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Abstract— This paper aims at studying the achievable data
rate of discrete cosine transform (DCT)-based multicarrier mod-
ulation (MCM) systems. To this end, a general formulation is
presented for the full transmission/reception process of data in
Type-II even DCT and Type-IV even DCT-based systems. This
paper focuses on the use of symmetric extension and zero padding
as redundancy methods. Furthermore, three cases related to the
channel order and the length of the redundancy are studied.
In the first case, the channel order is less than or equal to the
length of the redundancy. In the second and third cases, the chan-
nel order is greater than the length of the redundancy; the
interference caused by the channel impulse response is calculated,
and theoretical expressions for their powers are derived. These
expressions allow studying the achievable data rate of the DCT-
based MCM systems, besides enabling the comparison with the
conventional MCM based on the discrete Fourier transform.

Index Terms— Multicarrier modulation (MCM), single car-
rier modulation (SCM), orthogonal frequency-division multi-
plexing (OFDM), discrete multi-tone modulation (DMT), cyclic
prefix (CP), symmetric extension (SE), zero padding (ZP), dis-
crete Fourier transform (DFT), discrete cosine transform (DCT).

I. INTRODUCTION

IN MULTICARRIER MODULATION (MCM) systems,
the frequency selective communication channel is parti-

tioned into a set of flat fading channels, whose effects can
be corrected by simply using a one-tap per subcarrier equal-
izer. Orthogonal frequency-division multiplexing (OFDM) and
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discrete multitone modulation (DMT) are examples of channel
partitioning methods widely employed in wireless and wireline
communication systems [1]–[4].

MCM can be implemented in several ways, but due to
various advantages, such as its simplicity or effectiveness
against frequency selective fading, the most popular form
is based on the discrete Fourier transform (DFT). However,
several authors have also proposed the use of the discrete
cosine transform (DCT) [5]–[10], and in recent years this
has received increasing attention in several areas, such as
optical communications [11]–[15]. The DCT brings alternative
capabilities and benefits derived from its energy-compaction
properties, which lead to less intercarrier interference, and
offers robustness against carrier frequency offset. Further-
more, DCT-based MCM (DCT-MCM) requires only half the
subcarrier spacing of OFDM, thus allowing to double the
number of subcarriers within the same bandwidth. DCT-
MCM systems are also able to perform a good channel
partitioning when redundant samples, such as in a symmetric
extension (SE) [8], [16] or zero-padding (ZP) [9], [17], are
included in each transmitted data vector. However, the most
challenging problem in DCT-MCM is that the channel impulse
response (CIR) must be symmetric. One solution to this
problem is to enforce the symmetry condition of the CIR by
means of a front-end prefilter at the receiver [8]. To design this
prefilter, practical techniques have been proposed [8], [18].

An attractive feature of MCM systems is the possibility of
using adaptive loading algorithms to improve system perfor-
mance with a significant increase in the data rate per subcarrier
[3]. The basic idea is to vary the data rate and power assigned
to each subcarrier relative to the corresponding channel gain.
This requires knowledge of the power of the intersymbol and
intercarrier interference (ISI and ICI) to obtain the signal-to-
interference-plus-noise ratio (SINR) and the achievable data
rate. For a DFT-based MCM (DFT-MCM) system with insuf-
ficient redundant samples, different SINR models are derived
in [19]–[27]. The interference calculation and the achievable
data rate of a windowed OFDM are provided in [28] and [29].

In this paper, we aim to determine the power of the ISI
and ICI when Type−II even DCT (DCT2e) and Type−IV
even DCT (DCT4e) are used for MCM. A general matrix
formulation is presented for the full transmission and reception
process. We consider the use of SE and ZP as redundancy
methods. In our study, we also consider three different cases
related to the channel order and the length of the redundancy.
In the first case, the channel order is less than or equal
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Fig. 1. General block diagram of a multicarrier transceiver over a channel with additive noise.

to the length of the redundancy. In this case, the channel
equalization can be carried out in the transform domain by
means of a one-tap per subcarrier equalizer. The second and
third cases are when the channel order is greater than the
length of the redundancy. In these cases, both time-domain
and transform-domain equalizations are needed to correct the
channel effects. We derive the expression of the SINR, which
allows obtaining the achievable data rate. To the best of
our knowledge, the above study for DCT-MCM systems still
remains open.

This paper is organized as follows. Section II presents
the MCM system model considering DCT-MCM as well as
DFT-MCM as a reference system. Three types of interference
caused by the CIR are calculated in Section III, using a
unified formulation with SE and ZP. In Section IV, theoretical
expressions for the interference powers, the SINR, and the
achievable data rate are derived. In Section V, simulation
results are provided to compare the achievable data rate
for both DCT-MCM and DFT-MCM, and lastly, concluding
remarks are made in Section VI.

The notation used in this paper is as follows. Bold-face
letters indicate vectors (lower case) and matrices (upper case).
AT represents the transpose of A. IN denotes the N × N
identity matrix. The subscript is omitted whenever the size is
clear from the context. J stands for the counter-identity matrix,
and 0 denotes a matrix of zeros.

II. MCM SYSTEM MODEL

Fig. 1 shows the general block diagram representing the
multicarrier transceiver. Let us consider the transmitted data
vector in the transform domain:

X =
[
X0 X1 · · · XN−1

]T
, (1)

where N is the number of subcarriers. The time-domain data
vector x is

x = T−1
a · X =

[
x0 x1 · · · xN−1

]T
, (2)

where T−1
a is an N -point inverse transform. In DFT-MCM,

T−1
a is an inverse DFT (W−1) matrix with elements

[
W−1

]
k,n

=
1
N

ej 2π
N kn.

In DCT-MCM, T−1
a can be either an inverse DCT2e matrix

(C−1
2e ):

[
C−1

2e

]
k,n

=
ϕ2e,n

N
cos

(
πn(2k + 1)

2N

)

,

with

ϕ2e,n =

⎧
⎨

⎩

1
2
, n = 0, N − 1,

1, n = 1, . . . , N − 2,

or an inverse DCT4e matrix (C−1
4e ):

[
C−1

4e

]
k,n

=
1
N

cos

(
π(2n + 1)(2k + 1)

4N

)

,

for 0 ≤ k, n ≤ N − 1 [30]. Then, matrix Γ introduces
redundant samples into each time-domain data vector

xT
e = Γ · x = Γ ·T−1

a · X.

In DFT-MCM, the μ-length redundancy is usually either a
cyclic prefix (CP) included as a left extension (LE):

xT
e = Γ · x =

[
xLE

μ×1

xN×1

]

(N+μ)×1

, (3)

or a ZP that can be included as a right extension (RE):

xT
e = Γ · x =

[
xN×1

xRE
μ×1

]

(N+μ)×1

. (4)

In DCT-MCM, the 2μ-length redundancy is basically a pre-
fix or LE, and a suffix or RE:

xT
e = Γ · x =

⎡

⎣
xLE

μ×1

xN×1

xRE
μ×1

⎤

⎦

(N+2μ)×1

. (5)

Next, the received data vector can be specified as

yT
r = H · xT

e + z,

where H is a (square) Toeplitz matrix formed from h =
hch ∗ hpf , where hch is the CIR, hpf represents the impulse
response of a front-end prefilter, and z is a column vector
related to the additive noise-plus-interference. In DCT-MCM,
the channel must be symmetric [8], [16]. Some channels
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TABLE I

DEFINITION OF THE MATRICES USED IN THE MULTICARRIER TRANSCEIVER SYSTEMS
OF FIG. 1 (α = 1 FOR DCT2e AND α = −1 FOR DCT4e)

Fig. 2. Implementation of Γ, Υ and the Parallel-to-Serial (P/S) and the Serial-to-Parallel (S/P) blocks, for DCT-MCM with (a) SE and (b) ZP.

.

satisfy this condition, such as chromatic dispersion in single-
mode fibers [11], [13], but in most cases, a prefilter is
needed to enforce this symmetry condition. For long channels,
the prefilter hpf is required for both DFT-MCM and DCT-
MCM to shorten the channel. In what follows, the length of
the CIR is assumed to be finite.

Next, matrix Υ removes some samples of the received data
vector: y = Υ ·yT

r . Notice that the aim of Γ and Υ is to turn
H into a diagonalizable channel matrix:

Heq = Υ ·H · Γ = T−1
a ·D · Ta,

where D is a diagonal matrix with elements Hk, 0 ≤ k ≤
(N − 1). Table I includes the full definition of the matrices
Γ and Υ used in Fig. 1. These matrices Υ and Γ are
implemented for DCT-MCM as follows. If an SE is used
as redundancy, the parallel-to-serial and the serial-to-parallel
blocks are configured as in Fig. 2(a). On the other hand,
an overlapping applied to the received signal is required when
ZP is used as redundancy, as depicted in Fig. 2(b). This
overlapping is a process of mirror and add and subtract (MIAS
[17]), or mirror and add (MIA [31]), and it depends on the
type of DCT used in the multicarrier transceiver.

As shown in Fig. 1, after matrix Υ, an N -point transform
Ta is performed, resulting in the transform domain received
data vector

Y = Ta · y = Ta ·Υ · yT
r ,

where Ta is a DFT matrix (W):

[W]k,n = e−j 2π
N kn,

or a DCT2e (C2e):

[C2e]k,n = 2 cos

(
π(2n + 1)k

2N

)

, (6)

or a DCT4e (C4e):

[C4e]k,n = 2 cos

(
π(2n + 1)(2k + 1)

4N

)

. (7)

Finally, the vector Y is equalized in the transform domain
by means of one-tap per subcarrier equalizer with complex
coefficient 1/Hk, and decoded to reconstruct the transmitted
data.
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III. ANALYSIS OF INTERFERENCE

This section analyzes the interference for DCT-MCM.
Important parameters to be considered are the order ν of the
CIR, the length 2μ of the redundancy, and the order 2ν of
the composite model comprised of the cascade of CIR and
front-end prefilter. The number of data vectors affecting the
reception of a single data vector in DCT-MCM is 2M + 1,
where

M =
⌈

2ν

N + 2μ

⌉
, (8)

and �·� stands for the ceiling function. In the following
subsection, we address the case ν ≤ μ. Without loss of
generality, we analyze the above case considering the most
critical instance, i.e., ν = μ. Next, we provide insight into
the case with ν > μ, where different kinds of interference are
analyzed.

A. Case 1: ν ≤ μ

The useful samples of the received data vector can be
expressed as

y =

⎡

⎢
⎣

y0

...
yN−1

⎤

⎥
⎦ = Υ ·H · Γ

⎡

⎢
⎣

x0

...
xN−1

⎤

⎥
⎦+

⎡

⎢
⎣

z0

...
zN−1

⎤

⎥
⎦ . (9)

For DCT-MCM, a prefilter hpf is needed, which enforces the
symmetry condition.1 Defining

h = hch ∗ hpf =
[
h0 · · · hν · · · h2ν

]
, (10)

the Toeplitz matrix H is an (N + 2μ) × (N + 2μ) matrix,
defined as

H =

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎢
⎣

hν hν−1 · · · h0 0 · · · · · · 0

hν+1 hν hν−1 · · · h0 0
. . .

...
...

h2ν

0 h2ν · · · hν · · · h0 0
...

...
. . .

. . . 0
. . .

. . . h0

...
... 0 h2ν · · · hν hν−1

0 · · · 0 h2ν · · · hν+1 hν

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(11)

In this case, a synchronization delay of Δ = ν is assumed for
a proper DCT-MCM operation. In what follows, we assume a
symmetric channel h, i.e., hi = h2ν−i, 0 ≤ i ≤ 2ν. With the

1There are several techniques available to design this prefilter [8], [18].
Here, the prefilter is assumed of finite length ν + 1.

above assumption, H is given by

H =

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

hν hν+1 · · · h2ν 0 · · · · · · 0

hν+1 hν hν+1 · · · h2ν 0
. . .

...
...

h2ν

0 h2ν · · · hν · · · h2ν 0
...

...
. . .

. . . 0
. . .

. . . h2ν

...
... 0 h2ν · · · hν hν+1

0 · · · 0 h2ν · · · hν+1 hν

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

.

(12)

Let us consider now the matrices of Table I. The product Υ ·
H · Γ is given as

Heq = Υ ·H · Γ = (HH + HT )

=

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎝

⎡

⎢
⎢⎢
⎢
⎢
⎢
⎢
⎢⎢
⎢
⎣

hν+1 · · · h2ν 0 · · · 0
... . .

.
. .

.
. .

. ...

h2ν . .
.

. .
.

0

0 . .
.

. .
.

αh2ν

... . .
.

. .
.

. .
. ...

0 · · · 0 αh2ν · · · αhν+1

⎤

⎥
⎥⎥
⎥
⎥
⎥
⎥
⎥⎥
⎥
⎦

+

⎡

⎢⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎣

hν · · · h2ν 0 · · · 0
...

. . .
. . .

. . .
. . .

...

h2ν
. . .

. . .
. . .

. . . 0

0
. . .

. . .
. . .

. . . h2ν

...
. . .

. . .
. . .

. . .
...

0 · · · 0 h2ν · · · hν

⎤

⎥⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎦

⎞

⎟⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

. (13)

As can be seen, Heq is expressed as the sum of a Hankel
matrix HH and a Toeplitz matrix HT , and thus it can be
diagonalized by DCTs [30]:

Heq = C−1 · D · C

= C−1 ·

⎡

⎢
⎢
⎢⎢
⎣

H0 0 · · · 0

0 H1 · · · ...
...

. . .
. . . 0

0 · · · 0 HN−1

⎤

⎥
⎥
⎥⎥
⎦
·C, (14)

where either C = C2e or C = C4e. Furthermore, as demon-
strated in [16] and [17], the diagonal elements Hk of (14) can
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be obtained as follows:

⎡

⎢
⎣

H0

...
HN−1

⎤

⎥
⎦ =

⎡

⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎣

1
ξ0

0 . . . 0

0
1
ξ1

. . . 0

...
. . .

. . .
...

0 · · · 0
1

ξN−1

⎤

⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

×

⎛

⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎜⎜
⎝

C ·

⎡

⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎣

hν + hν+1

...
h2ν−1 + h2ν

h2ν

0
...
0

⎤

⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎦

⎞

⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟⎟
⎠

, (15)

where:

i) For DCT2e: C = C2e and ξk = 2 cos kπ
2N ,

ii) For DCT4e: C = C4e and ξk = 2 cos (2k+1)π
4N ,

for 0 ≤ k ≤ N − 1.
The received data vector in the transform domain is then

given as

Y = Ta ·

⎡

⎢
⎣

y0

...
yN−1

⎤

⎥
⎦ = Ta ·Heq ·T−1

a ·

⎡

⎢
⎣

X0

...
XN−1

⎤

⎥
⎦

+Ta ·

⎡

⎢
⎣

z0

...
zN−1

⎤

⎥
⎦, (16)

or equivalently

⎡

⎢
⎣

Y0

...
YN−1

⎤

⎥
⎦ =

⎛

⎜
⎜⎜
⎜
⎝

⎡

⎢
⎢⎢
⎢
⎣

H0 0 · · · 0

0 H1
. . .

...
...

. . .
. . . 0

0 · · · 0 HN−1

⎤

⎥
⎥⎥
⎥
⎦

×

⎡

⎢
⎣

X0

...
XN−1

⎤

⎥
⎦

⎞

⎟⎟
⎟
⎟
⎠

+

⎡

⎢
⎣

Z0

...
ZN−1

⎤

⎥
⎦. (17)

Then, the transmitted data vector can be reconstructed as:

X̂ = D−1 · Y, (18)

where D−1 is an N × N diagonal matrix with elements
[D]−1

k,k = 1/Hk.

B. Case 2: μ < ν ≤ N
2 + μ

In this subsection, we derive an expression for the received
signal when the order of the channel is greater than the length
of the redundancy and M = 1. In this case, the received data
vector at time l is affected only by the data vector transmitted
at time l, the previous data vector transmitted at time l−1, and
the next data vector transmitted at time l+1. This often occurs

in many practical communication systems and it is equivalent
to using a sufficiently large number of useful subcarriers N
to guarantee that N ≥ 2(ν − μ).

Let the time-domain data vector x[l] be defined as

x[l] =

⎡

⎢
⎣

x0[l]
...

xN−1[l]

⎤

⎥
⎦ , (19)

and x[l ± m], with m ∈ {−1, 1}, be similarly defined. The
received data vector y[l] can then be specified as

y[l] =

⎡

⎢
⎣

y0[l]
...

yN−1[l]

⎤

⎥
⎦

= Υ · H(−1) · Γ · x[l − 1] + Υ ·H1 · Γ · x[l + 1]
+Υ ·H0 · Γ · x[l]
+Υ ·Hpf,0 · q[l] + Υ · Hpf,1 · q[l + 1], (20)

where q[l + m] is a noise vector,

H(−1) =
[
0(N+2μ)×(N+2μ−ν) Ha

(N+2μ)×ν

]
,

H1 =
[
Hf

(N+2μ)×ν 0(N+2μ)×(N+2μ−ν)

]
,

with

Ha
(N+2μ)×ν =

⎡

⎢
⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢
⎣

h2ν · · · hν+1

0
. . .

...
. . . h2ν

... 0
...

0 · · · 0

⎤

⎥
⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥
⎦

,

Hf
(N+2μ)×ν =

⎡

⎢
⎢
⎢
⎢⎢
⎢
⎢
⎢
⎢⎢
⎣

0 · · · 0
...

0
...

h0
. . .

...
. . . 0

hν−1 · · · h0

⎤

⎥
⎥
⎥
⎥⎥
⎥
⎥
⎥
⎥⎥
⎦

,

and the Toeplitz matrix H0 is defined as in (11). Notice that
due to the symmetry condition of h, we have that H0 is given
by (12) and H1 = HT

(−1). Finally, Hpf,0 is an (N + 2μ)×N
Toeplitz matrix with first row

[
hpf,ν hpf,ν−1 · · · hpf,0 0 · · · 0

]

and first column [ hpf,ν 0 · · · 0 ]T . As for Hpf,1, it shares
the same structure of H1, but again with the coefficients
of hpf and replacing matrix 0(N+2μ)×(N+2μ−ν) with matrix
0(N+2μ)×(N−ν). In the definitions of Hpf,0 and Hpf,1 we
assumed N ≥ ν + 1 to simplify notation, without loss of
generality for the case M = 1.
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The received data vector Y[l] in the transform domain is
then given as

Y[l] =

⎡

⎢
⎣

Y0[l]
...

YN−1[l]

⎤

⎥
⎦

=
1∑

m=−1

Ta ·Υ · Hm · Γ · x[l + m]

+
1∑

m=0

Ta · Υ ·Hpf,m · q[l + m] (21)

The transmitted data vector can be reconstructed as

X̂[l] =

⎡

⎢
⎢
⎣

X̂0[l]
...

X̂N−1[l]

⎤

⎥
⎥
⎦ = D−1 ·Y[l]

= D−1 ·Ta · Υ · H(−1) · Γ ·T−1
a︸ ︷︷ ︸

A
ISI,ICI2
1

·X[l − 1]

+D−1 · Ta ·Υ ·H0 · Γ · T−1
a︸ ︷︷ ︸

Bdes,ICI1

·X[l]

+D−1 · Ta ·Υ ·H1 · Γ · T−1
a ·

︸ ︷︷ ︸
F

ISI,ICI2
1

X[l + 1]

+D−1 · Ta ·Υ ·Hpf,0︸ ︷︷ ︸
Gnoise

0

·q[l]

+D−1 · Ta ·Υ ·Hpf,1︸ ︷︷ ︸
Gnoise

1

·q[l + 1]. (22)

The desirable signal of (22) is

X̂des[l] = D−1 · Bdes ·X[l], (23)

where Bdes is an N × N diagonal matrix with elements
[
Bdes

]
i,i

=
[
Bdes,ICI1

]
i,i

.

In the absence of noise, the difference between (22) and (23)
defines the ICI and ISI (see Fig. 3), and it is the consequence
of an insufficient length of the redundancy. In the previous
case ν ≤ μ, one has M = 1, but it is interesting to notice
that matrices Υ and Γ are able to completely eliminate the
interference induced by the data vectors transmitted at l−1 and
l+1. Nonetheless, when ν > μ ≥ 1, the interference cannot be
completely eliminated using either matrices Υ or Γ, eventually
degrading the system performance. Furthermore, the products
Υ · Hm · Γ, cannot be expressed as N × N Hankel-plus-
Toeplitz matrices, and therefore they cannot be diagonalized
using DCTs.

C. Case 3: ν > N
2 + μ

In this subsection, a general expression for the reconstructed
data vector when M > 1 is derived. Let x[l ± m], m ∈
{0, 1, · · · , M}, be defined as in (19). In this case, the received

Fig. 3. Types of interference.

data vector y[l] is given by

y[l]=
M∑

m=−M

Υ·Hm · Γ·x[l + m]+
M∑

m=0

Υ·Hpf,m ·q[l + m].

(24)

In the above,

[Hm]b,c =

{
hκ1 , κ1 ∈ {0, 1, · · · , 2ν},
0, otherwise,

(25)

[Hpf,m]b,d =

{
hpf,κ2 , κ2 ∈ {0, 1, · · · , ν},
0, otherwise,

(26)

where 0 ≤ b, c ≤ N +2μ−1, κ1 = ν−m(N+2μ)+b−c, 0 ≤
d ≤ N−1, and κ2 = ν−m(N+2μ)+b−d. It is worth pointing
out that hpf is not symmetric and that again, the products
Υ ·Hm ·Γ, for m ∈ {−M,−M + 1, · · · , M − 1, M}, cannot
be expressed as N × N Hankel-plus-Toeplitz matrices.
In this case, the reconstructed data vector can be expressed as
follows:

X̂[l] =
M∑

m=1

D−1 · Ta ·Υ · H(−m) · Γ ·T−1
a︸ ︷︷ ︸

A
ISI,ICI2
m

·X[l − m]

+D−1 ·Ta · Υ ·H0 · Γ ·T−1
a︸ ︷︷ ︸

Bdes,ICI1

·X[l]

+
M∑

m=1

D−1 ·Ta · Υ · Hm · Γ · T−1
a︸ ︷︷ ︸

F
ISI,ICI2
m

·X[l + m]

+
M∑

m=0

D−1 ·Ta · Υ · Hpf,m︸ ︷︷ ︸
Gnoise

m

·q[l + m]. (27)

The desirable part of (27) is also given by (23), and the
difference between (27) and (23) defines the ISI, ICI, and the
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noise for M > 1. Based on [23] and [32], the interference is
classified into three types:

• ISI: This is the interference from the data vector trans-
mitted at time l ± m, with m ∈ {1, 2, · · · , M}, in the
considered data vector transmitted at time l on the same
subcarrier. All diagonal elements ai,i and fi,i in matrices
Am = AISI,ICI2

m and Fm = FISI,ICI2
m , respectively,

contribute to this interference.
• Type 1 ICI (ICI1): This is the interference among differ-

ent subcarriers belonging to the considered data vector
transmitted at time l. It appears as a consequence of the
elements bICI1

i,j in matrix BICI1 = Bdes,ICI1 − Bdes.
• Type 2 ICI (ICI2): This is the interference among different

subcarriers of the data vector transmitted at time l ± m,
with m ∈ {1, 2, · · · , M}, in the considered data vector
transmitted at time l. The elements ai,j and fi,j , i �=
j, in matrices Am = AISI,ICI2

m and Fm = FISI,ICI2
m ,

respectively, contribute to this interference.

Finally, the contribution of noise q[l+m] to the reconstructed
data vector X̂[l] depends on matrix Gnoise

m .

IV. ACHIEVABLE DATA RATE

Once the ICI, ISI, and the noise have been determined,
we can derive analytical expressions for the achievable data
rate. We assume constellations of infinite granularity so that
each subcarrier can carry a fractional and unbounded number
of bits. We also assume that the data vector components Xk

and noise vector components qk are zero-mean wide-sense
stationary (WSS) uncorrelated processes. Moreover, Xk and
qk are assumed independent and identically distributed (i.i.d.)
for all k, with variances σ2

X and σ2
n, respectively.

The desirable received data vector component Ydes,k can be
written as

Ydes,k = Ta,k · Υ · Hdes
0 · Γ · T−1

a︸ ︷︷ ︸
Bdes

k

·X[l], (28)

where Ta,k represents the kth row of Ta. Thus, the useful
signal power (before the transform-domain equalization) at
subcarrier k is given by

Psignal (k) = E
{
Ydes,k · Y H

des,k

}

= E
{
Bdes

k · X[l] ·XH [l] · (Bdes
k

)H}

= Bdes
k · E {X[l] ·XH [l]

} · (Bdes
k

)H
.

= σ2
X ·Bdes

k · (Bdes
k

)H
, (29)

where E {·} is the expected value. On the other hand, the noise
data vector is given by

Ynoise,k =
M∑

m=0

Gnoise
m,k · q[l + m], (30)

where Gnoise
m,k is defined as Gnoise

m by replacing Ta by Ta,k.
Then, the noise power is given by

Pnoise (k)

=
M∑

m=0

E
{
Gnoise

m,k · q[l + m] · qH [l + m] · (Gnoise
m,k

)H}

= σ2
n ·

M∑

m=0

Gnoise
m,k · (Gnoise

m,k

)H
. (31)

Finally, the interference component is defined by the following
difference

Yint,k = Yk − Ydes,k − Ynoise,k

=
M∑

m=1

Am,k · X[l − m]

+
(
Bdes,ICI1

k − Bdes
k

)
· X[l]

+
M∑

m=1

Fm,k · X[l + m]

= BICI1
k ·X[l]

+
M∑

m=1

(Am,k ·X [l − m] + Fm,k ·X [l + m]) ,

(32)

where Am,k, BICI1
k , and Fm,k are defined as Am, BICI1 , and

Fm, respectively, by replacing Ta by Ta,k. As a result, the ISI
and ICI power can be expressed as

PISI,ICI (k)
= E

{
Yint,k · Y H

int,k

}

= E

{
BICI1

k · X[l] ·XH [l] ·
(
BICI1

k

)H
}

+
M∑

m=1

E
{
Am,k · X[l − m] · XH [l − m] · (Am,k)H

}

+
M∑

m=1

E
{
Fm,k · X[l + m] · XH [l + m] · (Fm,k)H

}

= σ2
X ·BICI1

k ·
(
BICI1

k

)H

+ σ2
X ·

M∑

m=1

(
Am,k · (Am,k)H + Fm,k · (Fm,k)H

)
.

(33)

SINR (k) =
Psignal (k)

PISI,ICI (k) + Pnoise (k)

=
σ2

X · Bdes
k · (Bdes

k

)H

σ2
X ·
(
BICI1

k ·
(
BICI1

k

)H

+
M∑

m=1

(
Am,k · (Am,k)H + Fm,k · (Fm,k)H

))
+ σ2

n ·
M∑

m=0
Gnoise

m,k ·
(
Gnoise

m,k

)H

(34)
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With the expressions (29), (31), and (33), the SINR for
subcarrier k is given by (34), shown at the bottom of previous
page.

When M-PSK modulation is used, the achievable data rate
for subcarrier k is given by [33]

C (k) =
1
2

log2

(
SINR (k)

γ∗

)
, (35)

where γ∗ is the modified SINR gap defined for a target symbol
error rate (SER) as

γ∗ =
(

Q−1 (SER/2)√
2π

)2

.

For γ∗ = 1, C(k) is the capacity of the kth subchannel. The
achievable data rate is finally obtained as

R = fs

N−1∑

k=0

N

N0
· C (k), (36)

where

i) For DFT-MCM: N0 = N + μ and fs = 1/Ts,
ii) For DCT-MCM: N0 = N + 2μ and fs = 1/(2Ts).

V. SIMULATIONS

In this section, simulation results are presented to evaluate
the achievable data rate of DCT-MCM (DCT2e-MCM and
DCT4e-MCM) obtained with (36) and using the SINR given
by (34). The results are compared with those for DFT-
MCM (OFDM), but in the latter, we use the SINR derived
in [34]. In our simulations, we assume BPSK modulation and
systems with 512 (DCT-MCM) and 256 (DFT-MCM) active
subcarriers. Perfect synchronization and channel estimation are
also assumed at the receiver. The results for several kinds of
redundancies are shown, namely CP for DFT-MCM, and SE
and ZP for the DCT-MCM. Similar simulations have been
carried out including ZP as redundancy for DFT-MCM, and
the results have been practically indistinguishable. For this rea-
son, these are not included. The number of redundant samples
varies for each simulation with the aim of studying its effects
on the achievable data rate. Although the theoretical analysis is
general, we shall consider only the most common case where
M = 1 in these simulations, for the sake of conciseness. The
noise is modeled as additive white Gaussian noise (AWGN).
We assume that the channel remains unchanged within the
same simulation. Two sets of 250 wireless fading channels
each, according to the ITU Pedestrian A and Vehicular A
channels [35], [36], are used as multipath channels. They have
been generated with Matlab’s stdchan using the channel
models itur3GPAx and itur3GVAx with a carrier fre-
quency fc = 2 GHz and two different sets of parameters:
(a) 4 km per hour as pedestrian velocity, Ts = 200 ns and
length L = ν + 1 = 11; (b) 100 km per hour as mobile
speed, Ts = 200 ns and length L = ν + 1 = 21. These
channels are referred to as PED200 and VEH200, respectively.
The frequency spacings are 5.5804 kHz (DCT-MCM) and
11.16071492 kHz (DFT-MCM). The front-end prefilter for
DCT-MCM is implemented as the time-reversed (matched)

Fig. 4. SER for several channels and multicarrier transceivers using different
lengths for the redundancy.

filter to the estimated channel. For DFT-MCM, no prefilter
is employed.

We first investigate the BER performance of DCT-MCM
compared to DFT-MCM with different lengths of the redun-
dancies. This study completes those previously reported in [8],
[9], [16], and [17]. In addition, it is also useful for data rate
comparisons, because it allows to determine the SNR values
for which a target SER is achieved, and therefore, the γ∗

values to be used in the following simulation. Fig. 4 depicts
the BER obtained over the two different channels. For the
PED200 channel, we first observe a performance degradation
due to an insufficient number of redundant samples (CP =
2, SE = 2). In this case, DCT2e-MCM provides the best
performance. For DFT-MCM, the SER curve reaches an error
floor at a lower SNR. For the other simulations, the results
of DFT-MCM and DCT-MCM are almost indistinguishable.
This also holds for the VEH200 channel, in which the results
are quite similar for the three different transceivers. In these
cases, there is not one transceiver that significantly improves
the BER performance compared to the other transceivers.
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Fig. 5. Achievable data rate versus SNR for different multicarrier transceivers
and channels.

Fig. 6. Achievable data rate for different lengths for the redundancy and
different SNR values.

Next, simulation results are presented to investigate the
data rate performance for a length of the redundancy fixed
to μ = 32. This is sufficient to perform a correct channel
partitioning for both the PED200 and the VEH200. Based
on the results of Fig. 4, the SNR must be at least 22.5 dB

TABLE II

VALUES FOR THE SNR, THE TARGET SER AND γ∗

to get an achievable target SER less than or equal to 10−3,
which corresponds to γ∗ = 0.5485. Fig. 5 shows the data rate
as a function of the SNR. Given that the results have been
practically indistinguishable for DCT2e and DCT4e, only one
curve to represent DCT-MCM is included. It is seen that DFT-
MCM slightly outperforms DCT-MCM (0.1 or 0.2 Mbps) for
all the SNR values evaluated. In addition, DCT-MCM with SE
exhibits better performance than their ZP counterpart.

In our last set of simulations, we study the influence of the
number of redundant samples on the achievable data rate. Con-
sidering the results of the first simulation, we employ the SNR
values, the target SER, and γ∗ given in Table II. The results for
the PED200 and VEH200 are shown in Figs. 6(a) and 6(b),
respectively. In both cases, the results have been practically
indistinguishable for DCT2e and DCT4e. Furthermore, for all
SNR values evaluated, DCT-MCM with SE and ZP outperform
DFT-MCM operating with insufficient redundant samples.
This improvement is more significant for a smaller number
of redundant samples for PED200. It is seen that DCT-MCM
with ZP closely matches the performance of DCT-MCM with
SE. Note, however, that DFT-MCM performs slightly better
than DCT-MCM for larger redundancy lengths; the difference
in the achievable data rate is quite small, below 0.2 Mbps for
PED200 and 0.5 Mbps for VEH200.

VI. CONCLUSION

This paper has focused on the formulation of DCT-MCM
for different kinds (SE and ZP) and lengths of the inserted
redundancy. As is well known, the use of a redundancy for
each transmitted data vector enables correcting the channel
effects, provided that the length of the redundancy is at least
equal to the order of the channel. Otherwise, interference
occurs and successful recovery of the transmitted data is
compromised. In this paper, expressions for the intersymbol
and the intercarrier interference, and also for the noise have
been derived. These expressions have been used to study
the achievable data rate. Furthermore, computer simulations
have been carried out, and several cases have been identi-
fied in which DCT-MCM is more effective than DFT-MCM
in terms of data rate. In comparison to DFT-MCM, DCT-
MCM provides data rate gains when an insufficient number
of redundant samples is used. This advantage, along with
the good behavior of DCT-MCM under carrier frequency
offset reported in previous literature, makes DCT-MCM an
interesting alternative to DFT-MCM.
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