − Pup)

√
2

πE[e2
0(k)]γ

)

× (
σ 2

n + γ 2) (52)

Therefore, the misadjustment for the affine projection algorithm is given by
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M = (L + 1)Pup

2 − Pup

1

1 + L
(
(1 − Pup)2 + 2Pup(1 − Pup)

√
2

πE[e2
0(k)]γ

)

(
γ 2

σ 2
n

+ 1

)
(53)

In the expression above it is possible to observe the role of γ in the misadjustment
performance of SM-AP algorithm, where large values lead to reduction in updates
and reduction in the misadjustment as long as its value is not too large, typically less
than

√
5σn. For small values of γ there are more frequent updates and the misadjust-

ment tends to grow. For small 1 − Pup, this equation can be approximated by

M = (L + 1)Pup

(2 − Pup)

(
γ 2

σ 2
n

+ 1

)
(54)

As will be discussed in the next subsection Pup plays the same role as the convergence
factor μ in standard AP algorithm, with the advantage that the probability of updating
tends to be reduced automatically as the algorithm reaches convergence.

For the conventional AP algorithm including a convergence factor μ, the excess
MSE can be approximately given by [3]

ξexc = (L + 1)
μ

2 − μ
σ 2

n (55)

6 Transient Behavior

The behavior of the SM-AP algorithm during the transient is addressed in this section.
Starting by the removal of the dependence of (30) on the noiseless a posteriori error
through (32), resembling the derivations of (33) and (35). The resulting expression is

E
[‖�w(k + 1)‖2]

= E
[‖�w(k)‖2]+ E

[
P 2

up(k)μ(k)e(k)uT
1 Ŝ(k)R̂(k)Ŝ(k)μ(k)e(k)u1

]

− E
[
Pup(k)ẽT(k)Ŝ(k)μ(k)e(k)u1 + Pup(k)μ(k)e(k)uT

1 Ŝ(k)ẽ(k)
]

(56)

Since from (26) e(k) = ẽ0(k) + n(k) = −xT(k)�w(k) + n(k), the expression (56)
above can be rewritten as

E
[‖�w(k + 1)‖2]

= E
[‖�w(k)‖2]+ E

[
P 2

up(k)μ2(k)
(−�wT(k)x(k) + n(k)

)

× uT
1 Ŝ(k)R̂(k)Ŝ(k)u1

(−xT(k)�w(k) + n(k)
)]

− E
[
Pup(k)μ(k)

(−�wT(k)X(k)
)
Ŝ(k)

(−xT(k)�w(k) + n(k)
)
u1

+ Pup(k)μ(k)
(−�wT(k)x(k) + n(k)

)
uT

1 Ŝ(k)
(−XT(k)�w(k)

)]
(57)
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By considering that the noise is uncorrelated with ẽ(k) and with the other quantities
of this recursion, the above equation can be simplified to

E
[∥∥�w(k + 1)

∥∥2]

= E
[∥∥�w(k)

∥∥2]− 2E
[
Pup(k)μ(k)�wT(k)X(k)Ŝ(k)xT(k)�w(k)u1

]

+ E
[
P 2

up(k)μ2(k)�wT(k)x(k)uT
1 Ŝ(k)R̂(k)Ŝ(k)u1xT(k)�w(k)

]

+ E
[
P 2

up(k)μ2(k)n2(k)uT
1 Ŝ(k)R̂(k)Ŝ(k)u1

]
(58)

By applying the property that tr[AB] = tr[BA], this relation is equivalent to

tr
{
cov

[
�w(k + 1)

]}

= tr
{
cov

[
�w(k)

]}− 2tr
{
E
[
Pup(k)μ(k)X(k)Ŝ(k)u1xT(k)�w(k)�wT(k)

]}

+ tr
{
E
[
P 2

up(k)μ2(k)x(k)uT
1 Ŝ(k)R̂(k)Ŝ(k)u1xT(k)�w(k)�wT(k)

]}

+ tr
{
E
[
P 2

up(k)μ2(k)Ŝ(k)R̂(k)Ŝ(k)u1uT
1

]
σ 2

n

}
(59)

By assuming that �w(k + 1) is independent of the data and that the noise is white, it
follows that

tr
{
cov

[
�w(k + 1)

]}

= tr
{[

I − E
(
2Pup(k)μ(k)X(k)Ŝ(k)u1xT(k)

− P 2
up(k)μ2(k)x(k)uT

1 Ŝ(k)R̂(k)Ŝ(k)u1xT(k)
)]

cov
[
�w(k)

]}

+ tr
{
E
[
P 2

up(k)μ2(k)Ŝ(k)R̂(k)Ŝ(k)u1uT
1

]
σ 2

n

}
(60)

Now by recalling that Ŝ(k) ≈ R̂
−1

(k)[I − δR̂
−1

(k)] and by utilizing the unitary
matrix Q, which in the present discussion diagonalizes E[μ(k)X(k)Ŝ(k)u1XT(k)],
the following relation is valid

tr
{
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[
�w(k + 1)

]
QQT}

= tr
{
QQT[I − E

(
2Pup(k)μ(k)X(k)Ŝ(k)u1xT(k)
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1 Ŝ(k)u1xT(k)
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QQTcov
[
�w(k)

]
QQT}

+tr
{
E
[
P 2
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1

]
σ 2

n

}
(61)

Again by applying the property that tr[AB] = tr[BA], it follows that

tr
{
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�w(k + 1)

]
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}

= tr
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Q
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(
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σ 2

n

}
(62)
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By defining �w′(k + 1) = QT�w(k + 1), equation (62) can be rewritten as

tr
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�w′(k + 1)

]}

= tr
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QTQ
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]}+ tr
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E
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= tr
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I − 2Pup(k)�̂ + P 2
up(k)�̂2]cov

[
�w′(k)

]}

+ tr
{[

P 2
up(k)μ2(k)Ŝ(k)u1uT

1

]
σ 2

n

}
(63)

where �̂ is a diagonal matrix whose elements are the eigenvalues of E[μ(k)X(k) ×
Ŝ(k)u1xT(k)], denoted as λ̂i , for i = 0, . . . ,N . This matrix is a rank one so that only
one eigenvalue, denoted λ1, is nonzero. In the last step of the derivation above it was
considered that Pup(k) is fixed at each iteration.

By using the likely assumption that cov[�w′(k + 1)] and Ŝ(k) are diagonal dom-
inant (this assumption is required for simplification and is widely used in the analy-
sis of affine projection algorithms), we can disregard the trace operator in the equa-
tion above and observe that the geometric decaying curve has ratio rcov[�w(k)] =
(1 − 2Pup(k)λ̂1 + P 2

up(k)λ̂2
1). Then, it is possible to infer that the convergence time

constants are given by

τei
= τcov[�w(k)] = 1

λ̂1

1

Pup(k)(2 − Pup(k))
(64)

since the squared error depends on the convergence of the diagonal elements of the
covariance matrix of the coefficient-error vector. As can be observed in (64), the time
constant for error convergence is dependent on the inverse of the nonzero eigenvalue
of E[μ(k)X(k)Ŝ(k)u1xT(k)]. However, since the speed of convergence is neither
constrained by this eigenvalue nor by any eigenvalue spread, this speed is expected to
be higher than for the gradient-based algorithm, particularly in situations where the
eigenvalue spread of the input signal is high. Simulation results confirm that the SM-
AP algorithm follows the same pattern as the traditional affine projection algorithm
with respect to the transient behavior. In particular, the expression of (64) is similar to
the equivalent one for the affine projection algorithm, see [3], where in the latter case
the convergence factor μ replaces Pup(k). Since the probability of update is usually
close to one during the transient, one can conclude that the SM-AP algorithm has
similar convergence time constant to the AP algorithm with μ = 1.

7 Simulation Examples

In this section, some simulation results are presented in order to verify the validity of
the analysis proposed in this paper.
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Fig. 5 Probability of updating for L = 0, L = 1, and L = 2, eigenvalue spread equal 20

An adaptive filtering algorithm is used to identify a system whose impulse re-
sponse is given by

[0.1 0.3 0 −0.2 −0.4 −0.7 −0.4 −0.2]

using the simplified SM-AP algorithm using L = 0, L = 1 and L = 2. The input
signals in all the experiments are first-order AR processes with eigenvalue spread 80,
and the measured results are obtained from 200 distinct experiments. The additive
noise variance was 10−2.

Figure 5 depicts the measured and the estimated probability of updating of the SM-
AP algorithm. The measured probability represents how often the algorithm updated
for a given value of γ . The estimated probability was calculated using the expression
of (73) whose derivation details are given in the Appendix. As can be verified, the
estimated probability of updating matches quite well with the measured ones.

Figure 6 depicts the estimated as well as the measured misadjustments for values
of γ in the range 0 < γ <

√
3σ 2

n . These plots refer to the cases where the reuse factor
is chosen as L = 0, L = 1, and L = 2, respectively. The theoretical values were
calculated using the expression of (53) utilizing both the estimated and measured
probability of updating. The eigenvalue spread of the input signal for this example is
20. As can be observed, the theoretical misadjustments match quite well the measured
ones.

Table 1 lists the estimated and measured misadjustments for L = 0, L = 1, and
L = 2. The results were obtained for γ =√

2.7σ 2
n and γ =√

3σ 2
n . The results reflect

the average of three distinct experiments with different values of the input signal
correlation matrix eigenvalue spread. The expected misadjustments are close to the
measured ones despite the approximations in the derivation of the theoretical formula.
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Fig. 6 Misadjustment of the SM-AP algorithms for L = 0, L = 1, and L = 2, eigenvalue spread equal 20

Table 1 Evaluation of the SM-AP Algorithm, γ =
√

2.7σ 2
n and γ =

√
3σ 2

n

γ Misadjustment

L = 0 L = 1 L = 2

Experiment Theory Experiment Theory Experiment Theory

√
2.7σ 2

n 0.2591 0.3354 0.4137 0.4315 0.5305 0.5432√
3σ 2

n 0.1947 0.1934 0.2295 0.2292 0.3305 0.2738

Figure 7 depicts the transient response of the SM-AP algorithm as well as its
estimate computed according to (63), for the case of eigenvalue spread equal to 20.
Also in this case it is possible to observe that the measured and theoretical curves have
the same pattern. It can also be noticed that by increasing L the algorithm becomes
faster. The increased speed of convergence is more substantial whenever L changes
from 0 to 1 and not so much from L = 1 to L = 2.

The simulations and theoretical results suggest that the SM-AP algorithms are
viable solutions for practical adaptive filtering since they do not trade-off misadjust-
ment with speed of convergence like the standard adaptive filtering algorithms, with
the advantage of reducing the computational complexity. During the transient, if we
assume that Pup(k) ≈ 1 the transient equation (64) shows that the convergence speed
of the SM-AP algorithm should match the one of the corresponding AP algorithm.
On the other hand, after convergence the misadjustment of the SM-AP tends to be
smaller than for the AP since Pup(k) is small, as can be observed by comparing (53)
and (54) with (55). A key issue is the choice of γ that should be related to the en-
vironment noise power. Our theoretical as well as simulation results confirmed the
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Fig. 7 Transient response of the SM-AP algorithms for L = 0, L = 1, and L = 2, eigenvalue spread
equal 20

algorithm is quite robust to this choice allowing a wide range of values to choose
from. Values in the range of

√
1.5σ 2

n < γ <
√

3σ 2
n lead to good results.

8 Concluding Remarks

This paper presented the analysis of the set-membership affine projection (SM-AP)
algorithms which combine the concept of data reusing, as the AP algorithms, with a
deterministic objective function allowing data-selective updating. The SM-AP algo-
rithms are computationally efficient, have low excess MSE, and present high-speed
convergence. The detailed analysis of the SM-AP algorithms presented here enables
a deep understanding of the mechanisms behind their favorable performance in com-
parison with existing adaptive filtering algorithms. In particular it was shown for the
first time how important is the probability of coefficient update controlled by the de-
terministic threshold parameter. Unlike other existing adaptive filtering algorithms
the SM-AP algorithms are very robust in the sense that, with mild assumptions, their
parameters can be chosen so that they can achieve low excess mean square error
without slowing down the convergence.

The closed-form expressions derived for the excess MSE of the SM-AP algorithms
in stationary and nonstationary environments lead to quite useful interpretations of
the SM-AP convergence behavior. These presented results explain some observed
experimental results and provide tools for correctly setting up the algorithm parame-
ters for a given application. Some simulation results were included verifying that the
analytical results match well with the experimental ones.
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Appendix

The expression of the excess MSE in the SM-AP algorithm must take into consider-
ation how often the algorithm updates the coefficients after the transient. In order to
address this problems consider that the a priori error e(k) is modeled as a zero-mean
Gaussian process whose variance is given by

ξ(k) = ξexc + ξmin = ξexc + σ 2
n (65)

for k → ∞. The overall probability that the adaptive filter is updated is given by

Pup(k) = P
[|e(k)| > γ

]+ P
[
e(k) < −γ

]
(66)

where we are considering that the probability Pup(k) will be time-varying, since the
value of the variance of the output error, e(k), depends on the mean of the squared
coefficient-error vector norm. As a result, we can consider that

σ 2
e = σ 2

n + E
[
�wT(k)R�w(k)

]
(67)

If the adaptive coefficients converge to their steady-state values, the probability of
update for white Gaussian input signals is given by

Pup = 2Q

(
γ

√
σ 2

n + σ 2
x E[‖�w∞‖2]

)
(68)

where Q(·) is the complementary Gaussian cumulative distribution function [14] de-
fined as

Q(x) = 1√
2π

∫ ∞

x

e−t2/2 dt (69)

and E[‖�w∞‖2] denotes the mean of the squared norm of the coefficient error after
convergence.

Our aim is to compute a range of bound values for Pup which are dependent on
σ 2

x E[‖�w∞‖2]. The lower bound is given by

P̂up ≥ 2Q

(
γ

σn

)
(70)

where it was considered that the variance of the output error is lower bounded by the
noise variance, i.e., σ 2

e (k) = σ 2
n + σ 2

x E[‖�w∞‖2] ≥ σ 2
n .

On the other hand, one can rewrite the variance of the output error as σ 2
e (k) =

σ 2
n + E[ẽ2(k)], where ẽ(k) = e(k) − eoptimum with eoptimum representing the optimal

error directly related with the additive noise. If we assume there is no update when-
ever |e(k)| ≤ γ , with σ 2

optimum = σ 2
n , we obtain an upper bound for the output error

variance given by σ 2
e ≤ 2σ 2

n + γ 2. Therefore, the range of values for the probability
of update is

2Q

(
γ

σn

)
≤ P̂up ≤ 2Q

(
γ

√
2σ 2

n + γ 2

)
(71)



Circuits Syst Signal Process (2011) 30: 439–462 461

For example for γ = √
2.7σn, then the probability of updating after convergence will

be in the range

0.10 ≤ P̂up ≤ 0.45 (72)

As can be observed the lower bound is rather unrealistic whereas the approximation
given below, related to the upper and lower bounds, matches quite closely the simu-
lations.

P̂up ≈ min

[
2Q

(
γ

√
(σ 2

n + γ 2)

)
+ 2Q

(
γ√

5

)
,1

]
(73)
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