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On Data-Selective Adaptive Filtering
Paulo S. R. Diniz , Fellow, IEEE

Abstract—The current trend of acquiring data pervasively calls
for some data-selection strategy, particularly in the case a subset of
the data does not bring enough innovation. In this paper, we present
some extensions of the existing adaptive filtering algorithms en-
abling data selection, which also address the censorship of outliers
measured through unexpected high estimation errors. The result-
ing algorithms allow the prescription of how often the acquired
data are expected to be incorporated in the learning process based
on some a priori assumptions regarding the environment data. A de-
tailed derivation of how to implement the data selection in a compu-
tationally efficient way is provided along with the proper choice of
the parameters inherent to the data-selective affine projection algo-
rithms. Similar discussions lead to the proposal of the data-selective
least mean square and data-selective recursive least squares algo-
rithms. Simulation results show the effectiveness of the proposed
algorithms for selecting the innovative data without sacrificing the
estimation accuracy, while reducing the computational cost.

Index Terms—Adaptive signal processing, adaptive filters, pa-
rameter estimation, system identification, learning systems, data
processing.

I. INTRODUCTION

IN THE age of big data, the need for data-selective algo-
rithms is in growing demand. This work proposes a proce-

dure to derive adaptive filtering algorithms incorporating the
selection feature. In last few decades the family of affine projec-
tion (AP) algorithms, first proposed in [1], has gained increasing
popularity. The key features of these algorithms are faster con-
vergence than stochastic gradient algorithms, such as the least
mean square (LMS), and lower computational complexity than
the recursive least-squares (RLS) algorithm [1]–[5].

The original AP algorithms differ in the quantity of old data
they reuse to generate their parameter estimation. In this work,
we present a general AP algorithm incorporating a data-selection
strategy along with a censoring of outliers called DS-AP algo-
rithm. It is worth mentioning that the family of set-membership
affine projection algorithms [4], [6]–[12] naturally incorporates
some data selection; however, their estimate is represented by
a set of solutions and not by a point solution as the DS-AP
algorithm. The set-membership algorithms such as those in
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Chapter 6 of [4] induce a set of solutions for each iteration,
originating an unpredictable rate of data-selection. The DS al-
gorithms perform a point update, and according to our proposal
allows for prescribing the probability of update. In recent years,
there is also a growing interest in data censoring strategies to
cope with the large amount of data requiring storage and pro-
cessing [13]–[17] inherent to big data applications [18]. The
concept of data censoring is closely related to the data selection
discussed here, where in the former case the outliers and the
noninnovative data are censored to participate in the statistical
inference. In the DS algorithms discussed here it is possible
utilize any data in the estimation as long as these data are not
classified as outliers. The data selected in the DS algorithms
refers to the ones included in the related estimation. In [13]
early versions of the RLS and LMS algorithms incorporating
data censorship were presented, but alternative data-selective
versions are advanced here. In the overall context, the DS-AP
algorithm is very appealing in applications requiring a trade-off
between convergence speed and computational complexity.

This work presents a general derivation for the regularized AP
algorithm and its extension to the incorporation of innovative
data as well as the censorship of outliers. A computationally ef-
ficient implementation of the DS-AP algorithm is also presented
along with a strategy to set its parameters to select the innova-
tive data according to prescribed specifications. Capitalizing on
the arguments to propose the DS-AP algorithms, we extend the
discussion to advance alternative versions of the DS-LMS and
DS-RLS algorithms.

This paper is organized as follows: The next section discusses
the excess mean-square error (MSE) in adaptive filtering algo-
rithms with data selection, and defines how the data is placed
in vectors and in matrices to setup the derivation of the DS-AP
algorithm. In Section III the update equations related to DS-AP
algorithm are derived in some detail, as well as a brief discussion
of the excess MSE of the proposed algorithm benefitting from
previous related work. Section IV presents the simplified DS-
AP (simpDS-AP) algorithms, and outlines their full description.
Section V presents the DS-LMS algorithm inspired by the dis-
cussions in Sections III and IV. Likewise, in Section VI the data-
selective version of the RLS algorithm is presented. Section VII
describes the arguments to explain why the data-selection strat-
egy for each algorithm works based on their inherent normalized
excess MSE (misadjustment), allowing the proper choice for
each DS algorithm parameters. In Section VIII some properties
as well as the computational complexities of the DS algorithms
are listed for comparison. Section IX presents some simulation
results to evaluate and compare the competing DS algorithms. In
Section X conclusions are drawn along with some suggestions
for further research.
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II. PROBLEM SETUP

In this work we consider learning algorithms to identify sys-
tems which are linear in parameters. We assume that an adap-
tive filtering algorithm generates a reference signal estimation
through

y(k) = wH (k)x(k) (1)

where x(k) = [x0(k) x1(k) . . . xN (k)]T ∈ CN +1 is the in-
put signal vector, and w(k) = [w0(k) w1(k) . . . wN (k)]T ∈
CN +1 is the parameter vector. C represents the set of com-
plex numbers, whereas y(k) represents the adaptive filter output
signal.

Assuming the availability of a reference signal sequence
d(k) and a sequence of input vectors x(k), both for k =
0, 1, 2, . . . ,∞, the estimation error sequence e(k) is defined as

e(k) = d(k)−wH (k)x(k) = d(k)− y(k) (2)

also for k = 0, 1, 2, . . . ,∞.
Assume we have the estimation vector at a given iteration k, in

practical applications the error signal might assume acceptable
values within prescribed range determined by the uncertainty
originating from the measurement noise. If the noise variance
is σ2

n , an error squared level of τ(k)σ2
n is considered acceptable

so that there is not much innovation in the most current data
pair {d(k),x(k)} to justify a coefficient update, that is, w(k +
1) = w(k). In this situation, there are two possible cases: either
the current data is discarded for not bringing significant new
information to the coefficient update, or the data is not discarded
despite not leading to an update of w(k). These two cases have
implications for the computational complexity and performance
of the AP algorithm. Besides, there is also the situation where the
modulus of the error signal becomes too large, e.g., |e(k)|2 >
τmaxσ

2
n , indicating that some outlier samples were acquired. The

outliers might appear for example in situations where there is
acquisition circuitry saturation, or some unexpected disruptions.

Consider the desired signal model as

d(k) = wH
o x(k) + n(k) (3)

where the noise samples are drawn from an independent
circularly-symmetric Gaussian process with zero mean and
variance σ2

n . Let us define the error in the coefficients as
Δw(k) = w(k)−wo .

For this model the mean square error is measured as [4]

ξ(k) = E[e2(k)] = E[n2(k)]− 2E[n(k)ΔwH (k)x(k)]

+ E[ΔwH (k)x(k)xH (k)Δw(k)] (4)

Assuming the coefficients and the additional noise are uncorre-
lated, we obtain

ξ(k) = σ2
n + E[ΔwH (k)x(k)xH (k)Δw(k)] = σ2

n + ξexc(k)
(5)

where ξexc(k) is the excess MSE and E[n2(k)] = σ2
n .

The expression of the excess of MSE in the data-selective
adaptive filtering algorithm must take into consideration how
often the algorithm updates the coefficients after the transient.

In order to address this issue, we should consider that the proba-
bility in which the adaptive filtering algorithm updates is related
to how often the selection factor δ(k) (to be defined) becomes
equal to one. This can be modeled by a probability of update
defined as

Pup(k) = P

[ |e(k)|
σn

>
√

τ(k)
]
− P

[ |e(k)|
σn

>
√

τmax

]
(6)

note that the probability Pup(k) will be time-varying since the
value of the variance of the output error, e(k), is a function
of the Euclidean norm of the coefficient-error vector. As we
will see, this probability of update after convergence behaves as
prescribed by the choice to the parameter τ(k).

For the case where the coefficients are real valued and con-
verge to their steady-state values, the probability of update for
white Gaussian input signals is modeled as

Pup = 2Q

(
σn
√

τ

σe

)
− 2Q

(
σn
√

τmax

σe

)
(7)

where Q (·) is the complementary Gaussian cumulative distri-
bution function [21], [22] defined as

Q (x) =
1√
2π

∫ ∞

x

exp(−t2/2)dt

and σ2
e represents the variance of the error signal measured with

the most recent data. Note that for a stationary environment, in
the steady-state the value of τ(k) can be considered fixed at τ .
In case there are no expected outliers the second term in (7) can
be ignored and the value of τ can be chosen to prescribe the
probability of updating.

By applying the orthogonality principle to (4), we have
σ2

e (k) = σ2
n + E

[
ΔwH (k)RΔw(k)

]
, where R is the autocor-

relation matrix of the input signal, it is possible to show that for
k →∞ [10]

σ2
n +λminE

[‖Δw(∞)‖2] ≤ σ2
e ≤ σ2

n +λmaxE
[‖Δw(∞)‖2]

(8)

with λmin and λmax being the minimum and maximum eigen-
values of R. If the adaptive filter has sufficient order we can
expect that E

[‖Δw(∞)‖2] is small so that σ2
e ≈ (1 + α)σ2

n .
This strategy can be exploited and improved by utilizing esti-
mates of the excess MSE, if available, for the given algorithm.

By utilizing (7), not taking into consideration the effect of
τmax , it is possible to prescribe a probability of updating by
properly choosing the parameter τ as follows

√
τ = Q−1

(
Pup

2

)
σe

σn
=
√

1 + αQ−1
(

Pup

2

)
(9)

In the complex signal case, after the coefficients converge to
their steady-state values, the probability of update for white
circularly-symmetric Gaussian input signals is modeled as
Rayleigh probability distribution function given by

1− Pup = FE (x) = 1− exp(− x2

2σ2
e

) (10)

where u(x) represents the unit step function and x =
√

τσn .
Assuming σ2

e ≈ (1 + α)σ2
n , it is possible to choose τ to meet a
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Fig. 1. Threshold parameter (general expressions (9) and (11), respectively).

prescribed probability of updating as follows

τ = 2(1 + α) ln
(

1
Pup

)
(11)

In the case there are outliers in the environment signal the prob-
ability of updating will be reduced by exp(− τm a x

2σ 2
e

), by taking
into consideration that these outliers are discarded.

It is now verified how the threshold parameter is sensitive
to the choice of the parameters inherent to each data-selective
algorithm. We start the discussion addressing the DS type of
algorithms where the parameter Pup should fall in the range
(0−1) and we established that the misadjustment α falls in the
same range of values to guarantee some data selection when the
algorithm accuracy is within an acceptable level. In particular,
we discuss the characteristics of (9) and (11) representing the
value of the threshold parameter as a function of the prescribed
Pup and the algorithm misadjustment. This early analysis is
algorithm independent, and the general conclusions apply to all
of them. In Figs. 1.(a) and 1.(b), it is possible to verify how the
value of the threshold influences the prescribed value of Pup for
the established range of values of α for the cases of real and
complex valued signals, respectively.

As can be observed for a fixed value of the misadjustment
α, the value of the threshold parameter τ remains relatively
constant when Pup changes. That means we can expect that a
constant value of the threshold is required to set the algorithm
aiming at any prescribed of value Pup . We should also bear in

Fig. 2. Data-selective adaptive filter.

mind that for a fixed prescribed value of Pup , smaller values of τ
originates from smaller values of the normalized excess of MSE
α which is a desired feature regarding estimation accuracy.

With the augments discussed above, we can propose sev-
eral data-selective adaptive filtering algorithms all within the
framework represented by Fig. 2, where the data selection is
determined by the value Pup and the error signal. We start
with two versions of DS-AP algorithm with prescribed update
rate after the transient of the learning process in a station-
ary environment. This strategy is possible as long as some a
priori information about the error signal distribution and an es-
timate of the measurement noise is known. In case no such
estimate is available, it is possible to utilize the error signal to
estimate τ as indicated in Fig. 2 using the methods described
in [4], pp. 270–273, suitable to the system identification and
equalization applications. The data selection strategy is related
to the data censoring technique recently discussed in [13]–[17].

III. AP ALGORITHM WITH PRESCRIBED DATA SELECTION

The affine projection algorithm reutilizes the last L + 1 input
signal vectors in a matrix as follows:

X(k) = [x(k) x(k − 1) . . .x(k − L)] (12)

with x(k) being the input-signal vector. At instant k, the avail-
able environment data, representing the input-signal (repeated
here for convenience), the desired signal, and error vectors, are
given by

x(k) = [x0(k) x1(k) . . . xN (k)]T (13)

d(k) = [d(k) d(k − 1) . . . d(k − L)]T (14)

e(k) = [e0(k) e1(k) . . . eL (k)]T (15)

The elements of the error vector are defined as ei(k) =
d(k − i)− xH (k − i)w(k), for i = 0, 1, . . . , L.

In the present case where there is data selection, the input-
signal matrix should be redefined as the last L + 1 input signal
vectors in a matrix as follows:

X(k) = [x0(k) x1(k) . . .xL (k)] (16)
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where the vectors xl(k), for l = 0, 1, . . . , L, represent the input-
signal vectors retained at instant k. As a result the matrix X(k) ∈
C(N +1)×(L+1) stores the selected inputs, whereas the remaining
stored data available are represented by

d(k) = [d0(k) d1(k) . . . dL (k)]T (17)

e(k) = [e0(k) e1(k) . . . eL (k)]T (18)

The objective function that an affine projection adaptive fil-
tering algorithm actually minimizes is given by

ξap(k) = ‖w(k + 1)−w(k)‖2B(k)

+ ‖d(k)−XT (k)w∗(k + 1)‖2A(k)E

(19)

where ‖v‖2Z = vH Zv and [·]∗ represents complex conjugate,

A(k) =
(
XH (k)X(k) + γI

)−1

B(k) =
1
μ
I−X(k)A(k)EXH (k) (20)

and γ and μ represent the regularization and convergence fac-
tors, respectively. The matrix E is an identity matrix in the
present section and will be selected differently in Section IV.
The affine projection objective function entails a balanced com-
bination of the minimum disturbance concept, represented by
the first Euclidean norm in (19), and the minimization of a nor-
malized version of the Euclidean norm of the a posteriori error
vector. The objective function presented above is meaningful
as long as matrices A(k) and B(k) are positive definite. These
are indeed the cases for both matrices, where in the particu-
lar case of the matrix B(k) the value of μ should be smaller
than one considering that the maximum eigenvalue of matrix
X(k)A(k)XH (k) is also smaller than one for positive values
of γ.

It is possible to verify in Appendix A that, for E = I, when-
ever the environment data is selected in the affine projection
algorithm, the coefficients of the adaptive filter are updated as

w(k + 1) = w(k) + μX(k)
(
XH (k)X(k) + γI

)−1
e∗(k)

(21)

The incorporation of data-selection, or censorship, requires
a new parameter to enable the selection of the acquired data in
the algorithm. The definition of the selection parameter is

δ(k) =

⎧⎪⎨
⎪⎩

0, if |e(k)|
σn
≤√

τ(k)

0, if |e(k)|
σn

>
√

τmax

1, otherwise

(22)

The choice of the parameter τ(k) is algorithm dependent and
will be discussed in the sections to follow. The coefficient update
of the data-selective affine projection algorithm is then given by

w(k + 1) = w(k) + δ(k)μX(k)
(
XH (k)X(k) + γI

)−1
e∗(k)

(23)

The actual algorithm implementation incorporating the cen-
sorship requires a re-interpretation of the data structure as fol-
lowing discussed. In particular the input-data matrix has the
general form

X(k) = [x0(k) XL (k)] (24)

where XL (k) ∈ C(N +1)×L represents a submatrix of X(k) con-
taining its last L columns. Similarly we can infer that

X(k − 1) = [XL (k) xL (k − 1)] (25)

Since

A−1(k) =
(
XH (k)X(k) + γI

)
(26)

assuming we know the inverse of A−1(k − 1), it is possible
to verify that the L× L sub-matrix placed on the upper-left
corner of A−1(k − 1) is equal to the L× L sub-matrix placed
on the lower-right corner of A−1(k). This observation leads to
computational savings in the matrix inversion.

Let us represent the matrices involved in the discussion as

A−1(k) =

[
a bH

b C

]
(27)

A−1(k − 1) =

[
C b̄

b̄H ā

]
(28)

A(k − 1) =

[
Â b̂

b̂H ĉ

]
(29)

where in the vectors and matrices on the right-hand side have
no time index for the sake of simplicity.

Since (28) and (29) are inverse of each other it is possible to
show that

C−1 = Â− b̂b̂H

ĉ
(30)

and

A(k) =
1
f

[
1 −bH C−1

−C−1b C−1
[
fI + bbH C−1

] ]
(31)

where f = a− bH C−1b.
The excess mean-square error (MSE) of the AP algorithm

with data selection is briefly described in this section. We bene-
fit from the results recently proposed in the literature [9], [10],
inspired by the energy conservation approach to analyzing adap-
tive filtering algorithms [19], [20].

The underlying updating equation can be alternatively de-
scribed by

Δw(k + 1) = Δw(k) + δ(k)μX(k)A(k)e∗(k) (32)

where Δw(k) = w(k)−wo .
The excess MSE for the proposed algorithm can be derived by

modifying the analysis of the GenSM-AP algorithm proposed
in [10], taking into consideration that the data-selective AP
algorithm generates a point estimation instead of a set. With
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TABLE I
THE DATA-SELECTIVE AFFINE PROJECTION ALGORITHM

this fundamental difference, it is possible to show that

ξexc(k)
k→∞

=
(L + 1)Pupμ

2− Pupμ

1− (1− Pupμ)2

1− (1− Pupμ)2(L+1) σ2
n ≈ ασ2

n

(33)

The description of the DS-AP algorithm is provided in Table I
where whenever an outlier data in d(k) is detected the algorithm
replaces the values of d(k) and e(k) with zero.1 In this case, the
matrix X(k) is updated all the time and x(k) does not include
an outlier. Alternatives to the latter decision are possible such as
not updating the matrix X(k) in case the outlier samples belong
to either d(k) or x(k). For the DS-AP algorithm, we will not
describe this possibility since it is discussed for the upcoming
DS algorithms, but it will basically consist of moving equations
(27), (29), (30), and (31) to positions above (23) in Table I.

IV. SIMPLIFIED AP ALGORITHM WITH PRESCRIBED

DATA SELECTION

A simplified version of the AP algorithm can be derived if
matrix E has a single non-zero entry as follows

E =

[
1 0T

0 0

]
(34)

1This strategy applies after the first iteration.

TABLE II
SIMPLIFIED DATA-SELECTIVE AFFINE PROJECTION ALGORITHM

where this choice leaves the decision to update by verifying the
error signal calculated using the most recent data set. In this
case the coefficient update equation becomes

w(k + 1) = w(k) + δ(k)μX(k)A(k)u1e
∗(k) (35)

where uT
1 = [1 0 . . . 0].

The same reasoning can be applied to the simplified data-
selective AP algorithm whose excess of MSE, adapted from the
derivations in [9], can be shown to be given by

ξexc(k)
k→∞

=
(L + 1)Pupμ

2− Pupμ

1
1 + L(1− Pupμ)2 σ2

n ≈ ασ2
n (36)

The simpDS-AP algorithm is provided in Table II, where the
input-data matrix is always updated. It is worth mentioning that
the simpDS-AP algorithm is related to the pseudo affine pro-
jection algorithms [23], [24] and the simplified set-membership
affine projection algorithm described in Chapter 6 of [4]. The
algorithms in [23], [24] do not include any data selection strat-
egy, whereas the one in [4] performs the updating to a set of pos-
sible estimates and does not include a prescribed data selection.
The DS-AP algorithms discussed here produce point solution.
Also, the combination of the simpDS-AP solution with partial
update and sparse adaptive filters seems promising for further
research [25], [26].

The description of the alternative simpDS-AP algorithm is
provided in Table III, where the input-data matrix is updated
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TABLE III
ALTERNATIVE SIMPDS-AP ALGORITHM

only when the coefficient vector is updated. This algorithm
keeps the input-data matrix unchanged if there is no coefficient
update, being more attractive by saving computations.

V. DATA-SELECTIVE LMS ALGORITHM

A data-selective LMS algorithm was first proposed in [12] and
it was later rederived and coined as adaptive-censoring LMS
(AC-LMS) algorithm in [13]. For the DS-LMS algorithm the
objective function to be minimized is defined as

ξ(k) =

{
1
2

[
e2(k)− τ(k)σ2

n

]
for τmax > |e(k)|

σn
>

√
τ(k)

0 otherwise

Using the subgradient of this nondifferentiable objective func-
tion, one can derive the coefficient update of the DS-LMS algo-
rithm as⎧⎪⎪⎨

⎪⎪⎩
w(k), if −√

τ(k) ≤ |e(k)|
σn
≤√

τ(k)

w(k), if |e(k)|
σn

>
√

τmax

w(k + 1) = w(k) + δ(k)μx(k)e∗(k) otherwise

In order to prescribe the update rate in the DS-LMS algorithm
we have to adapt the expression of the normalized excess MSE
(misadjustment) provided in [4] taking into account the fact that
the algorithm is expected to perform updates with probability

TABLE IV
DATA-SELECTIVE LMS ALGORITHM

Pup . The resulting relation is given by

α ≈ μPuptr[R]
1− μPuptr[R]

(37)

where the choice of the convergence factor of the DS-LMS
should follow the normal procedure utilized for the standard
LMS, such as μ = 1

ν (N +1)σ 2
x

for ν > 4. Table IV describes the
DS-LMS algorithm step by step.

VI. DATA-SELECTIVE RLS ALGORITHM

In the standard RLS algorithm the cost function to be mini-
mized is given by

ξd(k) =
k∑

i=0

λk−iε2(i)

=
k∑

i=0

λk−i
[
d(i)− xH (i)w(k)

]2
(38)

where ε(i) represents the a posteriori error measured with
the data entries d(i) and x(i). The expression above can be
rewritten as

ξd(k) = d2(k)− 2d(k)xH (i)w(k) +
[
xH (i)w(k)

]2

+
k−1∑
i=0

λk−iε2(i) (39)

In the situation where there is an outlier corrupting d(k) and
x(k) we can opt to discard the update and keep the adaptive
filter coefficients unchanged, however, the input signal informa-
tion matrix SD(k) [4] and the cross-correlation vector pD(k)
should be updated with 1

λ
SD(k − 1) and λpD(k − 1), respec-

tively. This way in the iteration following the discard of the data
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entries, the correct weight is given to the data available up to the
instant k − 1. This procedure also leads to the solution

w(k) =
1
λ
SD(k − 1)λpD(k − 1) = w(k − 1) (40)

indicating that no coefficient update is required. If d(k) is kept
and x(k) is discarded, the same procedure to update the coeffi-
cients apply since there is no point in including the contribution
of the input signal vector in the current solution.

In the case d(k) is an outlier and x(k) is kept, then SD(k) can
be updated and pD(k) should be updated with λpD(k − 1). If
we utilize this matrix and vector to calculate the adaptive filter
coefficients the result would be

w(k) = SD(k)λpD(k − 1) (41)

which basically means that discarding d(k) would be equivalent
to assume its value is zero.

Borrowing for the previous section, we can derive a DS-
RLS algorithm starting from the expressions for α pertaining
to the standard RLS algorithm modified to accommodate the
probability of updating. These expressions are following given,
and their derivations follow the lines presented in [4] along with
the analysis model for algorithms including data selection of
[10]. For λ = 1

α ≈ Pup

(
N + 1
k + 1

)
σ2

x for k →∞ (42)

so that the value of α approaches zero after a large number of
iterations, whereas for λ < 1, this value is approximately

α =
ξexc

ξmin
≈ Pup(N + 1)

1− λ

2− Pup(1− λ)
σ2

x (43)

The derivation of the equation takes a few steps in part included
in Appendix B for the sake of brevity.

It is worth mentioning the data censoring RLS algorithm was
recently proposed by Berberidis, Kekatos, and G. B. Giannakis
[13] for the case where λ = 1. In their work, they discard the
outliers and the data bringing few innovations, whereas in our
case we can eventually utilize the noninnovative data to update
the inverse of the deterministic correlation matrix SD (k).

The coefficient update of the DS-RLS algorithm is given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e(k) = d(k)− xH (k)w(k − 1)

w(k − 1), if −√
τ(k) ≤ |e(k)|

σn
≤√

τ(k)

w(k − 1), if |e(k)|
σn

>
√

τmax

otherwise

ψ(k) = SD (k − 1)x(k)

SD (k) = 1
λ
[SD (k − 1)− ψ(k)ψH (k)

λ+ψH (k)x(k)
]

w(k) = w(k − 1) + e∗(k)SD (k)x(k)

(44)

where an initialization is required for the following quantities:
SD (−1) = ρI where ρ can be the inverse of an estimate of

TABLE V
DATA-SELECTIVE RLS ALGORITHM

the input signal power times 1− λ2, and x(−1) = w(−1) =
[0 0 . . . 0]T .

Table V describes the DS-RLS algorithm for the case where
input data and/or the reference signal might include outliers. In
the case we detect an outlier, we consider SD (k) = 1

λ
SD (k − 1)

and replace the error signal by λe(k − 1). This solution confirms
that the coefficient vector should remain the same.

Table VI outlines the alternative DS-RLS algorithm where it
is assumed the input data does not include any outliers and in
case there is an outlier in the reference signal, the error signal is
replaced by the previous error multiplied by a forgetting factor.
In this version of the DS-RLS algorithm, matrix SD (k) updates
by incorporating the contribution of the current input signal
vector. Experimental comparisons between the algorithms of
Tables V and VI show that the latter presents lower MSE after
convergence due to its inclusion of the contribution of the input-
signal vector at every iteration, assuming no outlier corrupts
the input signal. On the other hand, the algorithm of Table V
discards the data set whenever the decision of no update is
made, saving a substantial amount of computation when a low
probability of updates is prescribed.

VII. PARAMETER SETTINGS

This section discusses the motivations to expect a satisfactory
performance of the data-selective algorithms introduced in this
paper, by analyzing the excess MSE when the expression of α
inherent to each algorithm is employed.

2This term causes a vanishing bias in the coefficient estimate given by
λk + i

ρ SD (k)wo .
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TABLE VI
ALTERNATIVE DATA-SELECTIVE RLS ALGORITHM

We start the discussion addressing the DS-AP type of al-
gorithms where both parameters Pup and μ should fall in the
range (0−1) of values to guarantee some sort of data selec-
tion and algorithm stability, respectively. As can be observed
from (33) and (36) the convergence factor μ of the DS-AP and
simpDS-AP algorithms appears multiplied by the probability of
updating Pup . This feature produces the desired effect of choos-
ing a value of μ aiming at obtaining fast convergence during the
transient, whereas the choice of τ determines the prescription
of Pup independently.

As illustrated in Fig. 3.(a), according to (33), for the DS-AP
algorithm the variation of α with respect to μ and Pup presents
smooth behavior for a wide range of values of μ particularly
for small values of Pup , a property of high interest. As a con-
sequence, it is possible to verify from Fig. 3.(b) that for values
of μ smaller than 0.5 the variation of τ with respect to Pup
is smooth and has relatively low values whenever the product
μPup is small. We observe similar parameters characteristics
for the simpDS-AP algorithm.

According to equations (37) and (11), for the DS-LMS algo-
rithm the threshold parameter τ presents low value and smooth
behavior for a wide range of values of Pup whenever the normal-
ized value of μ is smaller than 0.5. Similarly, for the DS-RLS
algorithm the value of τ is small for λ not close to one and is
not sensitive to the choice of Pup . The corresponding plots are
not included due to space limitation.

VIII. DISCUSSIONS AND COMPLEXITY ISSUES

A key feature of the proposed algorithms is the selection
mechanism that, for the considered environment, relies on the

Fig. 3. Parameters characteristics of the DS-AP algorithm, for L = 10 and
real signals.

TABLE VII
EXPRESSIONS RELATED TO THE EXCESS MSE

prescription of Pup , which in turn depends on the inherent ex-
pression for the parameter α related to the excess MSE. Each
algorithm has its expression as summarized in Table VII. The
choice of the algorithm depends on the speed of convergence
requirements and the computational complexity. The DS-RLS is
more computationally complex but converges faster in station-
ary environments where the adaptive-filter input-signal presents
high eigenvalue spread, followed by the DS-AP and simpDS-
AP algorithms, respectively. The DS-LMS algorithm has the
slowest convergence, but it is the simplest to implement.

Table VIII summarizes the average amount of complex num-
ber computations per sample required by the compared algo-
rithms not considering the prescribed probability of updating.
The average computational complexity per iteration for the com-
pared algorithms should be calculated as follows

No. of Multiplications = mPup + (1− Pup)(N + 1)

No. of Additions = aPup + (1− Pup)N
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TABLE VIII
COMPUTATIONAL COMPLEXITY IN DATA-SELECTIVE AP ALGORITHMS

where m and a represent the number of multiplications and
additions in Table VIII, respectively.

IX. SIMULATION EXAMPLES

In this section, some simulation results are presented in or-
der to verify the performance of the proposed data selective
algorithms. We show the result in several distinct setups.

Example 1: Assume that in a system identification problem
the unknown system has the following impulse response

[0.1010 0.3030 0 − 0.2020 − 0.4040

−0.7071 − 0.4040 − 0.2020]

where the input signals in all the experiments are white Gaussian
noise, first-order and fourth order AR processes, respectively.
The additional noise is a white Gaussian noise uncorrelated
with the input signal with variance 10−3 . In addition, an outlier
interference is added to the reference signal generated through
a Bernoulli process multiplying a random binary signal with
whose amplitude is equal to ±50.

In this example, we will also test the following alternatives:
� By varying τ compare the actual probability of updating

with the prescribed ones.
� For a fixed prescribed Pup vary the additional noise and

observe the probability of updating obtained in the simu-
lations.

The AR processes have the following models

x(k) = 0.88x(k − 1) + n1(k)

x(k) = −0.55x(k − 1)− 1.221x(k − 2)

−0.49955x(k − 3)− 0.4536x(k − 4) + n1(k)

where n1(k) are samples from a Gaussian noise uncorrelated
with the additional noise whose variance is adjusted to result in
an input signal with unit variance.

In the first set of experiments, we compare the DS-LMS,
DS-AP, simpDS-AP, and DS-RLS algorithms using several pre-
scribed probability of updates, namely Pup = 0.1, Pup = 0.2,
Pup = 0.3, Pup = 0.4, and Pup = 0.5. The input is the white
Gaussian noise.

Table IX lists the measured probability of update of the com-
pared data selective algorithms. The measured probability rep-
resents how often the algorithm updated, verifying if the pre-
scribed specifications are met. As can be observed, the measured
Pup matches quite well the prescription where in all cases the
percentage of updates is lower than prescribed. Table X con-
tains the values of the thresholds automatically calculated and
utilized by each algorithm to meet the prescribed rate of update.

TABLE IX
PROBABILITY OF UPDATE IN DATA-SELECTIVE ALGORITHMS,

σn = 0.001 AND L = 2

TABLE X
VALUES OF

√
τσn

TABLE XI
PROBABILITY OF UPDATE IN DATA-SELECTIVE ALGORITHMS FOR VARYING

NOISE LEVELS, L = 2

TABLE XII
VALUES OF

√
τσn

Tables XI and XII include the simulated Pup results and the
corresponding lower threshold values for a decision regarding
the data selection. In these examples, our aim is to verify the ef-
fectiveness of the proposed data-selection technique for distinct
levels of the measurement noise. Given that the prescribed value
of Pup = 0.4, it is possible to conclude that all data-selective
algorithms discussed here satisfied the update rate constraint.

In the next experiments, we compare the DS-AP and simpDS-
AP algorithms using the reuse factors L = 0, L = 1, L = 2,
and L = 3, and applying as input signal to the system identi-
fication configuration the fourth-order AR process. Fig. 4.(a)
depicts the misalignment evolution with the number of itera-
tions for the DS-AP and simpDS-AP algorithms and as can be
observed both algorithms present similar convergence behavior,
also as expected the higher data reuse led to faster convergence.
Fig. 4.(b) depicts the misalignment related to the simpDS-AP
algorithm for distinct values of L showing that for this particular
case a single data reuse is enough to speed up convergence.



4248 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 66, NO. 16, AUGUST 15, 2018

Fig. 4. Misalignment, fourth-order AR process.

Fig. 5. Learning curves MSE, fourth-order AR process.

Fig. 5.(a) illustrates the MSE behavior as the number of itera-
tions grows for the same the DS-AP and simpDS-AP algorithms
confirming the similarity between the algorithms in this case.
Fig. 5.(b) depicts the MSE of the simpDS-AP algorithm for the
range of values of L considered in this example also confirming
that single data reuse is enough to achieve fast convergence.

TABLE XIII
PROBABILITY OF UPDATE IN DATA-SELECTIVE ALGORITHMS

WITH VARYING REUSE FACTOR

Fig. 6. Misalignment, L = 2.
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Fig. 7. Learning curve MSE, L = 2.

Table XIII illustrates the probability of update observed when
varying the reuse factor for the DS-AP and simpDS-AP algo-
rithms. With the prescribed Pup = 0.4, it is possible to observe
that both algorithms meet the targeted updating rate and that
higher reuse factor leads to a slight increase in the measured
Pup . The latter results are expected because larger values of L
increases the MSE and the decision threshold value.

Figs. 6 and 7 illustrate the results obtained by fixing the pre-
scribed Pup = 0.2 and changing the characteristics of the input
signal, for σ2

n = 0.001. The utilized parameters for the DS-
LMS were μ = 0.0318 for white noise input, 0.0078 for AR-1,
and 0.313 for AR-4. The DS-AP and simpDS-AP algorithms
employed μ = 0.3 and L = 2, whereas for the DS-RLS algo-
rithm the forgetting factor was λ = 0.97. All algorithms con-

TABLE XIV
PROBABILITY OF UPDATE IN DATA-SELECTIVE ALGORITHMS Pup = 0.2

Fig. 8. Wind-speed waveform.

Fig. 9. Comparison between prescribed Pup and achieved P̂up probability of
update, N = 0.

verged according to the expectation, despite frequent occurrence
of outliers. However, particularly for the AR-1 input signal, it
is observed that the DS-LMS and DS-AP algorithms generate
more MSE variations after convergence which disappear in case
the outliers are not present according to our simulations. In the
DS-AP algorithm this phenomenon is related to the matrix inver-
sion performed in the updates, whereas in the LMS if is related
to the slower convergence after the distubance.

Table XIV list the probability of update obtained by sim-
ulation and the results show a close agreement between the
prescribed and the experimental values. It is possible to observe
that DS-AP presents a bit higher update rate in the case of the
AR-1 input as a result of the higher MSE witnessed when there
are frequent outliers.
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Fig. 10. Tracking behavior for distinct prescribed Pup , N = 0.

Example 2: In this example, we verify the performance of
the DS-AP algorithm applied to a wind-speed prediction uti-
lizing data from anemometer readings provided by Google’s
RE<C Initiative [27]. The wind speed recorded on May 25,
2011, is employed as the input signal in this experiment and it
is depicted in Fig. 8.

In a prediction setup, an FIR filter predicts the present
sample of the input signal employing past samples such as
x(k − L), x(k − L− 1), . . . , x(k − L−N). The minimum
MSE solution is given by

ξmin = r(0)−wT
o

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r(L)

r(L + 1)

.

.

.

r(L + N)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(45)

where wo is the optimum predictor coefficient vector and r(l) =
E[x(k)x(k − l)] for a stationary process. In practice, we need
to estimate minimum MSE. At steady-state, we can consider
that

ξ̂min(k) = r(0)−wT (k)

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

r(L)

r(L + 1)

.

.

.

r(L + N)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(46)

is a good estimate for ξmin . By estimating r(l) as

r(l)← βx(k)x(k − l) + (1− β)r(l) (47)

at each iteration, where 0 < β < 1 is a forgetting factor, it is
possible to control the probability of update by verifying if

|e(k)|√
ξ̂min(k)

<
√

τ (48)

for the prediction application. In this example, equations (46),
(47), and (48) are employed in the data selection strategy.

TABLE XV
MEASURED MSE FOR VARIOUS Pup (DS-AP ALGORITHM)

In the case of the measured data depicted in Fig. 8, we verified
that, by coincidence, a first-order AR model fits very well the
measured data. As a result, we predicted one sample ahead
utilizing a single coefficient predictor utilizing the simpDS-
AP algorithm of Table III, for L = 0, γ = 10−7 , β = 0.9, and
μ = 0.001.

We measure the average number of iterations in which the
predictor performed an update after the transient, denoted as
P̂up , between iterations 60000 and 60300 and compare with the
prescribed probability of update. As can be observed in Fig. 9,
the measured P̂up follows closely the prescribed Pup .

Fig. 10 shows the original data signal and its predicted se-
quence in the iterations ranging from 60000 to 60300, for some
values of effective updates. As can be observed, for a rate as
low a 0.14 is enough to perform an accurate prediction. For
rates higher than 0.38 the MSE of the prediction remains the
same, so that in this particular example only 38% of the data
would be required to keep the essential information about the
measured data. It is worth mentioning that the measured data
does not contain outliers.

We also tested predictors with higher order, namely for
N = 1 and N = 7. For this particular example, we employed
the simpDS-AP algorithm of Table II where the inherent ma-
trices are updated every iteration. By observing Table XV, we
can conclude that the predictors with orders zero and one reach
the minimum value of the MSE using around 38% of the given
data. That means that if the right order of the predictor is cho-
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TABLE XVI
MEASURED MSE FOR VARIOUS Pup (SIMPDS-AP ALGORITHM)

sen a substantial amount of data could be discarded without
interfering in the accuracy of the prediction. For the 7th-order
predictor, the MSE is higher given that the measured data fits
well a first-order AR process.

Table XVI shows the result for the alternative simpDS-AP
algorithm of Table III for the case where the inherent matrices
are updated only when the predictor coefficients are updated. It
is possible to verify that the predictors with orders zero and one
also reach the minimum value of the MSE using around 38% of
the given data.

X. CONCLUDING REMARKS

This paper addressed the derivation of data-selective algo-
rithms based on the affine projection, LMS and RLS, to exploit
the fact that in practical applications a large amount of less in-
novative data can be discarded without severely affecting the
estimation accuracy. An alternative derivation of the AP algo-
rithm is provided to ease the incorporation of the data selection
and the outlier censorship. It is shown how to prescribe the
probability of updating by properly choosing the algorithm pa-
rameters based on a priori assumptions regarding the estimation
error signal.

The resulting data-selective algorithms are shown to be robust
providing an excellent tradeoff between computational com-
plexity and convergence speed. The DS-LMS and DS-RLS are
compared with DS-AP algorithms proposed here and the results
show each of them is a viable candidate to perform data se-
lection in a prescribed manner. The simulation results utilizing
artificial and measured data corroborate our arguments.

Future research will address extension of the data-selective
concept to the conjugate gradient algorithms as well as investi-
gate the issue of how often should the information matrices be
updated.

APPENDIX A

In this appendix, we will not include the iteration index in
A(k) and B(k), for simplicity. Since

B =
1
μ
I−X(k)AEXH (k)

in order to turn the derivations simpler. The cost function of the
affine projection algorithm is given by

ξap(k) = ‖w(k + 1)−w(k)‖2B
+‖d(k)−XT (k)w∗(k + 1)‖2AE

The derivative of the cost function with respect to the coefficients
w∗(k + 1) is

∂ξap(k)
∂w∗(k + 1)

= B[w(k + 1)−w(k)]

−X(k)AE
[
d∗(k)−XH (k)w(k + 1)

]
After equating the above equation to zero, we get[
B+X(k)AEXH (k)

]
w(k + 1) = Bw(k)+X(k)AEd∗(k)

−X(k)AEXH (k)w(k) + X(k)AEXH (k)w(k)

=
[
B + X(k)AEXH (k)

]
w(k) + X(k)AEe∗(k) (49)

Therefore, the update equation can be rewritten as

w(k + 1) = w(k) +
X(k)AE

B + X(k)AEXH (k)
e∗(k) (50)

The denominator on the right-hand side of the equation above
can be simplified as follows

B + X(k)AEXH (k) =
1
μ
I−XH (k)AEX(k)

+ X(k)AEXH (k) =
1
μ
I

where the last equality follows from the definition of B in equa-
tion (20). As a result, the simplified update equation becomes
(21). �

APPENDIX B

For the RLS algorithm the following relation applies, see [4]
pp. 226,

Δw(k) = λSD (k)RD (k − 1)Δw(k − 1) + SD (k)x(k)eo(k)
(51)

where Δw(k) = w(k)−wo , and e0(k) represents the mini-
mum output error. Consider the fact that for the DS-RLS algo-
rithm the update occur whenever there is innovation, that is

Δw(k)=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

λSD (k)RD (k − 1)Δw(k − 1)+SD (k)x(k)eo(k)

if
√

τ(k) ≤ |e(k)|
σn
≤ √τmax

Δw(k − 1)

if |e(k)|
σn

<
√

τ(k) or |e(k)|
σn

>
√

τmax

By employing the simplifying analytical model discussed in
[10], it is possible to conclude that

Δw(k) = Δw(k − 1)

+ Pup [λSD (k)RD (k − 1)− I] Δw(k − 1)

+ PupSD (k)x(k)eo(k) (52)
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With the expression above, following close the derivation of the
excess MSE in [4], pp. 226–229, the result in (43) follows.
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