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Abstract—We propose two adaptive filtering algorithms that
combine sparsity-promoting schemes with data-selection mech-
anisms. Sparsity is promoted via some well-known nonconvex
approximations to the norm in order to increase convergence
speed of the algorithms when dealing with sparse/compressible
signals. These approximations circumvent some difficulties of
working with the norm, thus allowing the development of online
data-selective algorithms. Data selection is implemented based on
set-membership filtering, which yields robustness against noise
and reduced computational burden. The proposed algorithms are
analyzed in order to set properly their parameters to guarantee
stability. In addition, we characterize their updating processes
from a geometrical viewpoint. Simulation results show that the
proposed algorithms outperform the state-of-the-art algorithms
designed to exploit sparsity.

Index Terms—Adaptive filtering, data-selective algorithms, set-
membership filtering, sparsity.

I. INTRODUCTION

S PARSE signals and systems are found in many scenarios,
such as echo cancellation, channel equalization, and

system identification. The practical appeal of such applications
has driven the development of many adaptive filtering algo-
rithms aiming at exploiting the sparse nature of the involved
signals. Traditional algorithms such as the least-mean square
(LMS), the normalized LMS (NLMS), the affine projection
(AP), and the recursive least squares (RLS) do not take ad-
vantage of sparsity in the signal models, thus disregarding the
inherent structure of the problem that could be exploited to
improve convergence speed and steady-state performance.
In the adaptive filtering context, the most widely used ap-

proach to exploit sparsity is by performing coefficient updates
that are proportional to the magnitude of the related coefficients,
leading to the so-called proportionate family of algorithms.
This family includes the proportionate NLMS (PNLMS) [1],
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the [2], the improved PNLMS (IPNLMS) [3], the
IPNLMS- [4], the —law PNLMS (MPNLMS) [5], the im-
proved MPNLMS (IMPNLMS) [6], among others [7], [8] . In
addition, the set-membership PNLMS (SM-PNLMS) [9], [10]
can be interpreted as a data-selective version of the IPNLMS
algorithm. In comparison with the original PNLMS algorithm,
the SM-PNLMS has faster convergence, lower steady-state
mean-squared error (MSE), and reduced computational burden
due to data selection, which leads to sparse updates.
In addition to the proportionate algorithms based on NLMS,

different extensions of the affine projection algorithm em-
ploying the proportionate idea have been proposed, leading
to the proportionate AP algorithms (PAPAs), as one can see
in [11], [12], and references therein. Among the motivations
for such algorithms we may mention: (i) they include their
PNLMS counterparts as a particular case when there is no data
reuse; (ii) they can accelerate convergence by reusing previous
data. The PAPA and the improved PAPA (IPAPA) algorithms
were proposed in [13]. In [10], the set-membership PAPA
(SM-PAPA) was shown to have faster convergence than the
PAPA.
Recently, a different approach to deal with sparsity has been

employed, where a penalty function accounting for the spar-
sity is added to the original objective function and a gradient-
based algorithm is derived. Examples of resulting algorithms are
the zero-attractor AP algorithm (ZA-APA) and the reweighted
ZA-APA (RZA-APA) [14], whose penalty functions are related
to the norm of the coefficient vector. In [4], the -LMS al-
gorithm is defined using an exponential approximation to the
norm as a penalty in the cost function, working in a similar

way to the zero-attractor. In [15], the same exponential approx-
imation is used in a regularized RLS algorithm. In [16], another
version of the regularized RLS algorithm is developed, using a
penalty function with norm.
The main contribution of this paper is the use of nonconvex

sparsity-promoting penalties in data-selective adaptive filtering.
The proposed algorithms present reduced computational burden
and misalignment, as compared to state-of-the-art algorithms,
considering both sparse and compressible scenarios. While rela-
tively new in the context of adaptive solutions, nonconvex func-
tions have been extensively studied in sparse scenarios, as one
can see in [17]–[19] and references therein. They find applica-
tions in many areas, such as direction-of-arrival estimation [20],
video processing [21], and radar [22].
In the following, we summarize the contributions contained

in each section of this paper. Section II addresses the problem
of promoting/revealing sparsity by means of the function ,
which is an approximation to the norm. In this section, we
explain and motivate the employed approach by showing its ad-
vantages over the and norms. This section explains how
to set properly, how to cope with the nonconvexity of ,
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and it also establishes connections with the norm, particu-
larly with the commonly used reweighted technique [23]. In
Section III, we briefly revise the set estimation theory focusing
on data-selective algorithms for adaptive filtering. The purpose
of this section is to explain the role played by the involved sets
and to develop a new constraint vector that combines fast con-
vergence speed and low steady-state error. Next, in Section IV,
we combine the concepts of the previous sections so that two
novel data-selective algorithms tailored to exploit the sparsity
of the involved signals are proposed. Some properties of these
two algorithms are addressed in Section V, where we provide
geometric interpretations for their updating schemes and prove
two theorems regarding their stability. A literature review re-
garding adaptive filtering algorithms designed to exploit spar-
sity is presented in Section VI. Section VII discusses the compu-
tational burden of the aforementioned algorithms. Section VIII
presents simulation results considering an extensive set of sce-
narios whereas the conclusions are drawn in Section IX.

II. MODELING THE NORM

In this work, sparse signals are vectors of a finite-dimensional
vector space which can be represented as a linear combination
of a small number of basis vectors of the related space [24].
Usually, algorithms that are originally developed to deal with
sparse signals are also employed in the context of compressible
signals, which are not—strictly speaking—sparse signals, but
can be well approximated as so [24]. We shall first develop the
proposed algorithms for sparse signals and then describe some
implications of using them with compressible signals.
It is well known that the sparsity of a parameter vector can

be promoted by minimizing its norm. However, working di-
rectly with such a norm is a very difficult task since it leads to an
NP-hard problem, which turns its use prohibitive in online ap-
plications [24]. In this section, we describe some standard forms
to approximate the norm by using almost everywhere (a.e.)
differentiable functions, which allow the related (nonconvex)
optimization problem to be solved by using stochastic gradient
methods, a fact that will be exploited later. The -norm approx-
imation using a.e. differentiable functions plays a key role in our
proposal. In addition, we explain the advantages of minimizing
such functions over minimizing the and norms. The mate-
rial presented in this section is key to address some properties
of the proposed algorithms, which are discussed in Section V.

A. Approximating the Norm

Let us define the set of indexes . The
norm of a vector is defined as

the number of nonzero elements of , i.e.,
, in which denotes the cardinality of a finite set.

Therefore, by recalling the definition of sparse signals adopted
in this work, one can see that the sparsity of a vector is directly
revealed by its norm.
In addition to difficulties inherent to combinatorial searches

for minimum -norm solutions, the resulting optimization
problems are also ill-conditioned, since small perturbations
on may yield large changes on . Such facts hinder the
attempt to minimize directly the norm in many practical
cases, especially when noise is present.

These difficulties are due to the discontinuity of the norm.
Thus, they could be overcome by approximating the norm
using a continuous function , in which

is a parameter responsible for controlling the compro-
mise between quality of the approximation and “smoothness”
of . A common practice is to define analytically a continuous
function so that

(1)

In order for to satisfy this property for all , one must have,
in particular, as long as and the real
number , where is the th vector1 of the canonical
basis of . If , then , as long as
. This means that, , must satisfy

if ,
if

(2)

As a rule of thumb, we can analytically define so that

if ,
if

(3)

where the approximation above becomes more accurate as in-
creases. Besides continuity, we want to work with functions
that are also differentiable (at least, a.e. differentiable), since this
will allow us to employ gradient-based optimization methods.
Next subsection presents some examples of .

B. Standard Approximations

There is a variety of functions that can be used to approx-
imate the norm of a vector. Four examples of such functions
are [4], [25]–[27]:

(4a)

(4b)

(4c)

(4d)

By carefully observing (4a)–(4d), one can verify that all of
them satisfy the expressions in (2) and (3).
Equation (4a), which we denominate as multivariate Laplace

function (LF) [26], [28], is probably the most widely used ap-
proximation to the norm. In addition, (4c) describes the mul-
tivariate Geman-McClure function (GMF) [26], [29]. Equations
(4b) and (4d) are modifications of the LF and the GMF, respec-
tively, so that their derivatives are also continuous functions (see
(5)).
Fig. 1 depicts the univariate LF and GMF for different values

of . Notice that these functions are not convex and that
trades off smoothness for quality of approximation as it in-
creases. Fig. 2 illustrates the bivariate GMF for . Observe
that such function has only one global minimum at and
that an optimization method following the opposite direction

1That is, it has only 0 elements, except for a 1 in its th coordinate, .
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Fig. 1. Univariate functions , with , for different values of . (a) LF. (b) GMF.

Fig. 2. Bivariate GMF for and . (a) GMF. (b) GMF contour.

of the gradient will converge to this minimum regardless the
initial point due to the smoothness of the depicted . The
same observations are valid for the other functions .
Defining , the derivatives corresponding to

(4a)–(4d) are, respectively,

(5a)

(5b)

(5c)

(5d)

where the function sign : maps negative real
numbers into , positive real numbers into 1, and 0 into 0.
Thus, we can define the gradient of with respect to as

(6)

Parameter represents a trade-off between smoothness and
quality of approximation. This characteristic is useful for incor-
porating a priori knowledge about the nature of the involved
signals.

High values of lead to steep declines in for very
close to , whereas is almost constant for the remaining
values of . For the univariate case in Fig. 1, high values of
(around 20) imply that presents a small zero-attraction
interval (around 0) in which any belonging to this interval
is strongly pushed to 0. As decreases toward 0, be-
comes less steep and the zero-attraction interval expands, but
the strength with which is attracted to decreases.
When dealing with sparse signals we could use high values

of because we only need to attract the values which are really
close to . In practice, it is preferable to use moderate values
of because smoothness is important to guarantee the effec-
tiveness of gradient-based optimization methods. On the other
hand, we must reduce when dealing with compressible sig-
nals. Indeed, we must enlarge the zero-attraction interval so that
small components of the compressible signal lie on such in-
terval. Section VIII shows some choices for considering both
sparse and compressible signals.

C. Comparing to the Norm

In addition to continuity and a.e. differentiability, the
norm is also convex, which turns gradient-based methods
very suitable to its minimization.2 Indeed, the norm of

2In fact, interior point methods are also a common choice in other contexts
and are out of the scope of this paper.
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the vector is given by and its deriva-
tive is so that its gradient is

. Clearly, the facility of
working with such a norm explains why it has been extensively
used, as can be seen in [30]–[33] and references therein. On the
other hand, there are two major issues related to minimizing the
norm: (i) the conditions that guarantee equivalence between

minimizing the and norms may not be satisfied in practical
applications [25], [34] and (ii) its derivative , and thus
the gradient , does not take into account how close
is to 0.
Observe that one expects a good sparsity-promoting scheme

to push to 0 for small , whereas should be less at-
tracted to 0 as increases. Intuitively, if a component
has large , then the sparsity-promoting scheme should not
waste energy in an attempt to make it equal to 0. Indeed, by
giving priority to components which are close to 0, the nu-
merical method is able to reduce (the original problem)
rapidly and, as a result, we can perform updates using small
step-sizes, keeping numerical errors under control. Hence, to
cope with issue (ii) mentioned above, the sparsity-promoting
scheme using gradient-based minimization of the norm could
be improved by employing a technique known as reweighted
minimization proposed in [23] and used in adaptive filtering al-
gorithms such as those in [14], [35]. In such heuristic approach,
the functions that compose are replaced by ,
which are defined as

(7)

where is a predefined positive real constant. Observe that ex-
pressions (7) and (5c) are very similar in the way they consider
the information regarding the proximity of to 0.

III. DATA-SELECTIVE ADAPTIVE FILTERS

Set estimation theory has a great appeal to practical applica-
tions [36]. Indeed, since most applications present some sources
of uncertainty, like imprecision due to measurements and mod-
eling, noise and interference effects, it makes more sense to
search for acceptable solutions rather than a single solution that
one would find using the traditional point estimation theory.
The set estimation theory provides means to incorporate prior
knowledge about these uncertainties in order to define the set
of acceptable solutions. In this context, the set-membership fil-
tering (SMF) is remarkable because it connects set-theoretic es-
timation with data selection, enabling a reduction of the required
computational burden and, consequently, saving energy. In ad-
dition to the reduction of the computational burden, SMF-based
algorithms are also more robust against noise [37].
This section presents a brief review of the SMF as well as

the set-membership affine projection (SM-AP) algorithm, one
of the most general SMF-inspired algorithms. Such revision
aims at describing some of the involved sets, especially the con-
straint set, so that we can show how to define them appropriately
in Section III-C. This is one of the contributions of this paper,
which does not have to be necessarily linked to sparsity-aware
algorithms.

A. Set-Membership Filtering (SMF)

The SMF criterion [38] for real data aims at estimating the
parameter that leads to an error signal

whose magnitude is upper bounded by a constant
, for all possible pairs , where is the

input vector and is the desired (or reference) signal.
Denoting by the set comprised of all possible pairs ,
we can state the SMF criterion as finding that satisfies

. That is, by defining the feasibility set (the set
of acceptable solutions) as

(8)

then the SMF criterion can be summarized as finding a .
Considering online applications, (8) does not provide a prac-

tical way of determining or a point in it since we do not have
. In such case, the best we can do is to use all data available
up to the current iteration . Indeed, defining the set

(9)

where and denotes the th constraint set given
by

(10)

then can be iteratively estimated via since
.

B. Set-Membership Affine Projection (SM-AP)

The different SMF-based online algorithms in the literature
choose distinct forms of working with a finite number of con-
straint sets in order to approximate the feasibility set .
For instance, at a given iteration , the standard SM-AP algo-
rithm [39] finds a new parameter vector within the
intersection of the last constraint sets , where
is known as data reuse factor. As increases, more previous
data are reused at every iteration resulting in an increase of con-
vergence speed at the cost of increasing the computational com-
plexity. In addition, by passing from to

, it may happen that . There-
fore, in order to mitigate such issue it is important to employ the
minimum disturbance principle so that the updating of the pa-
rameter vector is performed to minimize .
Intuitively, by constraining to be as close as possible
to , there is a lower probability of
and, consequently, the probability of decreases
as well.
Therefore, the SM-AP algorithm aims at minimizing

subject to . This means that if
(i.e., the data does not bring enough innovation),

then no update is performed and . On the
other hand, an update is required when . Note
that in order to check if , it suffices to check if

, because the iterative process already assures that
.
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The problem formulation shown in the previous paragraph is
very insightful. However, for deriving the updating recursion of
the SM-AP algorithm it is better to note that when an update
occurs the optimization problem can be rewritten as [39], [40]:

(11)

which leads to the following recursion:

,
otherwise,

(12)
where and are the
error vector, desired vector, and input vector,

is the input matrix, the error vector is
given by , and the constraint
vector (CV) is denoted by . In addition,

and
is a regularization factor used to avoid numerical issues due to
matrix inversion.
The inner structure of the following variables is helpful in

further discussions:

(13)

C. The Role of the Constraint Vector

Now, we have all the tools to understand fully the role of
the constraint vector in the SM-AP algorithm. The en-
tries of are employed to define a subset of where

will lie. Indeed, the equality constraints in (11) rep-
resent an intersection of hyperplanes, which is guar-
anteed to be a subset of by making for

, and is the projection of
onto such intersection/subset.
Since we are interested in having with

as close as possible to , it is natural to generate
in the border of that is closest to whenever

an update occurs. This is exactly what the commonly used CVs,
which are given in Definitions 1 and 2, do.
Definition 1 (Fixed Modulus Error-Based — FMEB): The

FMEB constraint vector (FMEB-CV), proposed in [41] and an-
alyzed in [37], is defined as

(14)

Definition 2 (Simple Choice— SC): The SC constraint vector
(SC-CV), proposed in [39] and analyzed in [42], is defined as

if ,
for .

(15)

When an update occurs, the FMEB-CV yields such
that all errors due to the last data pairs are modified so that
their absolute values become , whereas for the SC-CV,
only changes the 0th error component (i.e., it reduces

Fig. 3. SM-AP updating scheme in the parameter space for . The blue,
cyan, and green arrows correspond to the step/perturbation applied to

during the update considering the SC-CV, FMEB-CV, and ED-CV, re-
spectively. Thus, the head of these arrows depict .

to ) keeping the other error components unaltered. Fig. 3 il-
lustrates the updating process of the SM-AP algorithm using the
FMEB-CV and the SC-CV for . In the FMEB-CV,
is mapped to a that lies on the intersection of the two
closest hyperplanes, whereas the SC-CVmaps to
on the closest border of constrained not to modify the pre-
vious error components (i.e., it follows a path that is parallel to
the hyperplanes ). Fig. 3 also
reveals some important characteristics of the updating process.
The cyan arrow is usually longer than the blue arrow, especially
during the early iterations, which suggests that the FMEB-CV
converges faster than the SC-CV. On the other hand, as previ-
ously mentioned, since the SM-AP works with a finite number
of constraint sets, by using small steps the SC-CV reduces the
chance of generating disrespecting the constraints
prior to iteration . This indicates that, although the SC-CV
is slower than the FMEB-CV, it is capable of achieving both
lower MSE and lower probability of update.
Fig. 3 also illustrates that there are infinitely many solutions

between the FMEB-CV and the SC-CV. In what follows, we
show some analytical interpretations in order to obtain a novel
CV that benefits from the good characteristics of both SC-CV
and FMEB-CV.
Assuming that , then the updating formula of the

SM-AP in (12) can be rewritten as

(16)

Now, by using the particular forms of the aforementioned CVs,
one can write

(17)

where is a diagonal matrix containing
weights applied to the columns of matrix , and

is the step/perturbation added to to imple-
ment the update. The analytic definitions of and for
the SC-CV and FMEB-CV are, respectively,

(18)



4562 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 62, NO. 17, SEPTEMBER 1, 2014

(19)

where denotes the th column of matrix
and diag is a diagonal matrix with on its main diagonal.
According to (17), the SM-AP algorithm with SC-CV or

FMEB-CV can be thought as a standard AP algorithm fea-
turing data selection through the innovation check that decides
whether an update is necessary or not, and employing a variable
step-size matrix , whose diagonal entries represent the
step-sizes applied to each column of . Observe that,
for the SC-CV, only the first column of is employed
in the update, whereas the FMEB-CV yields a perturbation
vector that is a linear combination of all columns of ,
thus featuring more degrees of freedom. Therefore, it is ex-
pected that the SM-AP using the FMEB-CV presents faster
convergence.
Both the SC-CV and the FMEB-CV could be thought as two

extreme cases regarding the level of importance given to past
data pairs. Indeed, the SC-CV considers only the current error

to define the perturbation vector employed in its related
update equation. On the other hand, the FMEB-CV gives sim-
ilar weights to all the last errors to define its cor-
responding perturbation vector. However, since

and has already taken into account past
error signals, then giving similar weights to all error compo-
nents when defining corresponds to giving more impor-
tance to previous error signals (i.e., with relatively large)
in the definition of , since those signals were used
in . Therefore, it makes sense to look for a solution that
gives less importance to past error signals in the definition of

. A simple way of doing that is inspired by the recursive
least-squares (RLS) algorithm, which applies an exponential de-
caying to the error signal. We propose the novel CV of Defini-
tion 3, which is represented in Fig. 3 as the green arrow.
Definition 3 (Exponential Decay — ED): The ED constraint

vector (ED-CV) requires that and is given by

(20)

By utilizing the constraint vector definition above in (17), one
has

(21)

IV. DATA-SELECTIVE ALGORITHMS EXPLOITING SPARSITY

In this section, we propose two algorithms that exploit the
sparsity of the involved signals/systems in order to achieve
faster convergence and lower computational burden than
traditional algorithms. Sparsity is taken into account by in-
corporating in the optimization problem. In addition, the
proposed algorithms combine data-reuse and data-selection
mechanisms, as the SM-AP algorithm does. The first proposal,
abbreviated as SSM-AP, is a sparsity-aware version of the

SM-AP algorithm, whereas the second, viz. quasi SSM-AP
(QSSM-AP), is a simplified version of the former designed to
reduce the computational burden even further. Appendix D
presents the SSM-AP and the QSSM-AP algorithms for com-
plex-valued variables.

A. SSM-AP Algorithm

The SSM-AP algorithm updates whenever , fol-
lowing an updating recursion that is an approximation of the
solution to the optimization problem:

(22)

where denotes the weight given to the norm penalty.
We used the word “approximation” since we actually “solve”
the following problem:

(23)

In order to solve this optimization problem, we form the La-
grangian as

(24)

differentiate it with respect to and , and equal the
resulting expressions to zero (i.e., ), thus yielding

(25)

(26)

respectively. Then, the left-multiplication of (25) by and
the substitution of (26) into the resulting equation generates

(27)

where we assumed that is invertible. Substituting
(27) into (25) leads to the following updating equation of the
SSM-AP algorithm:

(28)

where we replaced by , defined in
Section II-B, in order to form the recursion and the term

was replaced by to incorporate the
regularization factor .

B. QSSM-AP Algorithm

The constrained optimization problem in (23) can be re-
garded as the minimization of with corresponding
minimum disturbance in the parameter vector (due to the
presence of the additive term ), subject to the
constraint , where the a posteriori error vector
is defined as . In this context, if one

does not impose any condition of minimum disturbance, a
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related and simpler alternative approach would be minimizing
a combination of and simultaneously,
thus giving rise to an unconstrained optimization problem.
However, instead of working with the standard Euclidean
norm, we shall work with the -norm,3 which means that

. This allows us
to keep the compatibility with the standard SM-AP recursion
in non-sparse/dispersive environments (i.e., those in which

). Therefore, an unconstrained problem related to
(23) can be written as

(29)

whose gradient-descent solution (disregarding step-sizes) de-
fines the recursion of the proposed QSSM-AP algorithm, as
follows:

(30)
in which the term cor-
responds to the gradient of the cost-function in (29) evaluated
at .
It is interesting to note that, in (28), the term , which

is responsible for promoting sparsity, is left-multiplied by an
matrix whose rank is . Therefore, such

matrix-vector multiplication restricts the influence of
to an -dimensional space, thus losing degrees
of freedom. On the other hand, the sparsity-promoting term in
(30) benefits from such degrees of freedom, and simultaneously
reduces its associated computational complexity as compared to
the complexity of the SSM-AP algorithm.

V. PROPERTIES OF THE PROPOSED ALGORITHMS

In this section, we address some geometric characteristics of
the proposed algorithms and state two theorems regarding their
stability, a property that is related to the choice of .

A. Interpreting the Gradient

From the discussion presented in Section II, we know that
takes into account the distance from each component

to 0. This means that if we have
(i.e., components equidistant to 0), then each

is pushed to 0 with equal strength. Hence, if we repre-
sent by an arrow with its tail at , then such
arrow points to . On the other hand, if we have one component

closer to 0 than the others, then will be forced to 0
with more strength. Such aspects are illustrated in Fig. 4 for the
space and two different , one is given by

and the other is . The red arrow represents the vector
and, just to make such example reproducible, we

used the GMF presented in Section II-B and . Note that
the discussion presented is this subsection is not dependent on
the choices of parameters and function .

B. Updating Process

Let us consider the SSM-AP algorithm and rewrite its up-
dating process given in (28) as

(31)

3It is worth remembering that matrix is symmetric and positive definite.

Fig. 4. Arrows illustrate vector .

where and
. It is possible to show

that is orthogonal to (see Appendix A). Hence, in
order to generate , the SSM-AP first applies the
perturbation , which is exactly the same perturbation used
by the SM-AP algorithm, that moves to the closest
point lying on the intersection of the hyperplanes described
by [25], [40]. Then, is
applied yielding that still lies on the intersection
of hyperplanes (following the same reasoning shown in
Appendix A one can prove that such satisfies
the constraints ), but with
components closer to zero than the components of

.
Now, let us examine the updating equation of the QSSM-AP

algorithm given in (30):

(32)

where . The term was explained in the
previous paragraph, whereas the term , as explained in the
previous subsection, aims at forcing the components of to
0. It is important to notice that, unlike the SSM-AP algorithm,
is not orthogonal to . Hence, the QSSM-AP algorithm

generates that does not belong to the intersection of
hyperplanes.
So far we addressed the direction of and , which are re-

lated to the updating process of the SSM-AP and the QSSM-AP
algorithms, respectively. Now let us analyze the length of these
vectors, i.e., how strong the proposed algorithms push the com-
ponents of to 0. It is not difficult to verify that is the
projection of onto a space that is orthogonal to the column
space of . Therefore, we have .
Fig. 5 illustrates the updating process of SSM-AP and

QSSM-AP for , in which and are the
updated parameter vectors of the SSM-AP and the QSSM-AP
algorithms, respectively, and denotes the actual coefficients
of the sparse unknown system.

C. Stability

Theorems 1 and 2 below guarantee the existence of that
yields estimates which are always closer to than
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Fig. 5. Updating process of SSM-AP and QSSM-AP algorithms for
(normalized LMS version) yielding and , respectively. It
is assumed that , the filter modeling the unknown system, is sparse.

when the SSM-AP and the QSSM-AP algorithms update
their coefficient vectors.
Theorem 1: For the SSM-AP algorithm, there exists so that

is a monotonically nonincreasing sequence.
Proof: Proof is left to Appendix B.

Theorem 2: For the QSSM-AP algorithm, there exists so
that is a monotonically nonincreasing sequence.

Proof: Proof is left to Appendix C.
Appendix B and C exhibit such values of . Indeed, we

found that for the SSM-AP algorithm
(Appendix B), whereas for the QSSM-AP
algorithm (Appendix C). In addition, belongs to both
intervals, i.e., and .
Even though Appendix B and C provide closed-form expres-

sions for , , , and , these expressions are
not practical for choosing because they depend on , which
is not known.4 In addition, these bound values for depend
implicitly on , i.e., they must be calculated at every iteration,
which goes in the opposite way of reducing the number of oper-
ations required by the proposed algorithms. Hence, in practice,
it is preferable to set as a small nonnegative number that is
constant for all . The nonnegativity assures that the algorithms
are following a direction that promotes sparsity in the coefficient
vector as shown in Fig. 4, whereas should be small enough to
guarantee (SSM-AP) or (QSSM-AP)
for all .

VI. RELATED ALGORITHMS

In this section, we provide an overview of the online5 adap-
tive filtering algorithms exploiting sparsity.
The proportionate family of algorithms finds widespread use

in the context of sparse systems/signals. The first algorithm of
this family is the PNLMS [1] whose updating rule is:

(33)

where is the step-size and
is a diagonal matrix

whose each element is proportional to the magnitude of
its associated filter coefficient .
Many algorithms based on (33) have been proposed in order

to achieve a better model for sparsity, and they differ from

4In fact, for the QSSM-AP algorithm, one can use the expressions in Ap-
pendix C to set safely as , where and must be computed
at every iteration.
5That is, algorithms that do not use block processing and, therefore, do not

introduce latency.

each other just on the choice of . For example, the choice
of in the PNLMS algorithm makes it very sensitive to
the sparsity degree. Indeed, PNLMS is very efficient when the
sparsity degree is high, but its convergence becomes slower as
the sparsity degree decreases. Since the sparsity degree usually
varies in most applications, other algorithms that mitigate this
issue have been proposed, such as [2], improved
PNLMS (IPNLMS) [3], IPNLMS- [4], improved -law
PNLMS (IMPNLMS) [6], among others [7], [8]. SM-PNLMS
[9], [10] can be interpreted as a data-selective version of the
IPNLMS algorithm.
Proportionate data-reuse algorithms, such as PAPA and im-

proved PAPA (IPAPA) [13], were also proposed. In [10], set-
membership PAPA (SM-PAPA) was shown to have faster con-
vergence than the PAPA algorithm. Depending on the proper
set-up of the algorithm parameters, the following updating rule
of the SM-PAPA is able to generalize almost all PNLMS- and
PAPA-based algorithms:

if ,
otherwise,

(34)

where .
With respect to those algorithms that include a penalty

function accounting for the sparsity in the original objective
function, the zero-attractor AP algorithm (ZA-APA) and the
reweighted ZA-APA (RZA-APA) [14] are remarkable exam-
ples. The updating rule employed by the ZA-APA is

(35)

where
is the element-wise sign function and the definition of is in
Section II-C. The RZA-APA uses the reweighted technique ex-
plained in Section II-C leading to the following recursion:

(36)

where (see
Section II-C for the definition of ).
In addition, there are also algorithms, such as AP algorithm

for sparse system identification (APA-SSI) and the Quasi
APA-SSI (QAPA-SSI) [25], whose penalty functions are as-
sociated with the norm of the coefficient vector. Those
algorithms follow an approach based on function explained
in Section II. The updating equation corresponding to the
APA-SSI is

(37)

The updating process of QAPA-SSI is described by

(38)

In comparison with the APA-SSI and QAPA-SSI, the proposed
SSM-AP and QSSM-AP algorithms are more general since they
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TABLE I
NUMBER OF OPERATIONS FOR SM-PAPA, SSM-AP, AND QSSM-AP ALGORITHMS

feature the data-selective property and also employ variable
step-sizes implicitly determined by the choice of the constraint
vector . When the SSM-AP (or QSSM-AP) algorithm up-
dates the filter coefficients and , it coincides with the
updating scheme of the APA-SSI (or QAPA-SSI) with .

VII. NUMBER OF OPERATIONS

In this section, we determine the number of (arithmetic and
bitwise) operations performed by the following algorithms:
SSM-AP, QSSM-AP, and SM-PAPA.
Compared to traditional algorithms, set-membership (SM) al-

gorithms present reduced computational burden due to data-se-
lective updates. Indeed, for SM algorithms there are two types
of iteration. The first corresponds to the iterations where no up-
date is performed, which requires operations, while
the second one accounts for the iterations where an update is
performed, requiring operations. Thus, denoting by

the fraction of the iterations in which updates occur,
the average number of operations per iteration is ex-
pressed by:

(39)

In addition, there are two important facts: (i) and
(ii) , especially in stationary environments. These facts
together entail that for most of the iterations the SM algorithms
perform only operations, while non-SM algorithms per-
form operations at every iteration.
In addition to being SM algorithms, the SSM-AP, the

QSSM-AP, and the SM-PAPA can accelerate convergence and
reduce the average number of operations even further when
dealing with sparse signals. Table I presents their number of
operations required in both types of iterations. Such table dis-
criminates each type of operation, which can be an arithmetic
operation (addition, subtraction, multiplication, and division),
a comparison operation (the “if” statement), and bitwise oper-
ations (sign and absolute value). Thus, one can compute
and for one of the algorithms by summing the values
along a column of Table I.
When calculating the number of operations we had to make

some choices so that a fair comparison could be established.
Hence, we are not claiming that the results in Table I represent
the lowest number of operations. Some examples of choices we
made are: (i) all quantities that do not vary with (e.g., and
) are precomputed and stored in memory, requiring no oper-

ation; (ii) Gauss-Jordan elimination is used for the inversion of
the matrices; and (iii) multiplications by 0 or

(so-called trivial multiplications) are not taken into account.
In addition, Table I does not take the computation of into
consideration. Thus, the use of the SC-CV requires 1 extra sign
operation, whereas the ED-CV requires extra sign oper-
ations. In addition to the aforementioned choices that affect all
three algorithms, for the SSM-AP and the QSSM-AP we con-
sider that follows (5c). In order to facilitate compar-
isons, since it is common practice to have , then the
number of operations are represented by polynomials in with
the dominant terms per operation being highlighted in boldface.
From Table I, since the number of operations for iterations

with no update is equal for all three algorithms, because they
evaluate new data in the same manner, we can focus on the iter-
ations where an update occurs. In this case, the QSSM-AP algo-
rithm presents the lowest number of operations for all kinds of
operation, thus being the least computationally demanding al-
gorithm among the three. Although the SSM-AP requires more
multiplications than SM-PAPA, the additions and bitwise
operations required by the SM-PAPA dominate the computa-
tional burden, turning the SM-PAPA’s update the most compu-
tationally demanding one.

VIII. RESULTS

In this section we compare the performance of the proposed
algorithms, viz. SSM-AP and QSSM-AP, with an extensive
list of algorithms designed to exploit sparsity, mentioned
in Section VI. The competing algorithms are: ZA-APA and
RZA-APA [14], APA-SSI and QAPA-SSI [25], and SM-PAPA
[10] representing the proportionate family of algorithms.6 For
each of the SM algorithms we use both the SC-CV and the
ED-CV and, whenever we mention an SM algorithm employing
a specific constraint vector (CV) we abbreviate as “algorithm
(CV-type)”. Thus, SSM-AP (SC-CV) stands for the SSM-AP
algorithm using the simple-choice constraint vector (SC-CV).
It is worth highlighting that the SM-PAPA (ED-CV) is actually
a contribution of this paper that has faster convergence speed,
in comparison with the SM-PAPA (SC-CV) proposed in [10].
The algorithms are evaluated via three figures of merit: the

percentage of updates, the MSE, and the normalized misalign-
ment which is defined as

(40)

6The SM-PAPA was chosen because: (i) most proportionate algorithms are
special cases of the SM-PAPA, and (ii) it was shown in [10] that, in addition to
reducing computational burden, the SM-PAPA also has betterMSE performance
than their non-SM special cases, such as the PAPA and IPNLMS.
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TABLE II
RESULTS DURING STEADY-STATE. THE PROPOSED ALGORITHMS ARE SHADOWED

where is the actual impulse response of the unknown
system to be identified.
We consider representing both a sparse impulse re-

sponse (Section VIII-A) and a compressible impulse response
(Section VIII-B). In each case we perform different experi-
ments to assess the robustness of the algorithms against the
sparsity degree of . Indeed, we use impulse responses
that are very sparse (one or two “nonzero” coefficients),
sparse (“nonzero” coefficients are equispaced), block-sparse
(“nonzero” coefficients are adjacent), and dispersive (all co-
efficients are “nonzero”). The quotation marks in “nonzero”
were used to address both the sparse and compressible cases,
i.e., the cases where we do have coefficients equal to 0 and the
cases where we have coefficients close to 0. Therefore, in the
compressible case, “nonzero” coefficient actually means a co-
efficient whose magnitude is much greater than the magnitude
of the coefficients which are close to 0. In addition, in order to
investigate how fast the algorithms can readapt, we perform an
abrupt change in at .

A. Sparse Impulse Response

1) Scenario: We consider four experiments (Exp.)
consisting of the identification of an unknown system

whose
coefficients are set as:
• Exp. 1 (very sparse):
— For : and , for the
other indices ;

— For : and
, for the other indices .

• Exp. 2 (sparse):
— For : , for , and

, for the other indices ;
— For : , for , and

, for the other indices .
• Exp. 3 (block-sparse):
— For : , for , and

, for the other indices ;
— For : , for , and

, for the other indices .
• Exp. 4 (dispersive):
— For : , for ;
— For : , for , and

, for .
In order to identify the unknown system , we

use an adaptive filter that is initialized as
. The reference signal is assumed to

be corrupted by an additive white Gaussian measurement noise
with variance .
The input signal is a real-valued random sequence

generated as follows. First, a white Gaussian real-valued
noise sequence , uncorrelated with , is filtered
by an IIR filter defined by the following equation

,
and then the variance of is normalized to 1. This corre-
sponds to a 4th order autoregressive (AR) process and
can be seen as a colored noise sequence whose autocorrelation
matrix has eigenvalue spread approximately equal to .
AR processes are very useful to model some signals found in
practice, such as speech signals. The IIR filter used here is
exactly the same used in [10].
The simulation results are generated as follows. We let each

algorithm run during 4000 iterations and repeat this procedure
4000 times, forming the ensemble. Then, we perform an en-
semble average to generate estimates of our figures of merit for
each iteration . The results in steady-state are generated by av-
eraging these figures of merit over the last 1000 iterations.
2) Algorithm’s Parameters: The updating process of the

adaptive filter is governed by one of the following algo-
rithms: ZA-APA, RZA-APA, APA-SSI, QAPA-SSI, SM-PAPA
(SC-CV), SM-PAPA (ED-CV), SSM-AP (SC-CV), SSM-AP
(ED-CV), QSSM-AP (SC-CV), and QSSM-AP (ED-CV).
Their updating rules can be found in Sections IV and VI,
whereas the constraint vectors are defined in Section III-C.
These algorithms are set so that they yield similar conver-

gence speed at the early iterations, except for the algorithms em-
ploying the SC-CV, which are naturally slower. The following
parameters were used: step-size , regularization factor

, data-reuse factor , penalty-function weight
[14], [25], with chosen as the GMF

[25], [43], and for the RZA-APA [14].
Such choices agree to the recommended values for the com-
peting algorithms.
3) Results: Fig. 6 depicts the misalignment evolution for the

ten aforementioned algorithms, whereas Table II summarizes
their results (percentage of update, MSE, and misalignment)
during steady-state.
Observing Fig. 6, we can classify the algorithms into two

categories according to the speed in which their related mis-
alignments converge: the “slow” algorithms, which require
more than 1000 iterations to converge, and the “fast” algo-
rithms, which converge in fewer than 250 iterations. The
category of “slow” algorithms is formed by the SM-PAPA
(SC-CV), the SSM-AP (SC-CV), and the QSSM-AP (SC-CV),
whereas the other seven algorithms belong to the group of “fast”
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Fig. 6. Misalignment evolution for different experiments involving sparse systems .(a) Exp. 1 – “fast” algorithms. (b) Exp. 1 – “slow” algorithms.
(c) Exp. 2 – “fast” algorithms. (d) Exp. 2 – “slow” algorithms. (e) Exp. 3 – “fast” algorithms. (f) Exp. 3 – “slow” algorithms. (g) Exp. 4 – “fast” algorithms.
(h) Exp. 4 – “slow” algorithms.

algorithms. In what follows, we shall establish comparisons
among algorithms within the same group before comparing
algorithms of different groups.
Considering the group of “fast” algorithms and Exps. 1 to 3

(i.e., experiments involving sparse systems), we notice that the
misalignment results of the APA-SSI are superior to the ones
of the ZA-APA, which shows the practical benefits of using an

approach based on over using the norm.7 As expected,
the RZA-APA and the QAPA-SSI perform quite similarly to
the APA-SSI. This occurs because the reweighted technique
is connected with the approach based on , as described in
Section II-C, whereas the QAPA-SSI can be regarded as a sim-

7The only difference between these two algorithms is that the ZA-APA uses
norm, whereas the APA-SSI uses to promote sparsity.
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plified version of the APA-SSI. The SM-PAPA (ED-CV), the
SSM-AP (ED-CV), and the QSSM-AP (ED-CV) reduce the re-
quired computational burden by not updating the filter coeffi-
cients at every iteration, as explained in Section VII. Notice that
the proposed SSM-AP (ED-CV) and QSSM-AP (ED-CV) re-
quire fewer updates than the competing algorithms and yield
the lowest misalignments at the same time, thus constituting the
best algorithms of the group of “fast” algorithms. Even in Exp. 4
(dispersive scenario) the performance of SSM-AP (ED-CV) and
QSSM-AP (ED-CV) are a bit superior, as shown in Table II.
Considering the group of “slow” algorithms, we can see

that the misalignment results of the SSM-AP (SC-CV) and
QSSM-AP (SC-CV) algorithms are at least as good as the
misalignment of the SM-PAPA (SC-CV) for the experiments
in which the unknown system is sparse, i.e., experiments 1,
2 and 3. In addition, the proposed algorithms also achieved
better steady-state results than SM-PAPA (SC-CV) in these
experiments, as shown in Table II. Indeed, they yielded a
misalignment that is up to 4.5 dB lower, an MSE around 2
dB lower, and they updated around 50% lesser than the
SM-PAPA (SC-CV) updated. Therefore, the proposed SSM-AP
(SC-CV) and QSSM-AP (SC-CV) correspond to the two best
algorithms of the group of “slow” algorithms. In the dispersive
case, on the other hand, these three algorithms yielded similar
performance.
Comparing the two best algorithms of each of the two cat-

egories, we observe that the steady-state results of the “slow”
algorithms are usually better. On the other hand, the SSM-AP
(ED-CV) and the QSSM-AP (ED-CV) have the advantage of
converging approximately four times faster.

B. Compressible Impulse Response

1) Scenario: In this subsection we consider almost the same
scenario presented in Section VIII-A. The only difference is that
now our impulse response is a compressible version of the

shown in Section VIII-A. Indeed, here we redefine Exp. 1,
Exp. 2, Exp. 3, and Exp. 4 so that every coefficient that
was equal to 0 is now replaced by a nonzero value that is drawn
from a zero-mean Gaussian distribution with variance .
2) Algorithm’s Parameters: Here we consider the same

choices of parameters shown in Section VIII-A, but we will
make vary as increases, as it will be explained.
3) Results: Initially, for small values of such as
, we used (as in the sparse case) and obtained re-

sults similar to the ones presented in Section VIII-A. We also
observed that should decrease as increases, corroborating
the comments in Section II-B. For instance, using a high value
such as , we used in order to obtain
the results shown in Fig. 7. Once again we observe that there
is a group of “slow” algorithms, comprised of the three algo-
rithms using the SC-CV, while the remaining seven algorithms
belong to the group of “fast” algorithms. In summary, within
each group, the proposed algorithms achieved lower misalign-
ments than the competing algorithms. Similar to the sparse sce-
narios, in the compressible scenarios the algorithms that pro-
mote sparsity through also exhibited better performance.
The steady-state MSE and percentage of updates are not men-
tioned here because they are very similar for the SM-PAPA, the
SSM-AP, and the QSSM-AP algorithms employing the same
CV.

C. Additional Remarks

We have tested the proposed algorithms in many other
scenarios which are not included in this paper due to the lack
of space. Thus, in this subsection we summarize some of our
observations.
Firstly, we have always observed the two clusters: “fast”

and “slow” algorithms. Considering the group of “fast” algo-
rithms, the SSM-AP (ED-CV) and the QSSM-AP (ED-CV)
have always exhibited very similar performances, which were
superior to those of the competing algorithms. In addition,
the number of operations required by QSSM-AP is much
lower than for the other algorithms. For instance, considering
Exp. 1 in Section VIII-A, the average number of operations
per iteration (defined in (39)) of the QSSM-AP (ED-CV) is

, which
is almost 30% less than for the SM-PAPA (ED-CV) and about
85% less than for the traditional AP algorithm with the same
data reuse factor . Therefore, the QSSM-AP (ED-CV)
has the best cost-effectiveness within the group of “fast”
algorithms.
The group of “slow” algorithms, which employs the SC-CV,

has shown to be much more sensitive to the choice of and to
the sparsity degree of the unknown system than the algorithms
using the ED-CV. For instance, Table II shows that the figures
of merit of the algorithms using the ED-CV are more robust to
the sparsity degree than the algorithms using the SC-CV. Such
characteristic facilitates the specification of a hardware.
We also tested the proposed algorithms in more general ex-

periments, in which the sparse systems had some null coeffi-
cients as well as some random coefficients (e.g., ).
The results obtained were quite similar to the ones presented in
Section VIII-A.
Regarding the probability of update along the iterations

, Fig. 8 depicts the typical behavior of SM algorithms:
they update more frequently during the first iterations or when
there is a change in the impulse response of the unknown
system, as represented by the peaks in Fig. 8. After some
iterations, as the algorithm learns from the observed data,
it updates less often since there is less to be learned. Fig. 8
allows one to compute the expected value of the number of
operations performed at a given iteration, denoted as , as:

, where and
are given in Table I. In such experiment, one can conclude that
the QSSM-AP (ED-CV) and the QSSM-AP (SC-CV) exhibit
the lowest values of within the groups of “fast” and
“slow” algorithms, respectively.

IX. CONCLUSION

In this paper we proposed two algorithms that can be regarded
as generalizations of the SM-AP algorithm to exploit the spar-
sity of the involved signals. Thus, such algorithms rely on two
independent parts: (i) models to reveal/promote sparsity and (ii)
the SM-AP algorithm. In part (i), we compare and establish con-
nections between the approach we used against the approaches
based on and norms in order to motivate our choice. In
part (ii), we use the set estimation theory to propose a con-
straint vector (CV) that combines the best characteristics of the
two most widely used CVs. In addition to this, we also show
some geometric properties of the proposed algorithms as well
as a proof of stability for each of them. Simulation results show
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Fig. 7. Misalignment evolution for different experiments involving compressible systems . (a) Exp. 1 – “fast” algorithms.
(b) Exp. 1 – “slow” algorithms. (c) Exp. 2 – “fast” algorithms. (d) Exp. 2 – “slow” algorithms. (e) Exp. 3 – “fast” algorithms. (f) Exp. 3 – “slow” algorithms.
(g) Exp. 4 – “fast” algorithms. (h) Exp. 4 – “slow” algorithms.

that the proposed algorithms outperform the other algorithms
designed to exploit sparsity.
An interesting topic for future work is the MSE analysis of

the proposed algorithms.

APPENDIX A

Here we show that is orthogonal to . One must
remember that the regularization factor in
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Fig. 8. Probability of update per iteration considering the sparse unknown
system given in Exp. 3.

was artificially added just to avoid nu-
merical issues and, therefore, should be chosen as ,
which means that . In the following derivation we
consider :

(41)

APPENDIX B
PROOF OF THEOREM 1

We prove Theorem 1 using an approach that is somewhat
indirect, but has the advantages of highlighting geometric in-
terpretation while avoiding cumbersome expressions. In what
follows we prove two lemmas that facilitate the proof of the
theorem.
First, let us define as the corresponding to the

SSM-AP algorithm, i.e., given in (28). Thus,
represents the SSM-AP’s using . In addition,
denotes the 2-norm and recall that is the impulse response
of the unknown system.
Lemma 1: .
Proof: Consider the geometric construction shown in

Fig. 9, which depicts the updating process of the SSM-AP
algorithm. Observe that and are the
lengths of the hypotenuses of the two right triangles exhibited
in this figure. Using the Pythagorean theorem it follows that

(42)

where the inequality follows from the fact that we are assuming
that an update occurs, i.e.,
implying that and hence does not belong to the
intersection of the last constraint sets. Therefore,

in such cases. On the other hand, when
the algorithm does not update we have , thus

, completing the proof.
Lemma 2: Define

, where
. Then, Lemma 1 implies .

Fig. 9. Geometric interpretation of the SSM-AP algorithm considering
aiming at explaining how to choose properly. The choice of allows for
a clear figure, but we highlight that the same relations and angles are also valid
for general (the only difference is that instead of a single hyperplane, when

we have an intersection of the last hyperplanes).

Proof: From Lemma 1 we know that
, where the equality holds only when there is no up-

date, i.e., . Otherwise, an update takes place and
can be related to via (28) employing . Expanding
the first term of the inequality
we obtain

(43)

where in the third equality we used ,
in the fourth equality we used the definition of , and in
the last equality the definition of was used. By substituting
(43) into it follows that

. In addition, when no update occurs. Therefore,
.

Now we are ready to prove the theorem by obtaining the
values of that satisfy the inequality

. First, we define .
Then, similarly to what we have done in Lemma 2, we expand

using (28), but now considering any real-valued . As a re-
sult we obtain:

(44)

where the polynomial coefficients are ,
, as defined in Lemma 2, and
.

Equation (44) shows that is a second-order polynomial
in . Since (except for ), cor-
responds to a convex parabola. In addition, its discriminant is

due to Lemma 2. In fact, if an update occurs
and , then and , implying that
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. This means that has two distinct roots, viz.
and , which are given by . There-
fore, we should choose satisfying in order
for the SSM-AP algorithm to produce estimates (or
equivalently, ) that are closer to than . This com-
pletes the proof of Theorem 1.
Observe that this theorem matches our geometric intuition.

Indeed, in Fig. 9 we draw part of the circle with center in
and radius . The points where this circle intersects
the closest hyperplane are the and .

APPENDIX C
PROOF OF THEOREM 2

Here we use the same idea and Lemmas of Appendix B. First,
let us define as the corresponding to the QSSM-AP
algorithm, i.e., given in (30). Thus, repre-
sents the QSSM-AP’s using and, in this case, it
coincides with the expression of the SSM-AP algorithm in the
same condition. In addition, denotes the 2-norm and recall
that is the impulse response of the unknown system.
We define . By ex-

panding using (30) we obtain

(45)

where the polynomial coefficients are ,
, and .

So, is a second-order polynomial in . Since
(except for ), corresponds to a convex parabola.
In addition, its discriminant is due to
Lemma 2. In fact, if an update occurs and , then

and , implying that . This means that
has two distinct roots, viz. and , which are

given by . Therefore, we should choose
satisfying in order for the QSSM-AP

algorithm to produce estimates (or equivalently, )
that are closer to than . This completes the proof of
Theorem 2.

APPENDIX D
ALGORITHMS FOR COMPLEX-VALUED VARIABLES

In order to implement the SSM-AP and the QSSM-AP al-
gorithms for complex-valued variables, one should compute at
every iteration:
1) The conjugated filter output: ;
2) The conjugated error: ;
3) Innovation check:
• If , then ;
• If , then update according to (46)
(complex SSM-AP) or (47) (complex QSSM-AP).

Note that is the first component of vector . There-
fore, for the innovation check it suffices to compute

. After the innovation check, if an update is
required, then one should compute the remaining rows of .
The updating equation of the complex SSM-AP algorithm is

given by:

(46)

where for the complex case we must redefine as
. The updating equation of the complex

QSSM-AP algorithm is:

(47)
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