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DHT-Based Transceivers With Reduced Redundancy

Wallace A. Martins and Paulo S. R. Diniz

Abstract—This paper introduces computationally efficient block trans-
ceivers employing real transforms and reduced redundancy. These new re-
sults allow the use of superfast transceivers with redundancy ranging from
the minimum to the standard amount related to the length of the channel
model. Indeed, the data throughput is increased by reducing the redun-
dancy up to the point the performance is not sacrificed. Simulation results
corroborate that the proposed transceivers are key to the design of high
data-throughput systems.

Index Terms—Block transceivers, DHT, displacement, equalization,
multicarrier, reduced redundancy, single-carrier.

I. INTRODUCTION

Block-based transceivers have played a central role in modern com-
munications systems due to their ability to combat intersymbol inter-
ference (ISI) in broadband transmissions. Both the single-carrier with
frequency-domain (SC-FD) equalization and the standard orthogonal
frequency-division multiplexing (OFDM) are widely used block-based
systems [1], [2].

OFDM and SC-FD are probably the simplest, yet effective, imple-
mentations of block memoryless transceivers. Both solutions require,
at least, � elements for redundancy, where � stands for the channel
order. The redundancy eliminates the inherent interblock interference
(IBI) and may induce a special structure to the channel model matrix
which becomes circulant. This property allows the use of superfast al-
gorithms based on the discrete Fourier transform (DFT), thus requiring
��� ����� numerical operations to equalize a block of size � [1],
[2].

Indeed, redundant precoders are useful in the equalization of scalar
channels [3]. However, it is known that the minimum required redun-
dancy for IBI- and ISI-free designs is just ����� in the context of
fixed and memoryless block transceivers [4]. Some works have al-
ready proposed minimum- or reduced-redundancy systems employing
superfast algorithms [5]–[8]. Nonetheless, reduced-redundancy solu-
tions employing some type of real transform1 are still lacking.

A. Related Works

The pioneering paper [5] proposed the use of the zero-padding (ZP)
and zero-jamming (ZJ) techniques to eliminate IBI using a reduced
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1There are several advantages in using real transforms, as explained, for in-
stance, in [9].

amount of redundancy together with fast Fourier transform (FFT) al-
gorithms. Nevertheless, the resulting system does not have a well-de-
fined structure and its computational complexity corresponding to the
equalization process depends quadratically on the channel order. On
the other hand, the minimum-redundancy ZP-ZJ transceivers proposed
in [6] are based on DFT matrices and their computational complexity
do not depend on the channel order. In fact, the systems in [6] re-
quire��� ����� numerical operations to equalize a block of size� .
The extension of the results of [6] to the case of reduced-redundancy
ZP-ZJ transceivers based on DFT was proposed in [7]. In addition, a
superfast solution was described for fixed and memoryless transceivers
utilizing discrete Hartley transforms (DHTs), diagonal matrices, and
minimum redundancy in [8]. Nevertheless, there are some situations in
which using minimum redundancy does not necessarily yield the best
throughput results.

B. Main Contributions

In this paper, we propose computationally efficient structures for
block transceivers employing DHTs and redundancy ranging from the
minimum ����� up to the channel order�. These results are important
since they include choices for the amount of redundancy, allowing one
to maximize the throughput without impairing the system performance.
Linear zero-forcing (ZF) and minimum mean-square error (MMSE)
transceivers [1], [2] are described along with their superfast implemen-
tations based on DHTs.

In order to achieve our goal, a new efficient implementation of re-
duced-redundancy transceivers using DFT is first proposed. Then, by
using a set of relations between DFTs and DHTs, we derive new su-
perfast transceivers based on DHTs requiring reduced redundancy. In
wireless communications, where the radio resources are scarce, the pro-
posed solutions with reduced-transmission redundancy become very
attractive.

C. Organization

The paper is organized as follows. Section II introduces the system
model employed in our derivations. Section III describes some proper-
ties that relate the DFT matrices with variations of the DHT matrices.
In Section IV, a new DFT-based decomposition of reduced-redundancy
systems is proposed. By employing the relations between the DFT and
DHT in the proposed DFT-based decomposition, it is possible to de-
rive superfast solutions for transceivers using DHTs as in Section V.
Section VI presents some simulation experiments that verify the attrac-
tive features of the reduced-redundancy transceivers based on DHT.
Concluding remarks are given in Section VII.

II. SYSTEM MODEL

Block-based transmultiplexers (TMUXes) are efficient tools to
model communications systems [1], [2]. In general, TMUXes may be
represented by an � �� transmitter matrix with memory ����, an
��� receiver matrix with memory����, and an��� pseudo-cir-
culant channel matrix [1], [2] with memory���� ������

��
����.

The dimensions of such matrices depend on both the number of data
symbols � � to be transmitted in a block, and the total length
� � of the transmitted block, including � � �� redundant
elements. In addition, given an �th-order finite impulse response
(FIR) channel model, matrix ���� models the ISI effect within a
transmitted block, whereas matrix���� models the IBI effect between
two consecutive blocks, in which it is assumed that � � �� � �
[1].
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Memoryless linear and time-invariant (LTI) TMUXes are modeled
by ���� � � and ���� � � for all blocks, considering the channel
time-invariant [1], [2]. Traditional OFDM-based systems are special
cases of block-based memoryless LTI TMUXes. Lin and Phoong [4]
showed that the redundancy� of an IBI- and ISI-free memoryless LTI
TMUX must satisfy the inequality �� � �. They proposed a general
parametrization for such systems, as well as a very useful special case
of reduced-redundancy systems. This special case, also known as zero-
padding zero-jamming (ZP-ZJ) transceiver [5], is characterized by the
following transmitter and receiver matrices: � ���� ���� �� and
� ��������� ���.

Whenever the ZP-ZJ system with reduced redundancy is employed,
the resulting transceiver can be simplified as a unitary � �� trans-
mitter matrix ��, an � � �� � �� � �� receiver matrix ��, and
an �� � �� � �� � � effective channel matrix ��. This effec-
tive channel matrix is a Toeplitz matrix whose first row is given by
�������� � �� 	 	 	 ��
������������ and first column is given by
�������� � �� 	 	 	 �������������������

� [1], [4].
The ZF and the MMSE linear receivers are commonly used to gen-

erate an estimate �� ���������� of the transmitted��� vector
�. If one assumes that the vectors � and �� are drawn from zero-mean
uncorrelated wide-sense stationary (WSS) random sequences ��� and ����,
then one has ��������� � � ����� ������ � � ���� � ������ ����� � �
��������

� �, where ��� is the expected value operator. The ZF and MMSE
linear solutions are therefore characterized by the following pair of re-
ceiver matrices:
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in which ���� denotes the pseudo-inverse of ��� and we also assume that
�������� � � 	���� and ��������

�
� � � 	���� , for some positive real num-

bers 	�� and 	�� . Observe that the definition of ��	
� only makes sense

when �� is full column rank. We shall consider that the FIR channel
induces a matrix �� with rank � .

Our aim in this paper is to design �� and �� using only DHT
and other simple matrices, such as diagonal and antidiagonal ones. By
doing that, we guarantee that the overall transmission/reception process
is performed in a superfast manner (i.e., requiring ��� ����� nu-
merical operations [10], considering that the equalizer taps were previ-
ously determined). We shall describe now the type of matrices which
will be employed in the proposed transceiver structures.

III. DEFINITIONS AND PROPERTIES OF DHT MATRICES

The reduced-redundancy superfast transceivers proposed in this
paper capitalize on the properties of four types of DHT matrices. In
addition to the well-known DHT matrix [11], we will consider other
three transforms, which are slight modifications of the traditional
DHT.

Given a natural number � , let us define the ancillary angle

�

�

�
, which is the basis for defining the following angles: (i)


� ������� �����
� ; (ii) 
� ������� ���������
� ;
(iii) 
� ������� ���� � ����
� ; and (iv) 
�� �������
���� � ������ � ��
���. The indexes �� and �� can be any
integer numbers within the set � �
� �� 	 	 	 �� � ��. By using

these definitions, one can define the orthogonal DHT-X matrix of
dimension � �� as [12], [13]

�			�	
 �� �
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� �������

�

� (3)

for each pair ������� � ��� and with  � ��� ��� ���� ���.
These DHT matrices are closely related to the standard DFT matrix

[11]. Indeed, the unitary DFT-X matrix of dimension��� is defined
as [12], [13]
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for each pair ������� � ��� and with �� � ��.
The above DFT and DHT matrices enjoy several interesting

properties. We shall use the following ones later on [12], [13]:
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where ��	 � �
�
�	 and ���������� �

�
������

��� denotes an
� � � diagonal matrix whose �����th element is ����� �

�
��.

In addition, by defining �� as the standard � �� identity matrix,
	� �
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in which 
�� is an � � � vector whose the only nonzero coor-
dinate is the �th one, with value 1, then the following relations
also hold: ��				�	 � ������ �������

�
� ��	 �
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�
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implying that
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Similarly, one has ��				�	 �
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yielding
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which also gives us (remember that �	���� � �	���� � 	
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With such definitions and properties we can take advantage of the re-
sults described in Section IV in order to conceive new ZP-ZJ solutions
with reduced redundancy employing discrete Hartley transforms.

IV. DFT-BASED TRANSCEIVERS WITH REDUCED REDUNDANCY

The aim of this section is to conceive a new representation for gener-
alized Bezoutian matrices (see [10], [14] for details on these matrices)
based on DFT- and diagonal matrices. This representation is key
to further develop the main contributions of this work related to re-
duced-redundancy transceivers based on DHTs.

Let us consider the transmitter-independent receiver matrix
� ����. From (1) and (2), one has ��	 � �

�
� and
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����� � ���
� �� �

�

�
�� �����

� . It has been shown in [7]
that both the ZF and MMSE transmitter-independent receiver matrices
associated with block-based transceivers are particular types of gen-
eralized Bezoutian matrices. In addition, an efficient decomposition
for generalized Bezoutian matrices based on Vandermonde, DFT-I,
and diagonal matrices has also been derived in that paper. Indeed,
Theorem 4 from [7] states that a given complex-valued generalized
Bezoutian matrix � of dimension �� ���, with �� � �� being
natural numbers, admits the following decomposition:
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in which � is a fixed natural number that depends on the structure of
�� 
�� and 		� are �� � 
 and �� � 
 vectors,2 respectively, with
� � �
� �� � � � � ��� � and � are fixed complex-valued scalars, ��
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.
Furthermore, we have the following expressions which relate the

Vandermonde matrices ���� and �


 present in the decomposition de-
scribed in (9) to DFT-I matrices [14]:
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Now, we can choose values for � and �. For instance, by considering
that � � 	
 � ���	��� and � � 
, we have �� � ���	� �

�
� and

�� � 
, yielding (see (5) as well)
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We therefore can rewrite (9) as
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Hence, (13) represents a novel decomposition for generalized Be-
zoutian matrices based on DFT-	 and diagonal matrices. Note that
the particular choices of � and � were important to derive the represen-
tation in (13) using only DFT-	 and diagonal matrices. As we have
already mentioned, our focus is on the particular Bezoutian matrices
�� and �����. We now have all necessary tools to transform this
new DFT-based representation into a DHT-based one.

2For the sake of conciseness, we have omitted the exact definitions of vectors
�� and �� .

V. NEW SUPERFAST TRANSCEIVERS BASED ON DHT

It is possible to derive DHT-based solutions by starting from the
efficient decomposition of a given Bezoutian matrix described in (13).
Indeed, if we define the matrices




 ��
�
 � ���� � �
	 ����

�
�����	���

� �
	 ���� � �
 � ����
�

� (14)




 ��
�
	 ���� � �
 � �����

�
�����		��

� �
 � ���� � �
	 �����
�

� (15)

for each � � �
� �� � � � � ��, then by using (6) and (8), we can rewrite
(13) as

� ����� ���

�

���




 �� ���� ����

� �� �� �	� �� 
 ���� ��


 �� ���� ��� (16)

One can therefore sum up all previous developments in Theorem 1
as follows.

Theorem 1: The transmitter-independent receiver matrix � can be
written as

���������

�

���
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where


 �� and


 �� are defined in (14) and (15). In addition, we con-
sider that 	��� � � � � 	��, and 		�� � � � � 		� are defined as in Theorems 3 and
4 as well as in Corollary 2 of [7].

Note that � � � in (17) due to the results in Theorems 3 and 4 as
well as Corollary 2 of [7]. Following our aforementioned hypotheses of
� � 	
 and � � 
 and due to the definition of 		�� � � � � 		� in (26) of [7],

we have ��� �  , for all 
 within the set ��� 
� � � � �� �
�� 	 � 	 
�. However, such an equation only makes sense when

 �� 	
 (otherwise one would end up dividing by zero).
In other words, ���

�����
cannot be an odd number, for all possible


. We know that �  � � �� 	 �  � � �  �� , since
��  �  � and we assume that �  � . Now, if one considers
that � � �� , for some natural number �, and if � � � � �� , then
one has that ���

�����
is an integer number only when � � ��,

and, for this case, ���
�����

� �
, which is an even number. Thus,
we shall assume from now on that � is a power of 2 and that � is
strictly smaller than � .3

Now that we have an efficient decomposition for the transmitter-
independent receiver matrix �, we can easily devise multicarrier and
single-carrier systems. Indeed, a multicarrier system can be designed
by setting �� � ������� and � � �

��
� � � ���������, yielding

� �

�

���
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3Actually, one could also take into account the case in which � � � as
long as full-redundancy is not employed �� � ��, as can be noted from the
discussions above.
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Fig. 1. DHT-based multicarrier reduced-redundancy block transceiver.

For the single-carrier system, one can set �� � �� and �� �
���� � � �, yielding

����������

�

���

��� �� �������� �� ��������	 �����
����	����� ��

������
����	��� (19)

In any case, the definitions of the vectors ��� and ��� depend on
whether the ZF or the MMSE solution is chosen. Fig. 1 depicts the
resulting multicarrier structure. In this transceiver, the guard period
consists of at least ��� zeros. After removing the guard period at
the receiver end, the DHT-I is applied to the received vector. The
first equalization step is performed on the data vector, that is, the
resulting data vector is simultaneously processed by four different
branches of the receiver. The equalizers at this stage are the matrices
��� �� � � � � ���� �� . These matrices contain at most two nonzero elements
in each row (two-tap equalizers). A final equalization step is performed
in each branch, after the application of the DHT-I and DHT-III. Note
that �� � � elements are discarded before the application of the
DHT-III. Once again, the equalizers at this final stage are the matrices
��� �� � � � � ���� �� .

The reader should notice the similarities between Fig. 2 of [7] and the
proposed transceiver in Fig. 1. However, there are two key differences
between those figures: (i) the proposed transceivers here employ only
real transforms. Multicarrier transmissions may benefit greatly from
using real transforms along with real baseband modulations, such as
PAM, since the transmission of in-phase/quadrature-phase (I/Q) data is
not required, avoiding I/Q-imbalance problems; and (ii) the DHT-based
transceivers require two-tap equalizers in their structures, instead of
one-tap equalizers of DFT-based systems.

With respect to the computational complexity, let us assume that the
DHT-� can be implemented using two DFT-� , which in turn could be
implemented using an FFT algorithm requiring �

�
����� �

��
�

� �
complex multiplications [11] for size-� data blocks. We are consid-
ering for simplicity that all DFT-� processing has the same computa-

tional complexity. In addition, we shall assume that� � �

�
. Thus, it is

possible to derive the results of Table I, which contains the number of
complex-valued multiplications required by the proposed DHT-based
multicarrier reduced-redundancy block transceiver (DHT-MC-RRBT),
as well as both the overlap-and-add (OLA) zero-padded OFDM system
[1] and the DFT-based multicarrier reduced-redundancy block trans-
ceiver (DFT-MC-RRBT) described in [7].

VI. SIMULATION RESULTS

The aim of this section is to assess the performance of the proposed
transceivers with reduced redundancy. The figure of merit adopted here
is the throughput, which is defined as 	
����
�� � �	�

�

�
�
�� �

�����
� ��, in which � denotes the number of bits per constella-
tion symbol, 	� denotes the code rate associated with a given channel
coding, � is the number of redundant elements, 
� denotes the sam-
pling frequency, and BLER stands for block-error rate, assuming that
a data block is discarded when at least one of its original bits is incor-
rectly decoded at the receiver end.

We consider the following channel models: Channel A, whose
transfer function is �������������������������������������
���������; Channel B, whose zeros are ��������� ��� ����� , and
���� ; and Channel C, whose zeros are ������������� ��� ����� ,
and���� . We transmitted 50 000 data blocks carrying either � � ��
symbols of a 64-QAM constellation for Channel A or � � ��
symbols of a 16-QAM constellation for Channels B and C. Further-
more, the channel coding employed in all simulations has constraint
length 7, code rate 	� � ���, and octal generators �� !	

"
and �� !	��" [15]. We assume that the sampling frequency is

� � ��� MHz.

Fig. 2 depicts the obtained results for DHT-based transmissions.
We only show MMSE-based results due to lack of space, but many
of the conclusions are valid for the ZF case as well. In the legend
of each graph, MC stands for multicarrier, SC stands for single-car-
rier, and RRBT stands for reduced-redundancy block transceivers. The
reader should notice in Fig. 2(a) (Channel A) that the DHT-based min-
imum-redundancy single-carrier system (SC-RRBT for � � �) is not



6084 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 11, NOVEMBER 2012

Fig. 2. Throughput [Mbps]� SNR [dB]: (a) single-carrier transmissions through Channel A; (b) multicarrier transmissions through Channel B; (c) single-carrier
transmissions through Channel C; and (d) multicarrier transmissions through Channel C.

TABLE I
NUMBER OF COMPLEX-VALUED MULTIPLICATIONS

able to produce a reliable estimate for the transmitted bits. However,
when one additional redundant element is included in the transmission,
the resulting DHT-based SC-RRBT system �� � �� outperforms the
MMSE-SC-FD. One should bear in mind that such throughput gains
are attained without increasing substantially the computational com-
plexity related to SC-FD-based systems.

Nevertheless, it not always true that only one additional (with re-
spect to the minimum amount) redundant element is enough to achieve
good performance. Fig. 2(b) (Channel B) shows that neither DHT-
based MC-RRBT with � � � nor with DHT-based MC-RRBT with

� � � yield reliable data estimates. In this case only the full-redun-
dancy system �� � �� outperforms the throughput results related to
OFDM for most SNR values.

Fig. 2(c) and (d) depict the results when Channel C is considered.
In this case, both the DHT-based SC-RRBT and the DHT-based
MC-RRBT systems always outperform the SC-FD and OFDM sys-
tems. It is noteworthy observing that the best transceiver depends on
the SNR value. In the particular case of transmissions through Channel
C, one must introduce relatively more redundancy in the transmissions
with low SNR values in order to yield a reliable communication,
otherwise retransmissions of the transmitted blocks would be often
required, thus decreasing the related throughput. For the same Channel
C, but now considering large SNR values, one could introduce rela-
tively less redundant data in the transmission, since the communication
is already sufficiently reliable. These observations can be confirmed
by verifying the crossing of the curves in Fig. 2(c) and (d). As a final
remark, we cannot say that in general low SNRs demand for more
redundancy to allow more reliable equalization. Fig. 2(a), for example,
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shows that the intermediate case, in terms of number of redundant
elements �� � ��, is the best option for Channel A, considering all
SNRs ranging from 15 to 35 dB. Unfortunately, we did not find any
pattern of the channel characteristics that gives us a hint about the
performance of the transceivers. This topic is still being studied.

VII. CONCLUDING REMARKS

In this paper we proposed transceivers with reduced redundancy
for block data transmission. More specifically, we extended some
previous results by using Hartley instead of Fourier transforms. The
ZF and MMSE solutions employ only DHTs, diagonal, and antidiag-
onal matrices. The obtained results corroborate the good throughput
properties inherent to the new proposals, indicating that is possible
to achieve higher transmission data rates using real-transforms and
superfast algorithms.
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On the Use of Discrete Cosine Transforms for
Multicarrier Communications

Fernando Cruz-Roldán, María Elena Domínguez-Jiménez,
Gabriela Sansigre Vidal, Pedro Amo-López,

Manuel Blanco-Velasco, and Ángel Bravo-Santos

Abstract—In this correspondence, the conditions to use any kind of
discrete cosine transform (DCT) for multicarrier data transmission are
derived. The symmetric convolution-multiplication property of each DCT
implies that when symmetric convolution is performed in the time domain,
an element-by-element multiplication is performed in the corresponding
discrete trigonometric domain. Therefore, appending symmetric redun-
dancy (as prefix and suffix) into each data symbol to be transmitted, and
also enforcing symmetry for the equivalent channel impulse response,
the linear convolution performed in the transmission channel becomes
a symmetric convolution in those samples of interest. Furthermore, the
channel equalization can be carried out by means of a bank of scalars
in the corresponding discrete cosine transform domain. The expressions
for obtaining the value of each scalar corresponding to these one-tap per
subcarrier equalizers are presented. This study is completed with several
computer simulations in mobile broadband wireless communication
scenarios, considering the presence of carrier frequency offset (CFO).
The obtained results indicate that the proposed systems outperform the
standardized ones based on the DFT.

Index Terms—Carrier-frequency offset (CFO), discrete cosine transform
(DCT), discrete multitone modulation (DMT), multicarrier modulation
(MCM), multicarrier transceiver, orthogonal frequency-division multi-
plexing (OFDM).

I. INTRODUCTION

A general block diagram to implement multicarrier modulation
(MCM) is shown in Fig. 1. At the transmitter, the incoming data are
processed by an � -point inverse transform ����

�
�, with � being

the number of subchannels or subcarriers. At the receiver, a discrete
transform ���� is also performed. Discrete multitone modulation
(DMT) and orthogonal frequency-division multiplexing (OFDM) are
particular forms of multicarrier modulation (MCM) [1], and they
have been the modulation choice for fixed and nomadic broadband
communications (see e.g. [2]–[5]). In mobile communications, OFDM
has also been adopted in WiMAX [6], LTE downlink [7], and in
the physical layer of 802.11p that describes the wireless access in
vehicular environments (vehicle-to-vehicle (V2V) communications)
[8]. In DMT and OFDM, the � �� matrices �� and �� are carried
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