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A Fixed-Point Online Kernel Principal Component
Extraction Algorithm
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Abstract—Kernel principal component analysis (KPCA) is a
powerful and widely applied nonlinear feature extraction tech-
nique. However, as originally proposed, KPCA may be cumber-
some or infeasible in large-scale datasets, which motivated the
development of low-complexity iterative extraction algorithms,
mainly aiming image processing applications. Recently, some on-
line KPCA extraction algorithms were proposed, but most of them
suffer from low-convergence speed. This paper proposes a new
algorithm based on fixed-point iterative equations for KPCA ex-
traction, expanding kernel components using a compact dictio-
nary, dynamically built from data, according to a user-defined
accuracy parameter. The algorithm relies on simple equations, can
track nonstationary environments, and requires reduced storage,
enabling its use in real-time applications operating in low-cost em-
bedded hardware. Results involving open-access image datasets
show improved accuracy and convergence speed, as well as per-
mitted effective improvements in practical image applications, as
compared to state-of-art online KPCA techniques.

Index Terms—Principal component analysis, kernel methods,
online kernel algorithms, machine learning, generalized Hebbian
algorithm.

I. INTRODUCTION

PRINCIPAL component analysis (PCA) [1] is a classical
multivariate data analysis technique, extensively used in

high-dimensional machine learning problems for exploratory
data analysis and dimensionality reduction. Among several non-
linear PCA extensions available [2]–[5], Kernel PCA (KPCA)
[5] is a remarkable technique that turns the process of obtaining
nonlinear components into a simple Gram matrix eigendecom-
position problem [6]. Besides inheriting several relevant proper-
ties from PCA, KPCA does not suffer from some practical issues
faced by other nonlinear PCA extensions like non-convergence
or convergence to local minima.

KPCA has been extensively explored in several image recog-
nition applications, particularly in feature extraction [7], noise
removal [8] and novelty detection [9]. Nevertheless, the original
KPCA formulation is not suitable for large data sets, in track-
ing non-stationary data nor even in online applications, due to
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the computational efforts required for the eigendecomposition
of the Gram matrix. This process typically requires O(n3) com-
putations, where n is the number of dataset elements involved,
making the computational burden infeasible, especially when
dealing with large datasets. Therefore, considerable efforts have
been dedicated to the development of incremental KPCA extrac-
tion algorithms [10]–[15].

Truly online algorithms for KPCA were only proposed
recently. Among them, Online Kernel Hebbian Algorithm
(OKHA) [16] and Subset Kernel Hebbian Algorithm (SubKHA)
[17] use iterative equations like Kernel Hebbian Algorithm
(KHA) [12], but employ sparse dictionaries dynamically
extracted from data to expand kernel components. In turn, KHA
is a kernelization of the Generalized Hebbian Algorithm (GHA)
[18], a well-known online principal component extraction
technique.

Since the iterative equations of OKHA and SubKHA [17] are
based on the GHA, the accuracy of extracted components and
convergence speed are highly dependent on the choice of the
learning rate parameter, usually empirically defined. Besides,
for these algorithms, all components under extraction considers
the same learning rate, although individually and dynamically
chosen learning rates for each component under extraction may
lead to significant gains in accuracy and convergence speed [19].
In this spirit, Tanaka [20] recently proposed an algorithm named
recursive least-square online kernel PCA extraction, exploiting
individual learning rates adjusted dynamically to each compo-
nent under extraction. This rule, however, uses a strategy similar
to one previously applied in online PCA extraction [21], whose
accuracy has shown to be dependent on the choice of weighting
constants.

Motivated by these observations, we propose the Fixed-
Point Online Kernel Principal Component extraction Algorithm
(FPO-KPCA). FPO-KPCA is a fixed-point technique, rigor-
ously derived by an iterative minimization of the Rayleigh quo-
tient [22], conjugated with an approximated deflation transform,
implicitly applied upon component estimates defined in the fea-
ture space. Like other online KPCA techniques, a limited size
dictionary, automatically extracted from data, is used for the
expansion of kernel components. The inclusion or replacement
of a dictionary member is evaluated at each algorithm itera-
tion, according to a user-defined accuracy parameter, allowing
the tracking of non-stationary data with reduced computational
effort. The proposed algorithm involves simple equations and
requires O(pm2) computations per iteration, where m and p cor-
respond to the dictionary size and the number of components to
be extracted, respectively.
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The following notation conventions were adopted here:
scalars are written in Roman letters, whereas vector and ma-
trices use lowercase and uppercase bold letters, respectively.
The article is structured as follows. First, Section II briefly de-
scribes the KPCA technique [5]. The FPO-KPCA algorithm is
proposed in Section III. Section IV discusses the process of
dictionary management. Some indexes for qualifying KPCA
extraction are discussed in Section V. Section VI evaluates the
proposed algorithm regarding the accuracy of extracted com-
ponents and convergence speed using three open-access image
datasets, as well as reports some results involving image denois-
ing, super-resolution image recovering and feature extraction for
classification. Section VII describes the conclusions.

II. KERNEL PRINCIPAL COMPONENT ANALYSIS

To introduce KPCA, we will assume a set of realizations
of interest of an arbitrary random vector x given by S =
{x1 ,x2 , . . . xN }, as well as the existence of a nonlinear func-
tion φ(·) for mapping such realizations in an arbitrary feature
space F . Like PCA, the principal kernel components related
to S can be obtained by an implicit eigendecomposition of the
following covariance matrix [6]:

Γφc
= E[φc(x)φT

c (x)], (1)

where the vector φc(x) denotes a centered mapping of x in F
given by

φc(x) = φ(x) − E[φ(x)]

= φ(x) − μφ,
(2)

and φ(x) represents the uncentered mapping of x in the same
space.

An elegant KPCA result is that kernel components related to
the elements of S, scaled to have a unitary norm in F , can be
expressed as linear combinations of their mappings in F . As-
suming that w̄j,N denotes the jth normalized kernel component,
the following equality results:

w̄j,N = ΨN ᾱj,N , 1 ≤ j ≤ N, (3)

where

ΨN =
[
φ(x1) · · · φ(xN )

]
. (4)

Here, the vector ᾱj,N defines the weighting coefficients related
to the expansion of w̄j,N in terms of the columns of ΨN.

In order to obtain the vector ᾱj,N , we will assume the ex-
istence of a kernel function κ(·, ·) to compute the dot product
between the mappings of two arbitrary realizations of x given
by xl and xm in F , i.e.:

κ(xl ,xm ) = φT (xl)φ(xm ). (5)

Based on the Gram matrix [23] related to S, which is given by

KN =

⎡

⎢
⎣

κ(x1 ,x1) · · · κ(x1 ,xN )
. . .

κ(xN ,x1) · · · κ(xN ,xN )

⎤

⎥
⎦ , (6)

we can obtain the vector ᾱj,N , first solving the following
equality [5]:

KN αj,N = λjαj,N , (7)

whose solutions α1,N , · · · , αN,N correspond to the eigenvec-
tors of the matrix KN related to eigenvalues λ1 , · · · , λN , such
that λ1 > λ2 > · · · > λN . Finally, the vector ᾱj,N can be de-
termined as follows:

ᾱj,N =
1

√
λj

αj,N . (8)

Usually, for nonlinear feature extraction applications, we are
only interested in the projections of a given vector x(k) into a
subset of normalized p kernel component directions, here de-
noted as yx(k) . Using Eq. (3), such projections can be expressed
as:

yx(k) =
[
w̄1,N · · · w̄p,N

]T
φ(x)

=
[
ᾱ1,N · · · ᾱp,N

]T ΨT
N φ(x)

= ĀT
N κN

x(k) , (9)

where ĀN has columns defined by ᾱ1,N , · · · , ᾱp,N , and κN
x(k)

corresponds to the empirical kernel mapping [6] of x(k), defined
by inner-products of φ(x(k)) by φ(x1), · · · ,φ(xN ), naturally
evaluated using Eq. (5), as follows:

κN
x(k) =

[
κ(x(k),x1); κ(x(k),x2); · · · κ(x(k),xN )

]
.

(10)
As originally proposed, KPCA is not suitable for tracking

non-stationary input data. Although the matrix KN can be
updated and eigendecomposed at each iteration, the compu-
tational cost involved is very high. Moreover, this procedure
may result in components defined in terms of a large or even
an infinite number of input vectors, thus not summarizing data.
To overcome this issue, some recently proposed online KPCA
extraction techniques, such as the OKHA, SubKHA and Tanaka
algorithm, exploit a small subset of data for kernel component
expansion, referred here as the kernel component dictionary.
This strategy will be also adopted by our algorithm.

III. FPO-KPCA ALGORITHM

FPO-KPCA algorithm exploits an iterative optimization of
the Rayleigh quotient [22], calculated upon approximated de-
flated [22] versions of Γφc

. The Rayleigh quotient of Γφc
cor-

responds to [22]

r(Γφc
,w) =

wT Γφc
w

wT w
, (11)

whose maximum is attained when w corresponds to a scaled
version of the eigenvector associated with the largest (dominant)
eigenvalue of Γφc

, thus the first principal kernel component.
Lower order kernel components (up to the pth one) may be ob-

tained by maximizing this coefficient considering transformed
versions of Γφc

as follows:

r(Γφc j
,wj ) =

wT
j Γφc j

wj

wT
j wj

, 2 ≤ j ≤ p. (12)
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Here, we assumed that Γφc j
= F jΓφc

, where F j is the defla-
tion transform [22], whose effect is zero all dominant eigenval-
ues of Γφc

up to the (j − 1)th one. To achieve this, the matrix
F j should be given by

F j =

(

I −
j−1∑

i=1
v̄i v̄

T
i

)

, 2 ≤ j ≤ p, (13)

where v̄1 , · · · , v̄p are eigenvectors of Γφc
, scaled to have a

unitary norm in the feature space, and sorted by decreasing order
of their corresponding eigenvalues (λ1 > λ2 > . . . > λp ).

A fixed-point equation to maximize Eq. (12) is given by
(derivation details are in Appendix A)

wj (k) =
Γφc j

wj (k − 1)

wT
j (k − 1)Γφc j

wj (k − 1)

=
1

wT
j (k − 1)pj (k)

pj (k), (14)

where pj (k) = Γφc j
wj (k − 1), with k representing the current

iteration. To result in an online algorithm, we will consider an
iterative estimate of Γφc

, given by Γ̂φc
(k). Similarly, we will

assume an approximated version of the deflation transform, de-
noted as F̂ j (k), in which we approximate the true eigenvectors
of Γφc

by estimates produced by the FPO-KPCA algorithm nor-

malized to unitary norm, i.e., v̄i ≈ pi (k−1)
||pi (k−1)||2 . Based on these

assumptions, we can rewrite Eq. (14) as

wj (k) =
1

aj (k)
qj (k), 1 ≤ j ≤ p, (15)

with

qj (k) = F̂ j (k)Γ̂φc
(k)wj (k − 1) (16)

aj (k) = wT
j (k − 1)qj (k) (17)

bi(k − 1) = qT
i (k − 1)qi(k − 1) (18)

F̂ j (k) =
{

I, j = 1

I −∑j−1
i=1

1
bi (k−1) qi(k − 1)qT

i (k − 1), 2 ≤ j ≤ p.

(19)

Note that wj (k) is a scaled version of qj (k). For implementation
convenience, we will rewrite Eq. (19) in terms of wi as follows:

F̂ j (k) =
{

I, j = 1

I −∑j−1
i=1di(k − 1)wi(k − 1)wT

i (k − 1), 2 ≤ j ≤ p,

(20)

with

di(k) =
a2

i (k)
bi(k)

. (21)

Besides, we will express Γ̂φc
(k) as

Γ̂φc
(k) = R̂φ(k) − μ̂φ(k)μ̂T

φ(k), (22)

i.e., in terms of estimates of the mean and the correlation matrix
of data mapped into the feature space.

Eq. (15) involves explicit mappings of input vectors in the
feature space, which may be infinite dimensional for most kernel
functions, e.g., Gaussian. Although approximated mappings,
e.g., Nystrom’s method [24], may be explored in such cases,
we will express wj as a linear combination of some input data
vectors implicitly mapped into the feature space. Such procedure
will avoid the need of explicit data mappings if we explore the
kernel trick [6] for computing all inner products involved in
Eq. (15). For this, we will define a kernel component dictionary
Dm (k), having m selected algorithm input samples, which will
be evaluated at each algorithm iteration (k), as follows:

Dm (k) =
[
x(a) · · · x(b)

]
, 1 ≤ a �= b ≤ k, (23)

and we will express wj (k) and qj (k) as

wj (k) ≈ ŵj,m (k) = Ψm αj,m (k) (24)

qj (k) ≈ q̂j,m (k) = Ψm α̃j,m (k), (25)

with Ψm =
[
φ(d1) · · · φ(dm )

]
, where di corresponds to the

ith column of Dm (k). Note that both equations define ker-
nel component estimates as linear combinations of mappings
of dictionary members into the feature space, i.e., the kernel
components will lie in the subspace spanned by such mappings.
Based on Eq. (15), we have the following equivalence:

αj,m (k) =
1

aj (k)
α̃j,m (k). (26)

In the same sense, we will express the current input data mapping
in the feature space in terms of Ψm as follows:

φ(x(k)) ≈ φ̂(x(k)) = Ψm βk,m , (27)

i.e., considering the components of vector βk,m as weighting
factors. Thus, if the mapping φ(x(k)) already belongs to Ψm ,
only one component of βk,m will be different from zero and
equal to one. If not, we will approximate φ(x(k)) by some
linear combination of dictionary members. Essentially, we will
project φ(x(k)) onto the subspace defined by the columns of
Ψm , as we will describe later. Based on this assumption, we can
rewrite Γ̂φc

(k) as

Γ̂φc
(k) ≈ Γ̂φ̂c

(k) = Ψm Ĉβm
(k)ΨT

m , (28)

i.e., in terms of the covariance matrix of the weighting factors
denoted as Ĉβm

(k). Thus, considering Eq. (22), the following
equality can be written:

Ψm Ĉβm
(k)ΨT

m = Ψm R̂βm
(k)ΨT

m − Ψm μ̂βm
(k)μ̂T

β̂m
(k)ΨT

m

Ĉβm
(k) = R̂βm

(k) − μ̂βm
(k)μ̂T

βm
(k). (29)

Considering the ability to track non-stationary data, note that
convenient weighted estimators for μ̂βm

(k) and R̂βm
(k) are

given by:

μ̂βm
(k) = (1 − γ)βk,m + γμ̂βm

(k − 1) (30)

R̂βm
(k) = (1 − γ)βk,m βT

k,m + γR̂βm
(k − 1), (31)
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since such estimators exponentially reduce the contributions of
older input samples by a factor γ, slowly incorporating the effect
of the current ones, given that (1 − γ) is actually small. In other
words, an input sample window with limited size is effectively
considered when computing these estimates, according to the
chosen value of γ. Moreover, using Eqs. (16), (20), (24), (25)
and (28), we can deduce the following equations1:

q̂j,m (k) = F̂ j (k)Ψm Ĉβm
(k)ΨT

m Ψm αj,m (k − 1)

Ψm α̃j,m (k) =

(

I− Ψm

j−1∑

i=1

diαi,m αT
i,m ΨT

m

)

Ψm Ĉβm
(k)rj (k)

α̃j,m (k) =
(
I −

j−1∑

i=1

di(k − 1)αi,m (k − 1)rT
i (k)

)
sj (k)

α̃j,m (k) = M j (k)sj (k), (32)

with

rj (k) = Km αj,m (k − 1) (33)

sj (k) = Ĉβm
(k)rj (k) (34)

M j (k) =
{

I, j = 1

I −∑j−1
i=1di(k − 1)αi,m (k − 1)rT

i (k), 2 ≤ j ≤ p,

(35)

Note that M j (k) can be iteratively estimated as

M j+1(k) = M j (k) − dj (k − 1)αj,m (k − 1)rT
j (k). (36)

Besides, using Eqs. (24), (25), (33), Eq. (17) can be rewritten as

aj (k) = αT
j,m (k − 1)ΨT

mΨm α̃j,m (k)

= rT
j (k)α̃j,m (k), (37)

and Eq. (18) in the following form:

bj (k) = α̃T
j,m (k)ΨT

mΨm α̃j,m (k)

= α̃T
j,m (k)Km α̃j,m (k). (38)

Finally, based on Eq. (25), the projection of an arbitrary vector
x(k) into p FPO-KPCA kernel component estimates can be
expressed as

ŷx(k) =
[
q1(k)/

√
b1(k) · · · qp (k)/

√
bp (k)

]T
φ(x(k))

=
[√

d1(k)α1,m (k) . . .
√

dp (k)αp,m (k)
]T

ΨT
m φ(x(k))

=
[
Am (k)diag

(√
d1(k), · · · ,

√
dp (k)

)]T

κm
x(k) , (39)

where Am (k) =
[
α1,m (k) . . . αp,m (k)

]
; diag(

√
d1(k),

· · · ,
√

dp(k)) corresponds to a diagonal matrix with entries
given by

√
d1(k), · · · ,

√
dp(k), and the vector κm

x(k) corre-
sponds to the empirical kernel mapping of x(k) on dictionary

1We omitted some iteration indexes for clarity.

TABLE I
UPDATING FPO-KPCA KERNEL COMPONENT ESTIMATES

OBS: The symbol �X�( : , j ) designates the j th column of X .

elements as follows:

κm
x(k) =

[
k(x(k),d1); k(x(k),d2); · · · k(x(k),dm )

]
.

(40)
Note that when m = N , ŷx(k) = yx(k) , thus FPO-KPCA be-
comes an iterative standard KPCA extraction algorithm. When
m < N , FPO-KPCA may be considered as a sparse KPCA ex-
traction algorithm, approximating standard kernel components
in terms of the subset of input data contained in the dictionary,
resulting in ŷx(k) ≈ yx(k) .

Equations related to FPO-KPCA kernel component estima-
tion are summarized in Table I for convenience. The computa-
tion of βk,m and the process of dictionary management will be
described in the next section.

IV. DICTIONARY CONSTRUCTION

FPO-KPCA exploits the approximate linear dependence
(ALD) [25] criterion for dictionary construction. Our algorithm
can work with unbounded and bounded dictionaries, being re-
ferred here as FPO-KPCA and FPO-R-KPCA, respectively.

At each iteration, the algorithm evaluates if the current input
x(k) should be included in the dictionary. The figure of merit
considered for this task is given by

J = ||φ(x(k)) − φ̂(x(k))||22 , (41)

i.e., corresponds to the square error incurred by the approximate
mapping proposed by Eq. (27) or, equivalently, the square dis-
tance from φ(x(k)) to the subspace spanned by the columns of
Ψm . Indeed, minimizing J , we can obtain the optimum value
of βk,m given by (see Appendix B)

βk,m = K−1
m κm

x(k) , (42)

with κm
x(k) defined by Eq. (40), and the matrix Km correspond-

ing to all possible pairs of inner products from mappings of
dictionary members into the feature space, evaluated by the
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kernel function due to kernel trick [6]:

Km = ΨT
mΨm =

⎡

⎢
⎣

k(d1 ,d1) . . . k(d1 ,dm )
. . .

k(dm ,d1) . . . k(dm ,dm )

⎤

⎥
⎦ . (43)

Based on Eqs. (27) and (42), this approximation error can be
expressed as (see Appendix B)

ε2
k,m = κ(x(k),x(k)) − βT

k,m κm
x(k) . (44)

Then, for a given user defined threshold ν, if ε2
k,m > ν, we

should include x(k) into Dm (k), resulting in a new dictionary
given by

Dm+1(k) =
[
Dm (k − 1) x(k)

]
, (45)

as well as

Ψm+1 =
[
Ψm φ(x(k))

]
. (46)

In case of FPO-R-KPCA, assuming a dictionary size limited
to DS members, if the inclusion criterion is satisfied (ε2

k,m > ν)
and the dictionary is full (m = DS), the dictionary member
which historically contributes less in the approximate mappings
from Eq. (27) should be replaced by the current input. A simple
relevance measure of each dictionary member in such mappings
is given by

r̂m (k) ≈ rm =
[
E[β̃2

1 ]; E[β̃2
2 ]; . . . E[β̃2

m ]
]

= diag(Ĉβm
(k)), (47)

where the variable β̃i corresponds to the ith centered component
(1 ≤ i ≤ m) of the vector βk,m , i.e., β̃i = βi − E[βi ], simply
derived from the diagonal values of Ĉβm (k) , returned by the
operator diag(·). Therefore, the index of the dictionary member
to be replaced will correspond to

l = argmin 1≤q≤m (r̂m ,q (k)), (48)

where r̂m ,q (k) denotes the qth component of the vector r̂m (k).
Assuming the replacement of the lth dictionary member, in

order to obtain formulas with reduced computational complex-
ity for updating FPO-R-KPCA parameters (see Section IV-B),
we will first swap the columns l and m of Dm (k − 1) to
produce D

′
m (k − 1) = Dm (k − 1)P l , where the permutation

transform P l [22] is defined as

P l =
[
i1 . . . il−1 im il+1 . . . im−1 il

]
. (49)

Here, all components of ii are zero, except the ith one, equal
to one. After, we will produce an intermediate value for the
current dictionary, denoted as Dm−1(k − 1), by excluding the
mth column of D

′
m (k − 1), i.e.2:

Dm−1(k − 1) = �Dm (k − 1)P l�(:,1:m−1) . (50)

Then, we will proceed the inclusion of x(k) in the dictionary as
follows:

Dm (k) =
[
Dm−1(k − 1) x(k)

]
. (51)

2Here, the operator �A�(a :b ,c :d ) returns a submatrix of A containing the
elements from row a to b and column c to d, respectively.

TABLE II
FPO-KPCA AND FPO-R-KPCA DICTIONARY MANAGEMENT ALGORITHM

TABLE III
UPDATE OF SOME FPO-KPCA PARAMETERS WHEN INCLUDING A DICTIONARY

MEMBER (SEE TEXT)

The update of remaining FPO-KPCA and FPO-R-KPCA pa-
rameters in the case of including or replacing of a dictionary
member will be discussed in the sequence. Table II resumes the
algorithm presented here.

A. Dictionary Member Inclusion

In this case, FPO-KPCA parameters will be updated as fol-
lowing described. These steps are also summarized in Table III
to easy algorithm implementation.

1) Vector βk,m+1: According to Eqs. (27) and (46), the vec-
tor x(k) should be mapped into the feature space according to

φ̂(x(k)) = Ψm+1βk,m+1 , (52)

resulting in

βk,m+1 =
[
0m x 1

1

]
, (53)

where the vector 0m x 1 has all m components equal to zero.
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2) Vector κm+1
x(k) : Since κm+1

x(k) = ΨT
m+1φ(x(k)), consider-

ing Eq. (46), we can derive the following relation:

κm+1
x(k) =

[
Ψm φ(x(k))

]T
φ(x(k))

=
[
κm

x(k) ; k(x(k),x(k))
]
. (54)

3) Vector μ̂βm +1 (k − 1): As the inclusion of a new dictio-
nary member should not modify the value of μ̂φ(x)(k − 1) in
Eq. (22), considering Eq. (27) and (52), we have

Ψm+1μ̂βm +1 (k − 1) = Ψm μ̂βm
(k − 1)

μ̂βm +1 (k − 1) =
[
μ̂βm

(k − 1); 0
]
. (55)

4) Matrix R̂βm +1 (k − 1): Considering Equation (31), we
have

R̂βm +1 (k − 1) =

[
R̂βm

(k − 1) 0m x 1

01 x m 0

]

. (56)

5) Matrix Km+1: According to Eq. (43), this matrix can be
incrementally updated using

Km+1 = ΨT
m+1Ψm+1

=
[
Ψm φ(x(k))

]T [Ψm φ(x(k))
]

=

[
Km κm

x(k)

κm T
x(k) κ(x(k),x(k))

]

. (57)

6) Matrix K−1
m+1: A computationally low complex formula

to determine this matrix is given by (see Appendix C)

K−1
m+1 =

[
K−1

m 0m x 1

01 x m 0

]

+
1

ε2
k,m

[−βk,m

1

]
[−βT

k,m 1
]
,

(58)
where βk,m and ε2

k,m are defined by Eqs. (42) and (44), respec-
tively.

7) Vectors αj,m+1(k − 1): Consider the vectors ŵj,m

(k − 1) and ŵj,m+1(k − 1) representing the jth kernel compo-
nent estimates before and after dictionary augmentation, respec-
tively. Since the inclusion of a new dictionary member should
not modify the current component estimate, according to Eq.
(24), we have

ŵj,m (k − 1) = ŵj,m+1(k − 1)

Ψm αj,m (k − 1) = Ψm+1αj,m+1(k − 1)

=
[
Ψm φ(x(k))

]
[

r
s

]

= Ψm r + sφ(x(k)), (59)

resulting in r = αj,m (k − 1) and s = 0. Therefore, the vectors
αj,m+1(k − 1) will be given by

αj,m+1(k − 1) =
[
αj,m (k − 1); 0

]
, 1 ≤ j ≤ p.

(60)

TABLE IV
UPDATE OF SOME FPO-KPCA PARAMETERS WHEN EXCLUDING A

DICTIONARY MEMBER (SEE TEXT)

Using Equation (60), if we assume3

Am =
[
α1,m α2,m · · · αp,m

]
, (61)

Am+1 =
[
α1,m+1 α2,m+1 · · · αp,m+1

]
, (62)

results in the following equation:

Am+1(k − 1) =
[
Am (k − 1); 01xp

]
, (63)

where 01xp is a row vector with all p components equal to zero.

B. Excluding a Dictionary Member

When excluding the lth dictionary member, the FPO-KPCA
parameters will be updated accordingly to the following equa-
tions, resumed in Table IV.

1) Vector μ̂βm−1 (k − 1): Similar to Eq. (55), we have Ψm

μ̂βm
(k − 1) = Ψ

′
m μ̂

′
βm

(k − 1) = (Ψm P l)μ̂
′
βm

(k − 1) = Ψm

(P lμ̂
′
βm

(k − 1)), resulting in μ̂βm
(k − 1) = P lμ̂

′
βm

(k −
1), and, consequently, μ̂

′
βm

(k − 1) = P T
l μ̂βm

(k − 1), since
P T

l P l = I , where I is the identity matrix. Thus, the vector
μ̂βm−1 corresponds to

μ̂βm−1 (k − 1) = �P T
l μ̂βm

(k − 1)�(1:m−1) . (64)

2) Matrix R̂βm−1 (k − 1): Based on Equation (31) and fol-
lowing similar steps utilized for deducing Eq. (64), we have

R̂βm
(k − 1) = �P T

l R̂βm
(k − 1)P l�(1:m−1,1:m−1) . (65)

3) Vetor κm−1
x(k) : Since κm ′

x(k) = ΨT ′
m φ(x(k)) = P T

l ΨT
m

φ(x(k)) = P T
l κm

x(k) , it follows that

κm−1
x(k) = �P T

l κm
x(k)�(1:m−1) . (66)

4) Matrix Km−1: According to Eq. (43), we have
Km = ΨT

mΨm = (Ψ
′
m P T

l )T (Ψ
′
m P T

l ) = P lΨT ′
m Ψ

′
m P T

l =
P lK

′
m P T

l , resulting in

K
′
m = P T

l Km P l . (67)

3We have omitted the iteration indexes for clarity.
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Thus, the matrix Km−1 will be given by

Km−1 = �P T
l Km P l�(1:m−1,1:m−1) . (68)

5) Matrix K−1
m−1: Similarly to Equation (67), the matrix

K
′ −1
m can be written as

K
′ −1
m = P T

l K−1
m P l . (69)

Using Equation (67), the matrix K−1
m−1 can be estimated by

the following reduced computational complexity formula (see
Appendix D):

K−1
m−1 = �K ′ −1

m �(1:m−1,1:m−1) − uuT

�K ′ −1
m �(m , m )

, (70)

where

u = �K ′ −1
m �(1:m−1,m ) . (71)

Note that after producing K−1
m−1 and κm−1

x(k) , we have to recal-
culate the following FPO-KPCA parameters:

βk,m−1 = K−1
m−1κ

m−1
x(k) , (72)

ε2
k,m−1 = κ(x(k),x(k)) − βT

k,m−1κ
m−1
x(k) . (73)

6) Matrix Am−1(k − 1): Assuming that the permutation of
columns of Ψm should not affect W m , we have: W m =
Ψm Am = W

′
m = Ψ

′
m A

′
m . Therefore, considering W m−1 as

kernel component estimates after dictionary member exclusion,
i.e., W m−1 = Ψm−1Am−1 , for minimizing the effects of dic-
tionary shrinkage, we must have Am−1 = argmin||W m−1 −
W m ||F , where ||A||F denotes the Frobenius norm of A. A
reduced computational complex formula for obtaining the ma-
trix Am−1 is given by (see Appendix E)

Am−1(k − 1) = �A′
m �(1:m−1,:)

+ K−1
m−1κ

m−1
dl

�Am
′�(m,:) (74)

with

A
′
m = P T

l Am (k − 1), (75)

κm−1
dl

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k(dl ,d1)
...

k(dl ,dl−1)
k(dl ,dl+1)

...

k(dl ,dm )

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (76)

and K−1
m−1 given by Eq. (70).

Now we have all ingredients to compose FPO-KPCA and
FPO-R-KPCA algorithms, summarized in Table V.

C. Relations to Other KPCA Extraction Methods

The FPO-KPCA and FPO-R-KPCA follow the general frame-
work from other online KPCA extraction algorithms, composed
of input data evaluation, dictionary management, and update of
kernel components estimates. Regarding dictionary construc-
tion, the proposed algorithms adopt the same relevance criterion

TABLE V
FPO-KPCA AND FPO-R-KPCA ALGORITHMS

for including a new dictionary member as OKHA, thus differ-
ing from Tanaka algorithm, which exploits the coherence value
[26], and from SubKHA, which indiscriminately includes input
samples into the dictionary until it becomes full.

Nevertheless, FPO-R-KPCA works with bounded size dictio-
naries, a resource only supported by SubKHA, useful in non-
stationary environments. Compared to the latter, a more selective
dictionary inclusion criterion is exploited at each FPO-R-KPCA
iteration, reducing the overall computational cost, especially at
earlier algorithm iterations. The replacement of dictionary mem-
bers is also simpler in the FPO-R-KPCA, as it considers the same
criterion used for dictionary inclusion. In opposition, SubKHA
assumes a novelty measure based on some statistics of subspace
mapping errors of input data (mean and standard deviation),
demanding the settling of one more algorithm parameter (the
constant α). Moreover, the criterion used in the FPO-R-KPCA
enforces the replacement of dictionary members, which may re-
sult in better dictionaries and more accurate kernel components.

Our algorithm also exploits a more natural strategy for select-
ing dictionary members for replacement, based on the historical
contribution of each member in the approximate mapping of
input vectors, which is independent of the extraction process.
In turn, SubKHA defines the members to be excluded as those
related to the lowest norm weights.

Nonetheless, the most significant difference from the pro-
posed algorithms to state-of-art ones resides on the iterative
equations employed. FPO-KPCA and FPO-R-KPCA exploit a
new fixed-point equation involving the covariance matrix of
β and the Gram matrix of dictionary members, resulting in
improved convergence and accuracy. Thus, the proposed tech-
niques exploit somewhat richer describers of the problem at
hand, as compared to the instantaneous KHA like equations
employed by most of the alternative methods. These quali-
fiers turn the FPO-KPCA and FPO-R-KPCA fast algorithms
viable for large-sample or online KPCA extraction in sev-
eral domains, especially concerning image processing, data
compression, visualization, and high-scale nonlinear feature
extraction.
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TABLE VI
COMPARISON OF THE NUMBER OF COMPUTATIONS INVOLVED IN SOME

KPCA EXTRACTION ALGORITHMS (SEE TEXT)

D. FPO-KPCA and FPO-R-KPCA Computational Cost

Considering only the sums and multiplications involved in
vector-vector and vector-matrix products, the FPO-KPCA and
FPO-R-KPCA requires O(pm2) computations, mainly due to
update procedures associated with the production of component
estimates (Table I). A brief comparison between the compu-
tational efforts demanded by FPO-KPCA, FPO-R-KPCA and
some state-of-art online KPCA extraction algorithms are given
in Table VI, expressed as a function of the number of operations
employed in dictionary management and for the update of com-
ponent estimates. This table also reports the overall number of
operations when assuming the dictionary size (m) as a multiple
of the number of components extracted (p) as follows:

m = ρp, ρ ∈ R, ρ ≥ 1 (77)

The constant ρ will be referred here as dictionary component
ratio. Except for Tanaka algorithm, the overall computational
cost per iteration is similar for all compared algorithms (cubic
functions of p). Indeed, the FPO-KPCA and FPO-R-KPCA in-
volve approximately 2ρ times more computations per iteration
than remaining methods, but exhibits much faster convergence,
resulting in less overall computations, as compared to some al-
gorithms from Table VI. A simple index to quantify the reduc-
tion in the overall computational cost achieved by FPO-KPCA
and FPO-R-KPCA, here named as the speed up gain factor (sf ),
is given by

sf =
imethod

2iFPOρ
=

1
2

imethod

iFPO

p

m
, (78)

where iFPO and imethod represent the number of iterations of
FPO-KPCA or FPO-R-KPCA and the alternative algorithms
until convergence, respectively.

V. EVALUATING THE EXTRACTED KERNEL COMPONENTS

A relevant result inherited from PCA technique is that prin-
cipal kernel components define optimal basis vectors to expand
the mappings of data set vectors into the feature space [5]. Thus,
for a set of N observations of a random vector x, denoted here
as x1 , · · · ,xN , the following cost function can be minimized:

Ep =
1
N

N∑

i=1

||φc(xi) − W py
c
i ||2 , (79)

where

yc
i = W T

p φc(xi), (80)

if we consider the columns of the matrix W p given by the p
kernel principal components of x, assumed to have a unitary
norm in the feature space. The quantity Ep , used for evaluating
kernel component extraction in [17], will be referred here as
the empirical square reconstruction error (ESRE). Defining the
matrix Ap as

Ap =
[
α1 α2 · · · αp

]
, (81)

by straightforward manipulations, Eq. (79) can be written in the
following more practical form (see Appendix F):

Ep =
1
N

N∑

i=1

κ(xi ,xi) − 2
N

N∑

i=1

ỹT
i ỹi

+
1
N

N∑

i=1

t̃T
i Km t̃i − ep , (82)

where

t̃i = Ap ỹi , (83)

ỹi = AT
p κ̃m

xi
, (84)

κ̄m
x =

1
N

N∑

i=1

κm
xi

, (85)

κ̃m
xi

= κm
xi

− κ̄m
x , (86)

ep =
N − 2
N 2

N∑

v=1

N∑

z=1

κ(xv ,xz ). (87)

Another useful quality index is the Rayleigh coefficient,
which corresponds to an estimate of the eigenvalue related to
each component in extraction. Assuming the following estima-
tor for the matrix Γφc

:

Γφc
≈ Γ̂φc

=
1
N

N∑

i=1

φ̂c(xi)φ̂T
c (xi), (88)

and considering Eq. (11), these eigenvalues can be estimated for
a given iteration k using

λ̂j (k) = dj (k)wT
j (k)Γ̂φc

wj (k)

=
dj (k)

N

N∑

i=1

αT
j (k)ΨT

m φ̂c(xi)φ̂T
c (xi)Ψm αj (k),

=
dj (k)

N

N∑

i=1

[
(αT

j (k)κ̃m
xi

)2] =
dj (k)

N

N∑

i=1

ỹ2
i,j , (89)

where ỹi,j is the jth component (1 ≤ j ≤ p) of ỹi .

VI. RESULTS

In our experiments, we evaluated the proposed algorithms
regarding convergence speed and accuracy, as well as their per-
formance in practical image processing applications, such as
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denoising, super-resolution image enhancement and feature ex-
traction for classification. For the sake of simplicity, all experi-
ments did not consider the centering of input vector mappings
in the feature space. We compared the FPO-KPCA and FPO-R-
KPCA with the following algorithms: KHA, OKHA, SubKHA
and Tanaka algorithm.

Regarding accuracy and convergence speed, experiments im-
posed an increasing complexity evaluation framework concern-
ing dataset size, sample dimensionality and the number of
components extracted. Three open-access image databases,
namely: USPS [27], Concrete [28] and MNIST [29], previ-
ously exploited for the evaluation of some kernel component
extraction algorithms [16], [17], [19], and two figures of merit -
ESRE and the estimated Rayleigh coefficient - were used in our
analysis.

For each method and database, we produced ten simulations,
considering the initial values of the elements of the matrix Am

sorted from a zero-mean random Gaussian distribution with
σ = 0.01. The input vectors were normalized to be in 0 to 1
range. The kernel function was RBF [23].

USPS, Concrete and MNIST trials employed an arbitrary
number of iterations, corresponding to, appropriately, 1000, 100
and 10 epochs4, respectively. FPO-KPCA and FPO-R-KPCA
simulations considered one-tenth of the number of iterations
adopted in the remaining algorithms. KHA, OKHA, and Sub-
KHA used fixed learning rates defined by some experimental
trials, envisaging to achieve a good trade-off between accu-
racy and extraction speed. Regarding Tanaka algorithm, for all
datasets, we employed the factor γ equal to 0.9999; the entries of
the matrix Q5 were sampled from a zero mean Gaussian distri-
bution with σ = 0.1, and the weighting factors were defined as
decreasing numbers starting from 1 with a regular step of 0.02.

Experiments also considered the extraction of standard and
approximate kernel components, the last case employing dif-
ferent dictionary sizes. Thus, algorithm parameters, such as the
constant ν (OKHA, FPO-KPCA, and FPO-R-KPCA), the con-
stant M (SubKHA), and the coherence threshold δ (Tanaka
algorithm) were tuned to result in dictionaries composed of
all data set members or small subsets of input data, automati-
cally selected by each algorithm. We also produced reference
extractions (REF) using standard KPCA for all data sets. Ta-
ble VII summarizes the algorithm parameters adopted in such
experiments.

A. USPS Data Set

USPS database is composed of grayscale handwritten digit
images with size 16 × 16, which were coded using integer num-
bers in the range of 0 to 255. We selected the first 100 images
related to the digits 1 to 3, considering the same kernel width and
number of components adopted in [19]. First, we evaluated the
effects of the forgetting factor and number of dictionary mem-
bers in the behavior of ESRE in our algorithms. Exceptionally,

4One epoch corresponds to one complete submission of all dataset members
to a learning algorithm.

5The matrix Q corresponds to an estimate of the inverse of the correlation
matrix of data projections in KPCA components adopted by Tanaka algorithm.

TABLE VII
SUMMARY OF DATA SET AND ALGORITHM PARAMETERS ADOPTED FOR

EACH DATA SET (SEE TEXT)

Fig. 1. Average ESRE values attained by FPO-KPCA considering different
forgetting factors and dictionaries sizes (see text).

these simulations involved only 6000 iterations. After, we com-
pared the FPO-KPCA and FPO-R-KPCA with other state-of-art
KPCA extraction algorithms. Finally, we evaluated the proposed
algorithms in a simulated non-stationary experiment.

1) Dictionary Size and Forgetting Factor Effects: Figure 1
summarizes the average ESRE curves produced by constant ν
equal to 0.001, 0.25, and 0.40, and forgetting factors chosen in
the range of 0.9950 to 0.9999. These values of ν resulted in
dictionaries with, approximately, 300, 49 and 15 members, re-
spectively. Values of γ lower than 0.9950 resulted in oscillations
in the steady-state ESRE, especially for smaller dictionaries. No
significant differences in the steady-state ESRE or convergence
speed was observed in the range of ν considered when compar-
ing simulations with the same dictionary size. As expected, the
reduction on dictionary size increased the steady-state ESRE.
When adopting 300 dictionary members, the FPO-KPCA suc-
cessfully attained the reference value in just 300 iterations.

2) Comparison With Other Methods: Figures 2 and 3 sum-
marize results obtained with 300 (full-size) and 49 (small-size)
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Fig. 2. Average ESRE values attained by FPO-KPCA, FPO-R-KPCA, KHA,
OKHA, SubKHA and Tanaka algorithm for the USPS experiment (300 dictio-
nary members).

Fig. 3. Average ESRE values attained by the FPO-KPCA, FPO-R-KPCA,
KHA, OKHA, SubKHA and Tanaka algorithm for the USPS experiment (49
dictionary members).

dictionary members, respectively. In both cases, the perfor-
mances of OKHA and SubKHA were similar. Tanaka algo-
rithm initially performed better than OKHA and SubKHA but
attained a similar or higher steady-state ESRE value in the small
and full-size dictionary experiments.

Considering full-size dictionary simulations, KHA converged
in 50000 iterations, faster than OKHA, SubKHA, and Tanaka
algorithm, despite its higher initial ESRE. OKHA and SubKHA
only achieve the reference value after 100000 iterations. Be-
sides, in this case, as the sizes of the dictionary and data set are
equal, there is no replacement of dictionary members, turning
FPO-KPCA and FPO-R-KPCA essentially the same algorithm.
Both techniques converged to the reference value in only 300
iterations, i.e., just after one epoch. This achievement represents
a speedup gain of ≈ 4.4 and ≈ 8.8 when compared to KHA and
OKHA/SubKHA, respectively. In small dictionary trials, we
observed a similar behavior to the full-size case, but the FPO-
KPCA and FPO-R-KPCA performed even better, motivated by
the smaller dictionaries involved, just taking 20 iterations to
converge, which represents a speedup gain of ≈ 66.

3) A Non-Stationary USPS Image Experiment: To evaluate
the FPO-KPCA and FPO-R-KPCA behavior in non-stationary
environments, we conducted an experiment involving the first
100 images from all USPS data set digits, aiming to verify

Fig. 4. Values of ESRE and number of dictionary members in FPO-KPCA
non-stationary image experiment (see text).

Fig. 5. Values of ESRE and number of dictionary members in FPO-R-KPCA
non-stationary image experiment (see text).

the capability of both algorithms in adapting dictionary and
component estimates in time-varying applications. In this case,
we considered ν = 0.25, γ = 0.999, the maximum number of
dictionary members in FPO-R-KPCA (DS) equal to 49, and
only one algorithm trial. Remaining parameters were the same
adopted in previous USPS experiments.

For this evaluation, the selected digits (900, in total) were split
into three subsets: A (digits 1 to 3), B (digits 5, 7 and 9) and C
(digits 0, 4 and 6). Subset A was submitted to both algorithms
during 35 epochs. In the sequence, this procedure was repeated
with subsets B and C during 100 and 200 epochs, respectively.
During algorithm iterations, we monitored the ESRE and the
number of dictionary members related to each subset. Figures 4
and 5 exhibit such quantities for FPO-KPCA and FPO-R-KPCA
algorithms, respectively. ESRE curves related to both techniques
showed a similar behavior, as expected. Until iteration 10500
(35 epochs), both algorithms only have subset A elements as
inputs. Thus, the lower ESRE curve is related to this set, as
expected. From iteration 10500 to 40500 (135 epochs), the curve
associated with subset B exhibits a significant ESRE reduction,
motivated by the adaptation of kernel components estimates to
samples from this set. Consequently, we observed an increase in
the ESRE values for subset A, as well as a moderate reduction
on those related to the subset C. Similarly, we verified a decrease
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Fig. 6. Average ESRE values attained by FPO-KPCA, FPO-R-KPCA, OKHA,
SubKHA, and Tanaka algorithm for the Concrete experiment.

in the subset C curve since iteration 40500, accompanied by an
increase on the curves correspondent to other sets, due to the
algorithm adaptation to this particular subset.

Regarding algorithm dictionary, in FPO-KPCA simulations,
the number of dictionary members increases until reaching 53
members after 300 iterations (1 epoch). From iteration 10500
to 40500, more 17 samples from subset B are included in the
dictionary. Finally, after iteration 40500, the dictionary is aug-
mented with 11 samples from subset C, resulting in a dictionary
with size equal to 81.

In FPO-R-KPCA experiment, we limited dictionary size to
49 members, all from subset A until iteration 10500. After, we
observe the replacement of 22 dictionary members by subset B
elements until iteration 40500. After iteration 40500, 15 and 14
members from subsets A and B, respectively, were replaced by
29 subset C elements.

These results confirm that FPO-R-KPCA avoids uncon-
strained dictionary growth due to category proliferation, a useful
resource for non-stationary environments.

B. Concrete Data Set

The concrete data set is composed of 1030 samples with nine
dimensions. Here, we repeated two experiments conducted in
[17]. We considered the same values as [17] for the following
parameters: kernel width, the learning parameter (η), the for-
getting factor (γ), the constant α, and the maximum number
of dictionary members (M ). Results are summarized in Fig-
ure 6. For both dictionary sizes, the behavior of OKHA and
SubKHA were quite similar, with the first performing slightest
better. Tanaka algorithm was faster than OKHA and SubKHA,
attaining the reference value in ≈ 30000 iterations. Again, FPO-
KPCA and FPO-R-KPCA performed similarly and converged
very quickly, reaching the reference ESRE value in only 300
iterations, while OKHA and SubKHA demanded 100000 itera-
tions. This result represents a speedup gain of ≈ 8.3 and ≈ 16.6
when considering 100 and 50 dictionary vectors, respectively.

C. MNIST Dataset

The MNIST database [29] is composed of digital images
of handwritten digits with the size of 28 × 28. To reproduce

Fig. 7. Eigenvalues estimated for MNIST dataset considering fifty approx-
imate kernel components produced by FPO-KPCA, FPO-R-KPCA, OKHA,
SubKHA and Tanaka algorithm in the MNIST experiment.

Fig. 8. Average ESRE values attained by FPO-KPCA, FPO-R-KPCA, OKHA,
SubKHA and Tanaka algorithm in the MNIST experiment.

an experiment from [16], we considered a subset consisting of
training and testing samples related to numbers “1”, “2” and
“3”, resulting in 22008 vectors. However, unlike [16], no noise
was added to such digits. The dictionary size and the number of
components were the same adopted in [16]. In the case of FPO-
R-KPCA, we restricted dictionary size (DS) to 90 members,
and employed a maximum square error (ν) of 0.30 to enhance
the replacement of dictionary members.

Figure 7 depicts the average value of eigenvalues estimated
by some online KPCA extraction algorithms. Eigenvalues es-
timates derived with FPO-R-KPCA are the most similar to the
reference extraction. FPO-R-KPCA curve was followed closely
by SubKHA one up to the 29th kernel component. Among meth-
ods without the replacement of dictionary members, only the
FPO-KPCA has consistently extracted all 50 components. Note
that OKHA and Tanaka algorithm performed similarly to FPO-
KPCA only until the 8th and 24th component, respectively.

Figure 8 shows the average ESRE curves produced in this
experiment. FPO-KPCA, FPO-R-KPCA, and Tanaka exhibit
the higher initial average ESRE values. SubKHA performed
slightly better than OKHA and Tanaka algorithm due to dic-
tionary member replacement. Proposed algorithms converged
much faster than remaining methods, especially FPO-R-KPCA,
which has taken approximately 400 iterations to attain a same
average ESRE produced by SubKHA in 200000 iterations. Such
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Fig. 9. Boxplot graphs of the steady-state ESRE values produced by FPO-
KPCA, FPO-R-KPCA, OKHA, SubKHA and Tanaka algorithm in the MNIST
experiment.

achievement represents a speedup gain of ≈ 305.6. The replace-
ment of dictionary members involved in FPO-R-KPCA and
SubKHA also resulted in lower steady-state values for average
ESRE, as expected.

Figure 9 shows a box plot graph considering the steady-state
ESRE values produced by each algorithm. Tanaka showed the
highest mean and interquartile range (IQR), followed by OKHA,
FPO-KPCA, SubKHA, and FPO-R-KPCA, respectively. Inter-
estingly, the replacement of dictionary members resulted in
lower IQR values, signalizing that FPO-R-KPCA and SubKHA
are less dependent on the order of data presentation (here ran-
dom) as well as to the initial values adopted for the matrix
A. Friedman test [30] confirmed that methods performed dif-
ferently (χ2 = 37.12, p < 0.001). Turkey post hoc [30] test re-
ported that FPO-R-KPCA and SubKHA performed similarly
(p = 0.790) and better than remaining algorithms (p < 0.02)
for a significance level of α = 0.10. We conclude that the re-
placement of dictionary members is a relevant resource from
both FPO-R-KPCA and SubKHA algorithms.

D. Image Denoising Using KPCA

In this case, we evaluated FPO-KPCA and FPO-R-KPCA in a
well-known KPCA application: nonlinear image denoising [12],
[16], [17], [19]. For this, we reproduced an experiment from
[16], adopting the same MNIST subsample, number of com-
ponents, amount of trials, and quantity of dictionary members
from the experiment described in Section VI-C. The exceptions
were the values of γ, equal to 0.1800 and 0.2211 in FPO-R-
KPCA and FPO-KPCA/OKHA, respectively, and δ = 0.7795,
in Tanaka algorithm. Moreover, we added white Gaussian noise
to digit images with variance equal to 0.1, as performed in [16],
before extracting kernel components. To solve the pre-image
problem [6], we considered the algorithm of Kwok and Tang
[31], adopting 10 nearest neighbors. All simulations considered
only one epoch.

Assuming that xi represents some original MNIST image
(vectorized), as well as x̂i corresponds to its denoised ver-
sion, we evaluated the square error between recovered and
original MNIST images, i.e., ri = ||x̂i − xi ||22 . Median and
IQR values of ri for a random subsample containing 1000

TABLE VIII
MSE VALUES OF DENOISED IMAGES USING KERNEL COMPONENTS

PRODUCED BY DIFFERENT ALGORITHMS (SEE TEXT)

Fig. 10. A sample of denoised MNIST images using kernel components pro-
duced by different algorithms (see text).

MNIST images are shown in Table VIII. The Friedman test
confirmed differences in the performance of methods analyzed
(χ2 = 32.80, p < 0.001). FPO-R-KPCA exhibited lower me-
dian and IQR values than FPO-KPCA, but Turkey post hoc
signalized that both performed similarly (p = 0.6184) and bet-
ter than the remaining methods (p < 0.0559).

Moreover, a sample of some denoised images considering
reference and components extracted by the analyzed methods
are given in Figure 10. In this case, the denoised images were
submitted to a plotting filter given by:

ŷf
i,l =

{
0, x̂i,l < θ

x̂i,l x̂i,l ≥ θ
, (90)

where x̂i,l and ŷf
i,l represent the lth component of the vectors x̂i

and ŷi
f , which denote the input and output vectors of the plot-

ting filter, respectively. The constant θ was made equal to 0.45.
Figure 10 also shows the resulting digits when only this filter is
used as denoising process, notably performing unsatisfactorily.
Standard KPCA components allowed a perfect visual recovering
of original digits, at the expense of defining components in terms
of 22008 data vectors. In turn, FPO-R-KPCA and FPO-KPCA
have shown a good compromise between performance and com-
putational efforts in this application, resulting in images with
satisfactory quality employing only ninety-dimensional kernel
components, better than those obtained with OKHA and Tanaka
algorithm. Note that the quality of recovered images can be eas-
ily improved by adopting bigger dictionaries.

E. Face Super-Resolution Image Recovering

Here, we conducted a face super-resolution image recover-
ing experiment, similar to the one described in [12] and [19].
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TABLE IX
MSE VALUES ASSOCIATED WITH THE RECOVERED IMAGES PRODUCED BY

KERNEL COMPONENTS DERIVED FROM SOME KPCA
EXTRACTION ALGORITHMS (SEE TEXT)

This experiment consisted of employing kernel components
extracted from high-resolution images to predict the details of
low-resolution test images. However, in our case, we used the
ORL database of faces [32], which is composed of 400 images
from 40 distinct subjects (10 images per subject), taken at dif-
ferent lighting, facial and wearings conditions, against a dark
homogeneous background.

ORL grayscale images were cropped to 108 × 90 pixels,
having each pixel normalized to be in 0 to 1 range, and converted
to column vectors. Fifty kernel components, considering an RBF
kernel with σ = 50, were extracted from a training set formed
by eight randomly chosen images for each subject (320 images,
in total). Remaining images were first down-sampled to 36 ×
30 pixels and after scaled back to 108 × 90 by mapping each
pixel to a 3 × 3 block of identical pixels to define a testing
set of blurred images. Then, these images were projected in
kernel components extracted by the evaluated algorithms and
reconstructed by Kwok and Tang algorithm [31], adopting 35
nearest neighbors.

To result in approximately 100 dictionary members, FPO-
KPCA and OKHA algorithms considered ν = 0.035; FPO-R-
KPCA, ν = 0.030; Tanaka algorithm, δ = 0.96, and SubKHA,
M = 100. The learning rate of OKHA and SubKHA was 0.05.
Remaining algorithm parameters were the same used in the de-
noising experiment. Most of the algorithms iterated for 100
training epochs, except for FPO-KPCA and FPO-R-KPCA,
which considered only ten epochs. We produced ten simula-
tions for each method. Table IX summarizes the median and
IQR values of the square errors between original and recovered
KPCA images from the testing set.

Table IX reports that images recovered using FPO-KPCA and
FPO-R-KPCA kernel components showed significantly lower
average MSE errors than the remaining methods. Indeed, an-
alyzed methods performed differently according to Friedman
test (χ2 = 38.32, p < 0.001). Tukey post hoc test also pointed
out that FPO-R-KPCA performed similarly to FPO-KPCA
(p = 0.9800) and Tanaka algorithm (p = 0.3513), as well as
better than other methods (p < 0.0377).

Figure 11 exhibits (from left to right) blurred and recov-
ered images of 10 randomly selected subjects employing kernel
components extracted by FPO-R-KPCA, Tanaka algorithm, and
OKHA, respectively. FPO-R-KPCA obtained better images than
others methods, being successful in mitigating down-sampling
effects on the faces of the subjects belonging to lines 1 and 3
to 7, as well as exhibiting a reasonable performance in those
from lines 2, 9 and 10. Regarding other methods, most of the
recovered images possess an excessive blur or corresponded

Fig. 11. Super-resolution ORL faces experiment. Left to right: testing images,
FPO-R-KPCA, Tanaka algorithm and OKHA recovered images (see text).

to another pose or individual. The reduced number of images
available in this data set (individual and total) was critical, com-
promising the quality of recovered images. A more thorough
investigation about the number of kernel components and dic-
tionary members may also improve such results. However, these
findings confirm that quantitative and qualitative improvements
in super-resolution image recovering may be achieved when
using the more accurate kernel components extracted by our
algorithms.

F. Hyperspectral Image Feature Extraction for Classification

In this experiment, we evaluate the kernel components of
the proposed algorithms for feature extraction, aiming the
classification of hyperspectral images [33]–[35]. The data set
used was the Indian Pines [36], which was captured by the
Airborne Visible/Infrared Imaging Spectrometer (AVIRIS) over
the northwestern Indiana, in June of 1992. The resulting image
has 145 × 145 pixels and 220 spectral bands. The available
ground truth is classified into sixteen classes. This data set dis-
poses of 10249 samples different from the background. The
samples were normalized to be within the range 0 to 1 range
and randomly split into training and testing sets, with 8204
samples destined for training (≈ 80%).

The classification scheme adopted here consisted of project-
ing the data into 25 kernel components, assuming an RBF kernel
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TABLE X
INDIAN PINES HYPERSPECTRAL IMAGE RESULTS (SEE TEXT)

with σ = 1.5, followed by the classification of projected data by
the nearest neighbor (NN) classifier [37]. The KPCA extraction
methods analyzed here considered 100 dictionary members by
setting the following parameters: ν = 0.005 (FPO-KPCA and
OKHA), ν = 0.003 (FPO-R-KPCA), δ = 0.986 (Tanaka algo-
rithm), and M = 100 (SubKHA). Remaining algorithm param-
eters were the same used in the denoising experiment. Ten trials
were produced for each method. FPO-KPCA and FPO-R-KPCA
ran for 10000 iterations (≈ 1 epoch), whereas other methods for
100000 iterations (≈ 10 epochs). Results are summarized in Ta-
ble X regarding the median and IQR values associated with the
steady-state ESRE and average classification accuracy.

Methods performed differently according to Friedman test
with respect to average accuracy (χ2 = 34.88, p < 0.001) and
steady-state ESRE (χ2 = 36.64, p < 0.001). Although FPO-R-
KPCA has achieved the lowest steady-state ESRE and the high-
est average accuracy, it performed similarly to FPO-KPCA and
Tanaka algorithm, but the proposed algorithms converged sig-
nificantly faster. Moreover, the classification results achieved by
FPO-KPCA and FPO-R-KPCA are equivalent to findings from
[34] [35], which also exploited KPCA for feature extraction,
but employed more complex classifiers, such random forests
and support vector machines [37].

VII. CONCLUSION

In this paper, we proposed a fast and accurate online ker-
nel extraction algorithm, which exploits fixed-point iterative
equations and involves an amount of computations comparable
to similar state-of-art online KPCA extraction algorithms. The
proposed technique produces kernel components expressed in
terms of a concise dictionary, dynamically extracted from data,
enabling its use with large datasets, as well as in non-stationary
environments, as possess the capability of replacing dictionary
members to track environmental changes, while maintaining a
concise kernel component dictionary.

Experimental results considering three open-access digital
database images showed that our algorithm converges in much
fewer iterations than similar KPCA extraction algorithms, sig-
nificantly reducing the overall computational cost, and outper-
forming such techniques in the number of components extracted
accurately. Practical image experiments involving denoising,
super-resolution recovering, and feature extraction aiming clas-
sification confirmed that the more accurate kernel component
of FPO-KPCA and FPO-R-KPCA algorithms may effectively
benefit such applications.

APPENDIX

A. Iterative Equation for Extracting the Principal Kernel
Component of Γφc j

First, we will consider the maximization of the Rayleigh quo-
tient from Eq. (12), whose Lagrangian corresponds to

Jj (k) = wT
j (k)Γφc j

wj (k) + λ(1 − wT
j (k)wj (k)). (91)

Here, we included as restriction the component estimate to have
a unitary norm. Constant λ corresponds to the Lagrange multi-
plier, which is given by

λ = wT
j (k)Γφc j

wj (k), (92)

and can be obtained by equating the derivative of Jj (k) with
respect to wj (k) to zero. The gradient of Jj (k) with respect to
wj (k) can now be expressed as

∇wj (k)Jj (k) = 2Γφc j
wj (k) − 2(wT

j (k)Γφc j
wj (k))wj (k).

(93)
If we assume that the projections of vector wj (k) into directions
given by the eigenvectors of matrix Γφc j

do not significantly
vary between two consecutive iterations6, Eq. (93) can be rewrit-
ten as

∇wj (k)Jj (k) = 2Γφc j
wj (k − 1)

− 2[wT
j (k − 1)Γφc j

wj (k − 1)]wj (k).
(94)

Equating Eq. (94) to zero results in Eq. (14).

B. Optimum Value for βk,m

The square error produced in the approximate mapping de-
fined by Eq. (27) can be written as

J = ||φ(x(k)) − Ψm βk,m ||2

= [φ(x(k)) − Ψm βk,m ]T [φ(x(k)) − Ψm βk,m ]

= k(x(k),x(k))− 2βT
k,mΨT

m φ(x(k))+ βT
k,mΨT

mΨm βk,m

= k(x(k),x(k)) − 2βT
k,m κm

x(k) + βT
k,m Km βk,m , (95)

where κm
x(k) and Km are defined by Eqs. (40) and (43), respec-

tively. The gradient of J with respect to βk,m is given by

∇Jβk , m
= −2κm

x(k) + 2Km βk,m . (96)

Turning Eq. (96) equal to zero, result in Eq. (42). The value of
J corresponding to this optimal value is given by Eq. (44).

C. Incremental Estimation of K−1
m+1

Here, we will consider the following matrix inversion formula
[22]:
[

A B

C D

]−1

=
[

A−1 + A−1BECA−1 −A−1BE

−ECA−1 E

]
,

(97)

6Note that the symmetric matrix Γφc j
can be factored as Γφc j

= QΛQT ,

where Λ is a diagonal matrix defined by the eigenvalues of Γφcj
, with corre-

sponding eigenvectors as columns of Q.
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where

E = (D − CA−1B)−1 . (98)

Based on Eqs. (42) and (57), Eq. (97) can be rewritten as7

K−1
m+1 =

[
Km κ

κT κ

]−1

=

[
K−1

m + K−1
m κEκT K−1

m −K−1
m κE

−EκT K−1
m E

]

=

[
K−1

m + βk,m EβT
k,m −βk,m E

−EβT
k,m E

]

=

[
K−1

m 0m x 1

01 x m 0

]

+ E

[
−βk,m

1

]
[−βT

k,m 1
]
,

(99)

where A = Km , B = CT = κm
x(k) , and D = κ(x(k),x(k)).

If we consider Eqs. (42) and (44), the value of E can be written
as

E = [κ − κT K−1
m κ]−1 = [κ − βT

k,m κ]−1 = 1
ε2

k , m
, (100)

resulting in Eq. (58).

D. Estimating K−1
m−1 using K

′ −1
m

Consider the Eq. (57), (67) and (97) to express the matrix
K

′ −1
m as follows8:

[
Km−1 κ

κT κ

]−1

︸ ︷︷ ︸
K ′−1

m

=

[
K−1

m−1 + dK−1
m−1κT K−1

m−1 −dK−1
m−1κ

−dκT K−1
m−1 d

]

.

(101)
By inspecting Eq. (101), the following relations can be estab-
lished:

d = �K ′ −1
m �(m,m ) (102)

�K ′ −1
m �(1:m−1,m ) = −dK−1

m−1κ = u (103)

�K ′ −1
m �(1:m−1,1:m−1) = K−1

m−1 +
1
d

(
dK−1

m−1κ
T K−1

m−1d
)

= K−1
m−1 +

1
d
uuT , (104)

resulting in Eq. (70).

E. Optimum value for Am−1(k − 1)

Note that W m = W
′
m = Ψ

′
m A

′
m = Ψm P lP

T
l Am , as well

as Ψ
′
m =

[
Ψm−1 φ(dl)

]
. Therefore, the value of ||W m−1 −

7Here, κ(x(k), x(k)) and κm
x(k ) are denoted as κ and κ , respectively.

8Note that κm −1
x(k ) and κ(x(l), x(l)) corresponds to κ and κ, respectively.

W m ||F can be written as9

dw = ||W m−1 − W m ||F

= trace

[
(W m−1 − W m )T (W m−1 − W m )

]

= trace

[
W T

m−1W m−1 − 2W T
m−1W m + W T

m W m

]

= trace

[
AT

m−1Km−1Am−1 − 2AT
m−1Ψ

T
m−1Ψ

′
m A

′
m

+ A
′ T
m Ψ

′ T
m Ψ

′
m A

′
m

]
, (105)

whose gradient relative to Am−1 is given by

∇Am−1 dw

= 2Km−1Am−1 − 2ΨT
m−1Ψ

′
m A

′
m

= 2Km−1Am−1 − 2ΨT
m−1

[
Ψm−1 φ(xl)

]
A

′
m

= 2Km−1Am−1 − 2
[
Km−1 κm−1

dl

]
P T

l Am

= 2Km−1

{
Am−1 −

[
I K−1

m−1κ
m−1
dl

]
P T

l Am

}
, (106)

with κm−1
dl

given by Eq. (76). Equating Eq. (106) to zero results
in

Am−1(k − 1) =
[
I K−1

m−1κ
m−1
dl

]
P T

l Am (k − 1), (107)

which can be written in the form of Eq. (74).

F. A Practical Expression for ESRE

First, we will consider rewriting Eq. (79) as follows

Ep =
1
N

N∑

i=1

e2
i , (108)

where

e2
i = ||φc(xi) − W py

c
i ||2 . (109)

A practical form to calculate Eq. (2) in this case is given by

φc(xi) ≈ φ̂c(xi) = φ(xi) − φ̄, (110)

where we have replaced the vector μφ in Eq. (2) by the following
unbiased estimator:

φ̄ =
1
N

N∑

i=1

φ(xi). (111)

Since W p = Ψm Ap , we can rewrite Eq. (80) as follows:

yc
i ≈ ỹi = W T

p φ̂c(xi)

= AT
p ΨT

m (φ(xi) − φ̄) = AT
p (κm

xi
− κ̄m

x ), (112)

9We dropped iteration indexes for clarity.
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resulting in Eqs. (84)-(86). Similarly, based on Eqs. (80), (83),
(110) and (111), Eq. (109) can be written as

e2
i = [φ̂c(xi) − W p ỹi ]T [φ̂c(xi) − W p ỹi ]

= φ̂T
c (xi)φ̂c(xi) − 2φT

c (xi)W p ỹi + ỹT
i W T

p W p ỹi

= k(xi , xi) − 2ỹT
i ỹi + ỹT

i W T
p W p ỹi + θi

= k(xi , xi) − 2ỹT
i ỹi + ỹT

i AT
p ΨT

p ΨpAp ỹi + θi

= k(xi , xi) − 2ỹT
i ỹi + t̃T

i Km t̃i + θi , (113)

with θi = −2φ̄T φ̂(xi) + φ̄T φ̄. Since
∑N

i=1θi = (N − 2)φ̄T

φ̄, Eq. (108) can be written as in Eq. (82).
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