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Abstract—This letter introduces new data selective adap-
tive filtering algorithms for trinion and quaternion spaces
T and H. The work advances the set-membership trin-
ion and quaternion-valued normalized least mean square
(SMTNLMS and SMQNLMS) and the set-membership trinion
and quaternion-valued affine projection (SMTAP and SMQAP)
algorithms. We derive set-membership trinion algorithms and
then, as special cases, obtain trinion algorithms not employ-
ing the set-membership strategy. Prediction simulations based
on recorded wind data are provided, showing the improved
performance of the proposed algorithms in terms of reduced
computational complexity. Then the quaternion based SMQAP
and SMQNLMS algorithms are derived and their improved
performances are verified in an adaptive beamforming problem.

Index Terms—adaptive filtering, set-membership filtering, trin-
ion space, quaternion space, wind profile prediction, adaptive
beamforming.

I. I NTRODUCTION

QUATERNIONS is a number system that extends the
real number system. They were introduced by William

Rowan Hamilton in 1843 for the first time [1]. Quaternions
have several applications in multivariate signal processing
problems, such as color image processing [2], [3], wind profile
prediction [4]–[6], and adaptive beamforming [7]. A wide
family of quaternion based algorithms have been introduced
in adaptive filtering literatures [8]–[11]. Using a data set for
wind profile prediction, the trinion-valued least mean square
(TLMS) algorithm is proposed [12] and its learning speed is
compared with the quaternion least mean square (QLMS) algo-
rithm [5]. In the TLMS algorithm the computational complex-
ity is lower than QLMS algorithm, since the implementation
of a full quaternion-valued multiplication requires 16 and 12
real-valued multiplications and additions, respectively. In the
trinion case, to multiply two 3-D numbers we only need 9 and
6 real-valued multiplications and additions, respectively. The
quaternion affine projection (QAP) algorithm [13] has been
applied to noncircular real world 4-D wind, but it can be also
used to 3-D profile wind prediction.

Many other aspects of adaptive filtering implementation
have been addressed in the literature [14], [15]. In this letter
we consider a powerful approach to decrease the compu-
tational complexity of an adaptive filter by employing set-
membership filtering (SMF) approach [16], [17]. The SMF
permits the reduction of computational complexity in adaptive
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filtering, since the filter coefficients are updated only when
the estimation error is higher than the pre-determined upper
bound. For real numbers the set-membership NLMS [16], [17]
and AP [16], [18], [19] algorithms were previously proposed.
This letter aims to generalize these algorithms to operate with
trinion and quaternion numbers. The trinion space is not a
mathematical field, since there are elements which are not
invertible. Therefore, to address this drawback we replace the
non-invertible element with an invertible one. In the quaternion
space each nonzero element has inverse while the product
operation is not commutative. The proposed algorithms get
around these drawbacks.

The rest of this paper is organized as follows. Short intro-
ductions to trinions and quaternions are provided in Sections II
and III, respectively. Section IV briefly describes the concept
of SMF. The new trinion based SMTAP algorithm is derived
in Section V. Section VI introduces the quaternion based
SMQAP algorithm. Simulations are presented in Section VII
and Section VIII contains the conclusions.

II. TRINIONS

As a set, the trinionsT are equal toR3, a three-dimensional
vector space over the real numbers. A numberv in T is
composed of one real part,va, and two imaginary parts,vb
andvc,

v = va + vbı̄+ vc̄ (1)

The spaceT has three operations: addition, scalar multipli-
cation, and trinion multiplication. The sum of two elements
of T is defined to be their sum as elements ofR

3. Similarly
the product of an element ofT by a real number is defined
to be the same as the product by a scalar inR

3. To make a
commutative mathematical group of the basis elements 1,ı̄,
and ̄ the following rules apply [20]:

ı̄2 = ̄, ı̄̄ = ̄̄ı = −1, ̄2 = −ı̄ (2)

Trinions with these rules set a commutative mathematical ring,
i.e., vw = wv for v, w ∈ T. The basis element 1 will be the
identity element ofT, meaning that multiplication by 1 does
nothing. The conjugate ofv is given byv∗ = va − vb ̄− vc ı̄

and the norm|v| =
√

ℜ(vv∗) =
√

v2a + v2b + v2c .
The inverse ofv, if exists, isw = (wa + wb ı̄ + wc ̄) ∈ T

such thatvw = wv = 1. To solve this equation we consider
v = [va vb vc]

T andw = [wa wb wc]
T then we getw = A−1v

whereA is given by

A =





va −vc −vb
vb va −vc
vc vb va



 . (3)



1549-7747 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/TCSII.2016.2555942, IEEE
Transactions on Circuits and Systems II: Express Briefs

2

When the determinant ofA is zero the inverse ofv does not
exist. In order to get around this problem we defineÂ =
A+ δI whereδ is a small positive constant andI is a 3× 3
identity matrix. Note that the identity matrix multiplied by
a small constant is added toA in order to avoid numerical
problems in the matrix inversion. This strategy avoids division
by zero in the trinion-valued algorithms. We will now define
v−1 = Â−1v.

In the field of complex numbers, a variablez and its
conjugatez∗ can be considered as two independent variables,
so that the complex-valued gradient can be defined [21]. As far
as we know, the trinion involutions,vı̄ andv̄, are not available
in general. In this paper, we use the following formulas for the
gradients of a functionf(x) with respect to the trinion-valued
variablex and its conjugate [12]:

∇xf =
1

3
(∇xa

f −∇xb
f ̄−∇xc

f ı̄),

∇x∗f =
1

3
(∇xa

f +∇xb
f ı̄+∇xc

f ̄),
(4)

wherex = xa + xb ı̄+ xc̄.

III. QUATERNIONS

The quaternion domain is a non-commutative extension of
complex domain, denoted byH. A quaternionq ∈ H is defined
as [1]

q = qa + qbı+ qc+ qdκ, (5)

whereqa, qb, qc, andqd are inR. qa is the real component,
while qb, qc, andqd are the three imaginary components. The
orthogonal unit imaginary axis vectorsı, , and κ obey the
following rules:

ı = κ κ = ı κı = ,

ı2 = 2 = κ2 = ıκ = −1. (6)

Note that due to non-commutativity of the quaternion multi-
plication, we haveı = −κ 6= ı for example. The element 1
is the identity element ofH, i.e., multiplication by 1 does
nothing. The conjugate of a quaternion, denoted byq∗, is
defined asq∗ = qa − qbı − qc − qdκ and the norm|q| is
given by |q| = √

qq∗ =
√

q2a + q2b + q2c + q2d. The inverse of
q is introduced asq−1 = q∗

|q|2 .
We are ready to define the differentiation with respect to a

quaternionq. Suppose thatf(q) is a function of the quaternion
variableq. We introduce the following gradients of function
f(q) with respect toq and its conjugate [6]:

∇qf =
1

4
(∇qaf −∇qbfı−∇qcf−∇qdfκ),

∇q∗f =
1

4
(∇qaf +∇qbfı+∇qcf+∇qdfκ),

(7)

whereq = qa + qbı+ qc+ qdκ.

IV. SET-MEMBERSHIP FILTERING (SMF)

The target of the SMF is to designw such that the
magnitude of the estimation error is upper bounded by a
prescribed parameterγ. The value ofγ can change with the
specific application. If the value ofγ is suitably selected, there

are many valid estimates forw. Suppose thatS denotes the
set of all possible input-desired data pairs(x, d) of interest
and defineΘ as the set of all vectorsw whose magnitudes
of their estimation errors are upper bounded byγ whenever
(x, d) ∈ S. The setΘ is named feasibility set and is given by

Θ =
⋂

(x,d)∈S

{w ∈ F
N : |d−wHx| ≤ γ}, (8)

where F is T or H. Let’s define the constraint setH(k)
consisting of all vectorsw such that their estimation errors
at time instantk are upper bounded in magnitude byγ,

H(k) = {w ∈ F
N : |d(k)−wHx(k)| ≤ γ}. (9)

The membership setψ(k) defined as

ψ(k) =

k
⋂

i=0

H(i) (10)

will include Θ and will coincide withΘ if all data pairs in
S are traversed up to time instantk. Owing to difficulties
to computeψ(k), adaptive approaches are required [17].
The easiest route is to compute a point estimate using, for
example, the information provided by the constraint setH(k)
like in the set-membership NLMS algorithm [17], or several
previous constraint sets as is done in the set-membership affine
projection algorithm [18].

V. SMTAP ALGORITHM

In this section we propose the SMTAP algorithm then we
derive the update equations for the simpler algorithms related
to the normalized LMS algorithm.

The membership setψ(k) defined in (10) encourages the use
of more constraint sets in the update. This subsection elabo-
rates an algorithm whose updates belong to a set composed
by L+ 1 constraint sets.

For this purpose, we expressψ(k) as

ψ(k) =
k−L−1
⋂

i=0

H(i)
k
⋂

j=k−L

H(j)

= ψk−L−1(k)
⋂

ψL+1(k) (11)

whereψL+1(k) indicates the intersection of theL + 1 last
constraint sets, andψk−L−1(k) represents the intersection of
the first k − L constraint sets. Our goal is to formulate an
algorithm whose coefficient update belongs to the lastL + 1
constraint sets, i.e.,w(k + 1) ∈ ψL+1(k).

Assume thatS(k − i + 1) denotes the hyperplane which
includes all vectorsw such thatd(k−i+1)−wHx(k−i+1) =
γi(k), for i = 1, · · · , L + 1. All choices forγi(k) satisfying
the bound constraint are valid. That is, if allγi(k) are selected
such that|γi(k)| ≤ γ, thenS(k − i+ 1) ∈ H(k − i+ 1), for
i = 1, · · · , L+ 1.

The objective function which we ought to minimize can
now be stated. A coefficient update is implemented whenever
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w(k) 6∈ ψL+1(k) as follows

min
1

2
|w(k + 1)−w(k)|2

subject to:

dap(k)− (wH(k + 1)Xap(k))
T = γ̄(k), (12)

where
dap(k) ∈ T

(L+1)×1 contains the desired output
from theL+ 1 last time
instants;

γ̄(k) ∈ T
(L+1)×1 specifies the point inψL+1(k);

Xap(k) ∈ T
(N+1)×(L+1) contains the corresponding

input vectors, i.e.,

dap(k) = [d(k) d(k − 1) · · · d(k − L)]T ,

γ̄(k) = [γ1(k) γ2(k) · · · γL+1(k)]
T ,

Xap(k) = [x(k) x(k − 1) · · · x(k − L)],

(13)

with x(k) being the input-signal vector

x(k) = [x(k) x(k − 1) · · · x(k −N)]T . (14)

If we use the method of Lagrange multipliers to transform a
constrained minimization into an unconstrained one, then we
have to minimize

F [w(k + 1)] =
1

2
|w(k + 1)−w(k)|2

+ ℜ{λT
ap(k)[dap(k)

− (wH(k + 1)Xap(k))
T − γ̄(k)]} (15)

whereλap(k) ∈ T
(L+1)×1 is a vector of Lagrange multipliers.

To find the minimum solution, we must calculate the following
gradient

∇
w

∗(k+1)F [w(k + 1)] =
1

3

[

∇
wa(k+1)F [w(k + 1)]

+∇
wb(k+1)F [w(k + 1)]̄ı

+∇
wc(k+1)F [w(k + 1)]̄

]

. (16)

After substituting the three component-wise gradients of (15)
in (16) and setting the result equal to zero, we will get

w(k + 1) = w(k) +Xap(k)λap(k), (17)

If we substitute (17) in the constraint relation (12), we will
find λap(k) as follows:

λap(k) = (XH
ap(k)Xap(k))

−1(eap(k)− γ̄(k))∗. (18)

where

eap(k) = [eap,0(k) eap,1(k) · · · eap,L(k)]T , (19)

with eap,i(k) = d(k− i)−wH(k)x(k− i) for i = 0, · · · , L.
We can now conclude the update equation of SMTAP algo-
rithm by starting from (17) withλap(k) being given by (18),
i.e.,

w(k + 1) =

{

w(k) +P(k) if |e(k)| > γ

w(k) otherwise
, (20)

where

P(k) = Xap(k)(X
H
ap(k)Xap(k))

−1(eap(k)− γ̄(k))∗. (21)

Note that in this lettere(k) is the abbreviation ofeap,0(k).
Remark 1: In order to check if an updatew(k + 1) is

required, we only have to test ifw(k) 6∈ H(k) since in the
previous updatesw(k) ∈ H(k − i + 1) is guaranteed for
i = 2, · · · , L+ 1.

Remark 2: For the initial time instantsk < L+1, i.e., during
initialization, only the knowledge ofH(i) for i = 0, 1, · · · , k
is available. As a consequence, if an update is required for
k < L + 1, the algorithm is implemented with the available
k + 1 accessible constraint sets.

Remark 3: By adopting the boundγ = 0, the algorithm will
convert to the trinion affine projection (TAP) algorithm with
unity step size which is the generalization of the conventional
real-valued AP algorithm inT. The TAP algorithm has not
been proposed before, as a result, the TAP algorithm can be
described as follows:

w(k + 1) = w(k) + µP′(k), (22)

whereµ is the convergence factor and

P′(k) = Xap(k)(X
H
ap(k)Xap(k))

−1e∗ap(k). (23)

Note that we can utilize (20) and derive an update equation
similar to the SMTNLMS algorithm [17]. In this case we have
to evade data-reusing in (20),L = 0, so that the updating
equation becomes,

w(k + 1) =

{

w(k) + p(k) if |e(k)| > γ

w(k) otherwise
, (24)

where

p(k) = x(k)(xH (k)x(k))−1(e(k)− γ(k))∗, (25)

e(k) = d(k)−wH(k)x(k). (26)

We will now chooseγ(k) = γe(k)
|e(k)| , hence from (24) we attain

the SMTNLMS update equation as follows:

w(k + 1) = w(k) + µ(k)x(k)(xH (k)x(k))−1e∗(k), (27)

where

µ(k) =

{

1− γ

|e(k)| if |e(k)| > γ

0 otherwise
. (28)

Recalling that the normalized LMS algorithm can be derived
as a particular case of AP algorithm forL = 0.

Remark 4: By choosing the boundγ = 0 in (27), the
algorithm will reduce to the TNLMS algorithm with unity
step size which is the generalization of the popular real-valued
NLMS algorithm inT. As a result, TNLMS algorithm can be
described as follows:

w(k + 1) = w(k) + µx(k)(xH (k)x(k))−1e∗(k), (29)

whereµ is the convergence factor.
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Table I
COMPUTATIONAL COMPLEXITY PER UPDATE OF THE WEIGHT VECTOR

Algorithm Real Multiplications Real additions
Quaternion normalized least mean square (QNLMS) 20N + 4 20N − 1

Quaternion affine projection (QAP) 32L3 + 16NL2 + 16L2 + 19NL+ 26L 32L3 + 16NL2 + 4L2 + 16NL + 8L

Trinion normalized least mean square (TNLMS) 12N + 3 12N − 1

Trinion affine projection (TAP) 18L3 + 9NL2 + 9L2 + 11NL+ 50L 18L3 + 9NL2 + 9NL+ 39L

VI. SMQAP ALGORITHM

This section outlines the derivation of the SMQAP algo-
rithm. Then we obtain an update equation for the SMQNLMS
algorithm that follows exactly the same steps as the derivation
of the SMTNLMS algorithm.

The objective function to be minimized in case of the
SMQAP algorithm can be stated as follows: perform a co-
efficient update wheneverw(k) 6∈ ψL+1(k) as in equa-
tion (12). Note thatdap(k), γ̄(k) ∈ H

(L+1)×1, Xap(k) ∈
H

(N+1)×(L+1), andx(k) are defined as in (13) and (14).
By employing the method of Lagrange multipliers, the un-

constrained function to be minimized becomes as in equation
(15), whereλap(k) ∈ H

(L+1)×1 is a vector of Lagrange
multipliers. After setting the gradient ofF [w(k + 1)] with
respectw∗(k + 1) equal to zero, we will get the equation
(17). Then, by invoking the constraints in (12), the expression
of λap(k) is the same as (18).

Finally, the update equation for SMQAP algorithm is given
by (20).

Note that theRemarks 1 and2 of Subsection V also apply
to the SMQAP algorithm.

Remark 5: We can easily verify that adopting the bound
γ = 0, the algorithm will reduce to QAP algorithm [13] with
unity step size.

Note that we can use the SMQAP algorithm to derive the
update equation of the SMQNLMS algorithm. In fact, the
SMQNLMS does not require data-reusing as the SMQAP
algorithm [17], thus by takingL = 0 and γ(k) = γe(k)

|e(k)|
we obtain the update equation of SMQNLMS algorithm as
follows:

w(k + 1) = w(k) + µ(k)|x(k)|−2x(k)e∗(k), (30)

wheree(k) andµ(k) are defined as in (26) and (28), respec-
tively.

Remark 6: By adopting the boundγ = 0 in (30), the
algorithm will reduce to the QNLMS algorithm with unity
step size. Therefore, QNLMS algorithm can be described as
follows:

w(k + 1) = w(k) + µ|x(k)|−2x(k)e∗(k), (31)

whereµ is the convergence factor.
The computational complexity for each update of the weight

vector of the trinion based and quaternion based filtering algo-
rithms are listed in Table I. The filter length and the memory
length areN andL, respectively. As can be seen, the trinion
model can efficiently decrease the computational complexity in
comparison with the quaternion model, whenever the problem
at hand suits both the quaternion and trinion solutions.

Figure 1. Predicted results from the trinion based algorithms.

Table II
THE AVERAGE OF IMPLEMENTATION TIMES AND NUMBER OF UPDATES

FOR TRINION AND QUATERNION BASED ALGORITHMS

Algorithm Time Update Algorithm Time Update
(second) rate (second) rate

TLMS 2.45 100% QLMS 7.2 100%
TNLMS 8 100% QNLMS 9.4 100%

TAP 67 100% QAP 142 100%
SMTNLMS 3.8 17.92% SMQNLMS 9.2 17.87%

SMTAP 13 6.52% SMQAP 20.1 6.34%

VII. SIMULATIONS

A. Scenario one

In this scenario, TLMS, TNLMS, TAP, SMTNLMS, SM-
TAP, QLMS, QNLMS, QAP, SMQNLMS, and SMQAP al-
gorithms are applied to anemometer readings provided by
Google’s RE<C Initiative [22]. The wind speed recorded on
May 25, 2011 is utilized for the algorithms comparisons. The
step size,µ, is selected to be10−8 for TLMS and QLMS
algorithms and 0.9 for TNLMS, TAP, QNLMS, and QAP
algorithms, andγ is set to be 5. Also, the threshold bound
vector γ̄(k) is selected assimple choice constraint vector
which is defined asγ1(k) =

γe(k)
|e(k)| and γi+1(k) = d(k − i)−

wT (k)x(k − i), for i = 1, · · · , L. The filter length is 8, the
memory length,L, and the prediction step are chosen equal
to 1. All algorithms are initialized with zeros. The predicted
results provided by trinion and quaternion based algorithms
are shown in Figures 1 and 2, respectively. The average of
implementation times and number of updates performed by
the trinion and quaternion based algorithms are presented in
Table II. From the results, we can observe that all algorithms
can track the wind data effectively; however, the trinion based
algorithms need a shorter time for implementation compared to
their corresponding quaternion based algorithms. Also, we can
observe that the set-membership based of TNLMS, QNLMS,
TAP, and QAP algorithms have lower number of updates.
Therefore, the set-membership trinion based algorithms can
save energy effectively.
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Figure 2. Predicted results from the quaternion based algorithms.

Figure 3. Learning curves of the QLMS, QAP, QNLMS, SMQAP, and
SMQNLMS algorithms.

B. Scenario two

In this scenario, we simulate the quaternionic adaptive
beamforming [6] using QLMS, QNLMS, SMQNLMS, QAP,
and SMQAP algorithms. We assume a sensor array with
10 crossed-dipoles and half-wavelength spacing. The step
size,µ, is 5 × 10−5 for QLMS and 0.005 for QNLMS and
QAP algorithms. The memory length,L, is set to be 1. A
desired signal with 20 dB SNR impinges from10o and two
interfering signals with SIR of 0 dB arrive from60o and
−45o, respectively. All the signals have the same polarization
of (π4 ,

π
4 ). γ is set to be

√
0.02, and the vector̄γ(k) is selected

as simple choice constraint vector. The learning curves of
quaternion algorithms over 100 trials are shown in Figure 3.
The average number of updates performed by the SMQNLMS
and the SMQAP algorithms are 1413 and 1452 in a total
of 10000 (about 14.13% and 14.52%), respectively. As can
be seen, the set-membership quaternion algorithms converge
faster while having lower number of updates.

VIII. CONCLUSIONS

We generalize set-membership model for trinions and
quaternions spaces. We started by describing the special cases
of the set-membership trinion and quaternion algorithms and
from there derived some special cases of trinion and quaternion
based adaptive filtering algorithms. Numerical simulations for
recorded wind data and adaptive beamforming have proven

that the set-membership based algorithms have significantly
lower update rates, while the penalty to be paid for that is not
noteworthy.
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