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Abstract: Recently, the improved simple set-membership affine projection (IS-SM-AP) algorithm has been proposed in order to
exploit sparsity in system models. Although its update equation resembles that of the set-membership affine projection (SM-AP)
algorithm, the IS-SM-AP algorithm has two fundamental advantages over the SM-AP algorithm: (i) it can exploit sparsity in
system models and (ii) its computational complexity is lower. Up to now, the properties of this algorithm have been addressed
only through numerical simulations, and no analytical study has been presented. To fill this gap, in this study, the authors
analyse the steady-state mean squared error of the IS-SM-AP algorithm using the energy conservation method. Furthermore,
some important implementation issues are addressed, and a time-varying parameter for the discard function is proposed.
Finally, the authors present numerical results corroborating the theoretical analysis and the effectiveness of the proposed time-
varying parameter.

1 Introduction
The set-membership (SM) adaptive filtering algorithms have been
attracting considerable interest because they have great potential to
reduce the computational load of learning processes since they
evaluate the incoming data before implementing a new update.
Indeed, these algorithms update the adaptive filter coefficients only
when the input data brings enough innovation [1, 2]. The SM
algorithms have been applied to many problems such as acoustic
echo cancellation [3], beamforming [4], wind profile prediction [5],
etc. Among the SM algorithms, the SM affine projection (SM-AP)
algorithm [6] is one of the most widely studied. On the one hand, it
has fast convergence rate as compared to the SM normalised least-
mean-square (SM-NLMS) algorithm due to its data reuse
characteristic. On the other hand, it has lower computational
complexity in comparison with the recursive least-squares
algorithm. Furthermore, the SM-AP algorithm can easily reduce to
the SM-NLMS algorithm by choosing the parameters suitably [1].

Sparsity is an important feature that appears in many
applications of adaptive signal processing. There are many well-
documented algorithms to exploit sparsity in signal and system
models utilising the l0 – norm regularisation [7, 8], the l1 – norm
regularisation [9–11], and the proportionate approach [12–14].
Exploiting sparsity in these algorithms requires higher
computational burden as compared to the traditional adaptive
algorithms. A low complexity solution is the recently proposed
improved simple SM-AP (IS-SM-AP) [15]. To this end, the IS-SM-
AP algorithm utilises the discard function [15, 16] in order to avoid
updating small coefficients with insignificant contributions to the
learning process. It achieves this goal by implementing only
2(N + 1) comparisons, where N is the adaptive filter order.
Therefore, the computational cost of the IS-SM-AP algorithm is
not only lower than that of well-known existing algorithms for
sparse systems but also is lower than that of the conventional SM-
AP algorithm [15]. Moreover, the computational burden of the IS-
SM-AP algorithm can be further reduced by applying partial
update [17, 18] or pseudo affine projection [19, 20] paradigms.

During the last decade, several works have investigated the
theoretical steady-state mean squared error (MSE) behaviour [21–
23], tracking performance [24], and the robustness [25, 26] of the
SM-NLMS and the SM-AP algorithms; however, our knowledge of
the IS-SM-AP algorithm is solely based on experimental results.

Indeed, there are no theoretical results/analyses concerning the
behaviour of the IS-SM-AP algorithm.

This paper fills this gap by analysing the steady-state MSE of
the IS-SM-AP algorithm. To do so, we employ the energy
conservation method already applied to derive the steady-state
MSE performance of the SM-AP algorithm [21, 22]. Moreover,
one of the drawbacks of the IS-SM-AP algorithm is imposing some
restrictions on the initialisation of the filter coefficients, that is,
unlike traditional algorithms these coefficients cannot be initialised
at the origin (all coefficients equal to zero). Thus, in this paper, we
propose a solution to this issue by adopting a time-varying
discarding parameter so that we can initialise the algorithm with no
limitations.

This paper consists of six sections. Section 2 provides a brief
overview of the IS-SM-AP algorithm. In Section 3, we analyse the
steady-state MSE performance of the IS-SM-AP algorithm. Section
4 addresses some implementation aspects, like the initialisation
issue and the proposed time-varying discarding parameter. Finally,
Sections 5 and 6 contain the numerical results and conclusions,
respectively.

Notation: Scalars are denoted by lowercase letters. Vectors
(matrices) are represented by lowercase (uppercase) boldface italic
letters. The superscript ( ⋅ )T stands for vector or matrix
transposition. The expected value and the probability operator are
denoted by E[ ⋅ ] and P[ ⋅ ], respectively.

2 Improved simple SM Affine projection algorithm
for sparse system modelling
In this section, we review the IS-SM-AP algorithm proposed in
[15]. By means of the discard function [15, 16], this algorithm is
capable of exploiting sparsity to obtain better estimates and reduce
computational burden simultaneously by updating only the
coefficients of the adaptive filter which are relevant to the sparse
system model, i.e. the filter coefficients related to very small
coefficients of the sparse system model are not updated. The
motivation for this algorithm lies in the following two practical
considerations: (i) there are many applications involving sparse
system models, i.e. systems whose energy is concentrated in a few
coefficients, whereas the remaining coefficients are approximately
(but not necessarily equal to) zero; and (ii) in practice, there is
always some uncertainty related to the coefficients of the system to
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be identified, which means that a system coefficient approximately
equal to zero may be due to this uncertainty, and not a system
characteristic. Hence, if we have some prior knowledge about the
uncertainty in the system model, then we can substitute the
coefficients smaller than the existing uncertainty with zero in order
not to waste computational power with irrelevant parts of the
system model.

Before describing the IS-SM-AP's recursion, let us define the
involved variables and parameters. For a tapped-delay line
structure, assume that x(k) and d(k) are the input vector and the
desired signal, respectively. Moreover, suppose that we have access
to the last L + 1 input vectors and desired signals, and at a given
iteration k consider the following matrix and vectors

X(k) = [ x(k) x(k − 1) ⋯ x(k − L) ]
x(k) = [ x(k) x(k − 1) ⋯ x(k − N) ]T

w(k) = [ w0(k) w1(k) ⋯ wN(k) ]T

d(k) = [ d(k) d(k − 1) ⋯ d(k − L) ]T

n(k) = [ n(k) n(k − 1) ⋯ n(k − L) ]T

γ(k) = [ γ0(k) γ1(k) ⋯ γL(k) ]T

e(k) = [ e0(k) e1(k) ⋯ eL(k) ]T

ε(k) = [ ε0(k) ε1(k) ⋯ εL(k) ]T

(1)

The matrix X(k) ∈ ℝ(N + 1) × (L + 1) is the input matrix, where N and L
are the adaptive filter order and the data reuse factor, respectively.
The adaptive filter coefficients are represented by w(k) ∈ ℝN + 1.
Furthermore, d(k), n(k), γ(k), e(k), ε(k) ∈ ℝL + 1 denote the desired
vector, the noise vector, the constraint vector, the a priori error
vector, and the a posteriori error vector, respectively. The a priori
and the a posteriori error vectors are defined as

e(k) = d(k) − XT(k)w(k), (2)

ε(k) = d(k) − XT(k)w(k + 1), (3)

respectively. Note that all components of γ(k) must be upper
bounded by a predetermined positive value γ̄, that is γi(k) ≤ γ̄ for
i = 0, …, L. As a rule of thumb, the value of γ̄ is adopted as 5σn

2,
where σn

2 is the variance of the additive noise n(k).
In addition, let us denote by f ϵ:ℝ → ℝ the discard function,

whose definition is [15]

f ϵ(w) = w if w ≥ ϵ,
0 if w < ϵ . (4)

The positive constant ϵ ∈ ℝ+ must be selected based on some a
priori information about the uncertainty on the system model, and
it determines which coefficients are considered as small/irrelevant
coefficients. Then, the discard vector function fϵ:ℝN + 1 → ℝN + 1

can be defined as fϵ(w) = [ f ϵ(w0)… f ϵ(wN)]T. Also, let us define
the matrix Fϵ(w(k)) as the Jacobian matrix of fϵ(w(k)). Observe
that Fϵ(w(k)) is a diagonal matrix whose diagonal entries are equal
to 1 (for the relevant coefficients) or 0 (for the irrelevant
coefficients) and, as it will become clear, the role of this matrix is
to select the coefficients of w(k), which take part in the update
process. Note that the discard function is not differentiable at ±ϵ,
and its derivative at these points is considered equal to zero [15].
Moreover, to simplify our notation, we define

R(k) = XT(k)Fϵ(w(k))X(k), (5)

S(k) = [R(k) + δI]−1, (6)

where the small positive constant δ is a regularisation parameter
used to guarantee the existence of the inverse matrix S(k), and I is
the (L + 1) × (L + 1) identity matrix.

Finally, the update rule of the IS-SM-AP algorithm is described
by [15]

w(k + 1) =
Fϵ(w(k))w(k) + q(k), if e0(k) > γ̄,
w(k) otherwise . (7)

where q(k) = Fϵ(w(k))X(k)S(k)(e(k) − γ(k)).
Remark: In [15], an algorithm similar to the IS-SM-AP called

simple SM-AP (S-SM-AP) algorithm has also been proposed.
However, in this work, only the steady-state MSE performance of
the IS-SM-AP algorithm is analysed, but since at the steady-state
Fϵ(w(k))w(k) = w(k), the steady-state MSE performance of the IS-
SM-AP and the S-SM-AP algorithms are the same.

3 Steady-State MSE analysis of the IS-SM-AP
algorithm
In this section, we study the steady-state MSE performance of the
IS-SM-AP algorithm. For this purpose, we use the energy
conservation approach [27].

3.1 Signal model

Let us assume the data model described in Definition 1.
 

Definition 1: The random variables {d(k), x(k), n(k)} satisfy the
following conditions:

(i) There exists an optimum solution wo ∈ ℝN + 1 such that
d(k) = wo

Tx(k) + n(k);

E[d(k)] = E[x(k)] = E[n(k)] = 0

;
(ii) n(k) is i.i.d. with variance σn

2 = E[n2(k)];
(iii) n(k1) and x(k2) are independent for all k1, k2;
(iv) The initial weight vector w(0) is independent of
{d(k), x(k), n(k)} for all k.

By Definition 1, we can rewrite the a priori error signal as follows

e0(k) = d(k) − xT(k)w(k) = n(k) + e~0(k), (8)

where e~0(k) = (wo − w(k))Tx(k) stands for the noiseless a priori
error signal, and it is independent of n(k). Similarly to [21, 22] for
the SM-AP algorithm, we define the MSE, the excess MSE
(EMSE), and the misadjustment ℳ of the IS-SM-AP algorithm as
follows

MSE = lim
k → ∞

E[e0
2(k)] = σn

2 + EMSE, (9)

EMSE = lim
k → ∞

E[e~0
2(k)], (10)

ℳ = EMSE
σn

2 . (11)

3.2 Analysis model

The non-linearity in (7) creates difficulties in continuing with the
analysis. Thus, to address this problem, we express (7) as follows

w(k + 1) = Fϵ(w(k))w(k) + Pup(k)q(k), (12)

where Pup(k) = P[ e0(k) > γ̄] is the probability of updating w(k) in
(7). The accuracy of the model given in (12) to study the steady-

2 IET Signal Process.
© The Institution of Engineering and Technology 2019



state behaviour of (7) in the mean sense was discussed and
confirmed in [22].

3.3 Energy conservation approach

In this subsection, using the energy conservation approach [22, 27],
we introduce a mathematical expression for the steady-state MSE
performance of the IS-SM-AP algorithm.

First, note that in the steady-state we have Fϵ(w(k))w(k) = w(k)
since if wi(k) for some i falls in the range [ − ϵ, ϵ] at iteration k0,
then qi(k) is identical to zero, for all k > k0. Therefore, assuming
the algorithm has converged, we have Fϵ(w(k))w(k) = w(k). In
addition, suppose that w~(k) = wo − w(k) describes the difference
between the optimum solution and w(k) at iteration k. Thus, by
subtracting both sides of (12) from wo, we obtain

w~(k + 1) = w~(k) − Pup(k)q(k)
= w~(k) − Pup(k)Fϵ(w(k))X(k)S(k)(e(k) − γ(k)) . (13)

Note that this equation is valid for any ϵ and γ(k). Now, we will
premultiply the above equation by XT(k), to get

ε~(k) = e~(k) − Pup(k)R(k)S(k)(e(k) − γ(k)), (14)

where ε~(k) and e~(k) are the noiseless a posteriori error vector and
the noiseless a priori error vector, respectively, and they are defined
by

ε~(k) = XT(k)w~(k + 1) = ε(k) − n(k), (15)

e~(k) = XT(k)w~(k) = e(k) − n(k) . (16)

If we assume that ϵ was chosen appropriately so that the diagonal
matrix Fϵ(w(k)) has at least (L + 1) nonzero entries and also that
X(k) has full rank, then matrix R(k) is invertible. Thus,
premultiplying (14) by R−1(k), we have

R−1(k)(ε~(k) − e~(k)) = − Pup(k)S(k)(e(k) − γ(k)) . (17)

Premultiplying the above equation by Fϵ(w(k))X(k) and
substituting it into (13), we get

w~(k + 1) +Fϵ(w(k))X(k)R−1(k)e~(k)
= w~(k) + Fϵ(w(k))X(k)R−1(k)ε~(k) .

(18)

In order to simplify the notation, we will eliminate the index k and
the argument of matrix Fϵ(w(k)). Then, by multiplying each side of
the above equation by its transpose, we obtain the following energy
equality

∥ w~(k + 1) ∥2 + 2e~TR−1XTFϵw~(k + 1) + e~TR−1e~

= ∥ w~(k) ∥2 + 2ε~TR−1XTFϵw~(k) + ε~TR−1ε~ .
(19)

In steady-state, the energy conservation method implies in
E[ ∥ w~(k + 1) ∥2 ] = E[ ∥ w~(k) ∥2 ]. Therefore, if we take the
expected value of both sides of the above equation, then we obtain

2E[e~TR−1XTFϵw~(k + 1)] + E[e~TR−1e~]
= 2E[ε~TR−1XTFϵw~(k)] + E[ε~TR−1ε~] .

(20)

Equation (20) has an inconvenient dependence on w~(k + 1). To
overcome this issue we can use (13) and the fact that Fϵ

2 = Fϵ to
rewrite the first term of (20) as follows

2E[e~TR−1XTFϵw~(k + 1)]

= 2E[e~TR−1XTFϵw~(k)] − 2PupE[e~TS(e − γ)] .
(21)

The third and fourth terms of (20) can also be simplified by
utilising the relation given in (14), yielding

2E[ε~TR−1XTFϵw~(k)] = 2E[e~TR−1XTFϵw~(k)]
−2PupE[(e − γ)TSXTFϵw~(k)],

(22)

E[ε~TR−1ε~] = E[e~TR−1e~] − 2PupE[e~TS(e − γ)]
+Pup

2 E[(e − γ)TSRS(e − γ)] .
(23)

Now, by substituting (21), (22), and (23) in (20), we obtain

2E[(e − γ)TSe~ϵ] = PupE[(e − γ)TSRS(e − γ)], (24)

where e~ϵ = XTFϵw~(k).
Since we have already assumed that R is invertible, we can

choose δ as close to zero as we want so that S ≈ R−1, refer to (6). In
addition, by defining e~ = e~ − γ and using e = e~ + n, (24) becomes

2E[e~TSe~ϵ + nTSe~ϵ] = PupE[e~TSe~ + nTSn + 2nTSe~] . (25)

By using the property tr(AB) = tr(BA) for the trace operator, the
above expression can be rewritten as

2E[tr(e~ϵe~TS)] + 2E[tr(e~ϵnTS)] = PupE[tr(e~e~TS)]
+PupE[tr(nnTS)] + 2PupE[tr(e~nTS)] .

(26)

In steady-state, we can assume that S is uncorrelated with e~ϵe~T,
e~ϵnT, e~e~T, nnT, and e~nT [22]. Thus, by using e~ = e~ − γ, (26)
becomes

2tr(E[e~ϵ(e~ − γ)T]E[S]) + 2tr(E[e~ϵnT]E[S])
= Puptr(E[(e~ − γ)(e~ − γ)T]E[S]) + Puptr(E[nnT]E[S])

+2Puptr(E[(e~ − γ)nT]E[S]) .
(27)

We may assume that the autocorrelation matrices are diagonally
dominant [22] and, as a result, E[e~γT] ≈ E[γe~T]. Therefore, after
some rearrangement, the above equation can be rewritten as

2tr(E[e~ϵe~T]E[S]) − 2tr(E[e~ϵγT]E[S])

+2tr(E[e~ϵnT]E[S]) − Puptr(E[e~e~T]E[S])
+2Puptr(E[e~γT]E[S]) − 2Puptr(E[e~nT]E[S])
= Puptr(E[γγT]E[S]) + Puptr(E[nnT]E[S])

−2Puptr(E[γnT]E[S]) .

(28)

To continue with the analysis, we consider a common constraint
vector γ(k) which is called fixed modulus error-based constraint
vector, and it is defined by [7, 22]

γi(k) = γ̄sgn(ei(k)), i = 0, 1, …, L, (29)

where sgn( ⋅ ) stands for the sign function. To calculate the EMSE,
we should now find the correlation matrices in (28). Some of these
terms have already been computed in [22]; however, some of the
correlation matrices, the ones involving ϵ, are new here, and they
have to be computed. The terms calculated in [22] are summarised
in the following

E[e~e~T] = A1E[e~0
2] + A2bPup

2 , (30)

where

A1 = diag{1, a, a2, …, aL}, (31)
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A2 = diag 0, 1, 1 + a, …, ∑
l = 0

L − 1
al , (32)

a = (1 − Pup + 2Pupγ̄ρ0)(1 − Pup), (33)

ρ0 = 2
πE[e0

2(k)] , (34)

b = σn
2 + γ̄2 − 2γ̄ρ0σn

2 . (35)

Note that in order to compute ρ0, we require E[e0
2(k)]. In [22],

E[e0
2(k)] is approximated as

E[e0
2(k)] = ασn

2 + β 1
L + 1 γ̄2 . (36)

In the analysis of the IS-SM-AP algorithm, we employ the same
approximation given in (36), but we have to tune the parameters α
and β differently than in [22]. Indeed, we have obtained the
following values for these parameters

α = 1.1 if L = 1,
0.9 otherwise, and β =

1.1, if L = 1,
0.9, if L = 2,
1.3, if L = 3,
1.4, if L = 4.

(37)

Moreover

E[e~γT] ≈ γ̄ρ0 A1E[e~0
2] + A2bPup

2 , (38)

E[e~nT] ≈ 0, (39)

E[γγT] ≈ γ̄2I, (40)

E[nnT] = σn
2I, (41)

E[γnT] ≈ γ̄σn
2ρ0I . (42)

Now, we need to compute the new terms in (28), the three
correlation matrices involving ϵ. To this end, we know that
e~ϵ(k) = XT(k)Fϵ(w(k))w~(k). Thus, the ith element of e~ϵ(k) is given
by

e~ϵ, i = xT(k − i)Fϵ(w(k))w~(k)

= ∑
j = 0

N ∂ f ϵ(w)
∂w w = wj(k)

xj(k − i)w j(k) .
(43)

Assuming ((∂ f ϵ(w)/∂w) w = wj(k )) is uncorrelated with xj(k − i)w j(k)
for j = 0, 1, …, N, similarly to E[e~e~T], we can obtain

E[e~ϵe~T] = mϵE[e~e~T], (44)

where, in steady-state,

mϵ = E[tr(Fϵ(w(k)))]
N + 1 = #{ j: wo, j ≥ ϵ}

N + 1 , (45)

where # stands for the cardinality of a set. Thus, mϵ is the mean
value of the number of coefficients which are updated at steady-
state. Furthermore, using a similar argument, we obtain

E[e~ϵγT] = mϵE[e~γT], (46)

E[e~ϵnT] ≃ 0 . (47)

Finally, substituting (30), (38)–(42), (44), (46), and (47) in (28), we
get

2mϵE[e~0
2]tr(A1E[S]) + 2mϵbPup

2 tr(A2E[S])
−2mϵγ̄ρ0E[e~0

2]tr(A1E[S]) − 2mϵγ̄ρ0bPup
2 tr(A2E[S])

−PupE[e~0
2]tr(A1E[S]) − Pup

3 btr(A2E[S])
+2Pupγ̄ρ0E[e~0

2]tr(A1E[S]) + 2Pup
3 γ̄ρ0btr(A2E[S])

= Pupγ̄2tr(E[S]) + Pupσn
2tr(E[S]) − 2Pupγ̄σn

2ρ0tr(E[S]) .

(48)

Suppose that Pup ≪ 1, thus Pup
2  and Pup

3  are very small, and the
effect of terms involving them on the above equation should be
negligible and can be ignored. Therefore, after some
rearrangements, we achieve the following relation

(2mϵ(1 − γ̄ρ0) + Pup(2γ̄ρ0 − 1))tr(A1E[S])E[e~0
2]

= Pup γ̄2 + σn
2 − 2γ̄σn

2ρ0 tr(E[S]) .
(49)

Assuming the diagonal elements of E[S] are equal, the EMSE of
the IS-SM-AP algorithm is given by

EMSEIS − SM − AP = E[e~0
2(k)]

= Pup γ̄2 + σn
2 − 2γ̄σn

2ρ0 (L + 1)
(2mε(1 − γ̄ρ0) + Pup(2γ̄ρ0 − 1))

1 − a
1 − aL + 1 .

(50)

Note that in order to compute the theoretical EMSE given by (50)
we need the value of Pup, the probability of updating the
coefficients during steady-state. Here, to model Pup, we follow the
same strategy as in [1]. Indeed, Pup in steady-state can be obtained
by

Pup = 2∫
γ̄ /σn

∞ 1
2π

e−t2/2dt + Pmin . (51)

Furthermore, values of Pmin, for L = 1, …, 4, are presented in
Table 1. 

4 Implementation aspects
In this section, we discuss some practical issues of the IS-SM-AP
algorithm and explain how to address them through a time-varying
parameter ϵ(k).

4.1 Missing relevant coefficients of the system model

As previously explained, the role of ϵ in the IS-SM-AP algorithm
is to detect the irrelevant coefficients of the unknown system
model; the adaptive filter will learn only the relevant coefficients
whereas the irrelevant ones are represented by zeros. Here, two
detection problems may occur: (i) if ϵ is too small, then irrelevant
coefficients may be detected as relevant ones and, consequently,
the adaptive filter will spend more computations to identify these
irrelevant coefficients; (ii) if ϵ is too high, then relevant
coefficients may be detected as irrelevant ones, meaning that the
adaptive filter will not identify such coefficients. While problem (i)
just leads to an unnecessary increase of computations, problem (ii)
is much more severe and can deteriorate the adaptive filter
performance. Thus, ϵ should be chosen carefully in order to avoid
the problem (ii).

Table 1 Values of Pmin for L = 1, 2, 3, 4
L Uncorrelated input signal Correlated input signal
1 0.02 0.07
2 0.27 0.65
3 0.4 0.65
4 0.5 0.7
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One particular case in which problem (ii) can occur even when
ϵ is appropriately chosen is when the unknown system model
presents relevant coefficients whose magnitudes are not much
larger than ϵ. Indeed, suppose the adaptive filter coefficients
provide a reasonable representation of the unknown system model
(i.e. during the steady-state); then, any noisy input data with large
magnitude can lead to an undesired update of the adaptive filter
coefficients, and coefficients that were outside the interval [ − ϵ, ϵ]
may fall within such interval, i.e. a relevant coefficient will be
treated as irrelevant just because the update was mainly due to
noise or some other kind of undesired effect. We can reduce the
probability of occurrence of such case by applying a time-varying
parameter ϵ(k) ∈ ℝ+ whose values decay with k. We propose to use
ϵ(k) = (ϵ0/((L + 1)log2(k))), where ϵ0 ∈ ℝ+. Observe that such ϵ(k)
decreases as L (data reuse factor) increases.

4.2 Initialisation

The IS-SM-AP algorithm proposed in [15] cannot be initialised at
the origin (all of its coefficients being equal to zero), unlike
traditional algorithms. Indeed, all entries of w(0) must be outside
the interval [ − ϵ, ϵ]. The reason for this initialisation is that when
the coefficients of w(0) belong to [ − ϵ, ϵ], the matrix Fϵ(w(0)) is
identical to the zero matrix; thus the algorithm cannot update the
coefficients at all. To address this issue, we can assume that for the
first N iterations ϵ = 0. Note that when ϵ = 0, the matrix Fϵ(w(k))
is identical to the identity matrix, and the IS-SM-AP algorithm
reduces to the SM-AP algorithm. Therefore, if we choose ϵ = 0 for
k ≤ N, after the first N iterations, all coefficients are updated, and
most likely most of them have absolute values larger than ϵ. As a
result, by adopting

ϵ(k) =
0 if k ≤ N,

ϵ0

(L + 1)log2(k) if k > N, (52)

we have no restrictions on the initialisation and also reduce the
chance of missing relevant coefficients, as explained in the
previous subsection.

4.3 Computational complexity

In (52), we compute ϵ(k) for all k; however, it may require
unnecessary computational load since the value of ϵ(k) varies
smoothly. Therefore, we suggest updating ϵ(k) only when k = 2m,
for some natural number m. For sparse systems, the IS-SM-AP
algorithm requires fewer arithmetic operations compared to the
SM-AP algorithm since it avoids updating coefficients whose
absolute values are smaller than ϵ [15]. On the other hand, when

the unknown system is not sparse or when ϵ0 = 0, the IS-SM-AP
algorithm reduces to the SM-AP algorithm, i.e. in the worst case
the IS-SM-AP algorithm performs as many computations as the
SM-AP algorithm does.

4.4 Time-varying systems

In this work, we have focused on time-invariant environments due
to its simplicity and its application to some real-world problems,
such as hexagonal antenna array for Ku-band communication
satellite and military satellite [28]. However, the IS-SM-AP
algorithm can easily be adapted for time-varying environments. To
enable the IS-SM-AP algorithm to track time-varying systems, we
may use an auxiliary coefficient vector as in the online linearised
Bregman iteration algorithm [29], or utilise the estimated variances
of the noise, the error, and the input signals to update ϵ(k) at each
iteration [30].

5 Simulations
In this section, the IS-SM-AP algorithm is utilised in a system
identification setup to corroborate the theoretical expression for its
EMSE and to identify a measured room impulse response (RIR) for
a real-world example in Scenarios 1 and 2, respectively.

5.1 Scenario 1

In this scenario, the unknown system wo is of order 14, i.e. it
contains 15 coefficients. The first and the eighth coefficients are
0.8 and 0.5, respectively, and the remaining coefficients are equal
to zero; hence, mϵ = (2/15). We implemented simulations for two
kinds of input signals. The first one is a zero-mean white Gaussian
noise signal with unit variance, and the second one is a first-order
autoregressive process generated as x(k) = 0.95x(k − 1) + m(k),
where m(k) is a zero-mean white Gaussian noise with unit
variance, and the random variable x(k) is normalised so that it has
variance one and mean zero. Moreover, we have utilised two
different signal-to-noise ratios (SNR), i.e. a high SNR and a low
SNR. The high and the low SNRs are chosen as 20 and 5 dB,
respectively, i.e.σn

2 = 0.01 or 0.316228, and the regularisation
parameter δ is set as 10−9. The threshold parameter γ̄ is adopted as

τσn
2 for 2 ≤ τ ≤ 4, and the results are obtained for L = 1, 2, 3 and

4. Moreover, ϵ(k) is chosen as in (52) in which ϵ0 = 10−4, and
w(0) = 0.

In order to calculate the experimental EMSE, we implemented
the IS-SM-AP algorithm for 5000 iterations. It is worth mentioning
that, for all adopted values of τ and L, the algorithm converged in
<500 iterations. Then we calculated the time-average of the last
4000 squared-error entries. Afterward, we computed the ensemble-
average over 100 independent runs; it gives us the experimental
MSE. Finally, we subtracted σn

2 from the experimental MSE to
compute the experimental EMSE. Note that the theoretical EMSE
is obtained using (50).

Fig. 1 shows the theoretical and the experimental EMSE of the
IS-SM-AP algorithm versus τ for L = 1, …, 4, when the SNR is 20 
dB, and the uncorrelated input signal is utilised. Also, the values of
the theoretical and the experimental EMSE of the IS-SM-AP
algorithm are presented in Table 4 (see Appendix 1 for the table of
results). Moreover, Fig. 2 illustrates the theoretical and the
experimental EMSE of the IS-SM-AP algorithm, when the input
signal is uncorrelated, and the SNR is 5 dB. Also, the values of the
theoretical and the experimental EMSE of the IS-SM-AP algorithm
are given in Table 5 (see Appendix 1 for the table of results). As
can be seen, the experimental results in Figs. 1 and 2 and Tables 4
and 5 confirm the validity of the presented analysis.

In Figs. 3 and 4, the results are presented for high and low
SNRs, respectively, when the input signal is correlated. Although
the results are less accurate in comparison with those of Figs. 1 and
2, they appropriately substantiate the credibility of the proposed
analysis. Therefore, for uncorrelated and correlated input signals,
Figs. 1–4 confirm a good match between theory and experiment.
Furthermore, we have observed that as the value of L increases the

Fig. 1  EMSE versus τ for γ̄ = τσn
2, SNR = 20 dB, L = 1, ⋯, 4, and the

uncorrelated input signal
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experimental EMSE raises too, and the precision of the analysis
reduces, something that has already been observed for the standard
affine projection algorithm [1]. Thus, we avoid presenting results
for L >4.

Fig. 5 illustrates the MSE learning curves of the SM-AP and the
IS-SM-AP algorithms, for L = 1 and 4, when the input signal is
uncorrelated and the SNR = 20 dB. Moreover, Fig. 6 depicts the
MSE learning curves of these algorithms when the input signal is
the first-order autoregressive process and the SNR = 20 dB. In
these figures, γ̄ = 4σn

2, γi(k) = γ̄sgn(ei(k)), for i = 0, 1, …, L, and
the learning curves are the averages of outcomes for 200
independent runs. As can be seen, despite the lower computational
complexity of the IS-SM-AP algorithm, this algorithm has a
competitive performance with the SM-AP algorithm. In fact, on
average, in the steady-state, the IS-SM-AP algorithm updates 2 out
of 15 coefficients of w(k) (i.e. the coefficients of w(k) whose
absolute values are greater than ϵ(k)), whereas the SM-AP
algorithm updates all 15 coefficients. The average number of
updates performed by the SM-AP and the IS-SM-AP algorithms
are presented in Table 2. As can be observed, the IS-SM-AP and
the SM-AP algorithms have very similar update rates; the
difference between their update rates is <0.1%. In conclusion, these
results show that the IS-SM-AP algorithm has lower computational
load and maintains similar performance as compared to the SM-AP
algorithm.

5.2 Scenario 2

In this scenario, we have utilised the SM-AP and the IS-SM-AP
algorithms to identify the measured RIR presented in [31]. In order
to reduce the number of coefficients, the RIR is downsampled by

Fig. 2  EMSE versus τ for γ̄ = τσn
2, SNR = 5 dB, L = 1, ⋯, 4, and the

uncorrelated input signal
 

Fig. 3  EMSE versus τ for γ̄ = τσn
2, SNR = 20 dB, L = 1, ⋯, 4, and the

correlated input signal
 

Fig. 4  EMSE versus τ for γ̄ = τσn
2, SNR = 5 dB, L = 1, ⋯, 4, and the

correlated input signal
 

Fig. 5  MSE learning curves of the SM-AP and the IS-SM-AP algorithms
for γ̄ = 4σn

2, L = 1 and 4, SNR = 20 dB, and the uncorrelated input signal
 

Fig. 6  MSE learning curves of the SM-AP and the IS-SM-AP algorithms
for γ̄ = 4σn

2, L = 1 and 4, SNR = 20 dB, and the correlated input signal
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12, and the resulted system to be identified has 16,000 coefficients.
The input signal is a first-order autoregressive process produced by
x(k) = 0.95x(k − 1) + m(k), where m(k) is a zero-mean white
Gaussian noise with unit variance, and the random variable x(k) is
normalised so that it has variance one and mean zero. The SNR is
adopted as 20 dB, i.e. σn

2 = 0.01, and the constraint vector is chosen
as the fixed modulus error-based constraint vector in which
γ̄ = 4σn

2. The regularisation parameter is 10−9, and both algorithms
have been initialised with the null vector. Moreover, the data reuse
factor L = 2, and all learning curves are the average of outcomes of
1000 independent runs.

Fig. 7 shows the MSE learning curves of the SM-AP and the IS-
SM-AP algorithms when the RIR is considered as the unknown
system. Four different values for ϵ0 have been adopted between
0.0004 and 0.00004. As can be observed, when ϵ0 is smaller, the
IS-SM-AP algorithm can obtain lower MSE, but the convergence
rate will be deteriorated. We can see that when ϵ0 = 0.0004 the IS-
SM-AP algorithm converged after 100,000 iterations, whereas the
SM-AP algorithm converged after 200,000 iterations. Also, it is
worthwhile to mention that, by choosing ϵ0 = 0, the IS-SM-AP
algorithm reduces to the SM-AP algorithm. Therefore, adopting
very small ϵ0 does not pose any risk to the performance of the
algorithm; however, smaller ϵ0 implies higher computational
burden. For instance, for the different values of ϵ0 in this scenario,
when an update is implemented in the steady-state of the SM-AP
and the IS-SM-AP algorithms, the number of updated coefficients
are presented in Table 3. As can be seen, for ϵ0 = 0.0003, the
number of updated coefficients by the IS-SM-AP algorithm is
about half of the number of those updated by the SM-AP

algorithm. Moreover, in this case, the convergence of the IS-SM-
AP algorithm, the red curve in Fig. 7, is faster than that of the SM-
AP algorithm, the black curve.

6 Conclusions
In this paper, we have investigated the steady-state MSE
performance of the IS-SM-AP algorithm. To this end, we have
utilised the energy conservation concepts and obtained a
mathematical expression for the EMSE of the IS-SM-AP
algorithm. Also, the achieved EMSE expression is valid for
correlated and uncorrelated input signals. Furthermore, we have
introduced a time-varying parameter for the discard function in
order to remove the limitations on the initialisation of the IS-SM-
AP algorithm. Finally, simulation results using artificial and real-
world data have been presented to corroborate the accuracy of the
presented analysis and to demonstrate the efficiency of the IS-SM-
AP algorithm in exploiting sparsity with low computational
burden.
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 9 Appendix 1
 
Tables 4 and 5 present the theoretical and the experimental EMSE
of the IS-SM-AP algorithm implemented in Section 5.1 for the
SNR equal to 20 and 5 dB, respectively, when the input signal is
uncorrelated. 

Table 4 Experimental and the theoretical EMSE of the IS-SM-AP algorithm for the uncorrelated input signal and the SNR = 20 
dB
L τ

2 2.25 2.5 2.75 3 3.25 3.5 3.75 4
1 theory 0.0101 0.0104 0.0108 0.0113 0.0120 0.0127 0.0136 0.0146 0.0157

experiment 0.0091 0.0098 0.0107 0.0114 0.0122 0.0131 0.0140 0.0148 0.0159
2 theory 0.0146 0.0159 0.0172 0.0187 0.0201 0.0216 0.0232 0.0247 0.0262

experiment 0.0140 0.0153 0.0170 0.0185 0.0200 0.0217 0.0235 0.0250 0.0268
3 theory 0.0198 0.0210 0.0224 0.0238 0.0252 0.0267 0.0282 0.0298 0.0313

experiment 0.0174 0.0193 0.0212 0.0234 0.0254 0.0275 0.0296 0.0317 0.0338
4 theory 0.0240 0.0250 0.0261 0.0273 0.0286 0.0300 0.0314 0.0328 0.0342

experiment 0.0202 0.0225 0.0247 0.0270 0.0296 0.0322 0.0348 0.0372 0.0395
 

Table 5 Experimental and the theoretical EMSE of the IS-SM-AP algorithm for the uncorrelated input signal and the SNR = 5 
dB
L τ

2 2.25 2.5 2.75 3 3.25 3.5 3.75 4
1 theory 0.3180 0.3289 0.3423 0.3587 0.3784 0.4018 0.4293 0.4610 0.4969

experiment 0.2930 0.3085 0.3317 0.3584 0.3834 0.4085 0.4337 0.4658 0.4931
2 theory 0.4614 0.5020 0.5454 0.5906 0.6372 0.6846 0.7327 0.7812 0.8301

experiment 0.4459 0.4873 0.5320 0.5804 0.6293 0.6793 0.7305 0.7794 0.8292
3 theory 0.6272 0.6651 0.7069 0.7513 0.7974 0.8448 0.8930 0.9418 0.9911

experiment 0.5682 0.6224 0.6868 0.7367 0.7904 0.8595 0.9188 0.9714 1.0381
4 theory 0.7594 0.7898 0.8253 0.8643 0.9056 0.9485 0.9926 1.0375 1.0830

experiment 0.6310 0.7077 0.7851 0.8524 0.9201 0.9901 1.0574 1.0998 1.1945
 

8 IET Signal Process.
© The Institution of Engineering and Technology 2019



IET-SPR20190294
Author Queries

Q Please make sure the supplied images are correct for both online (colour) and print (black and white). If changes are required
please supply corrected source files along with any other corrections needed for the paper.

Q1 Please provide volume number in Ref. [12].

IET Signal Process.
© The Institution of Engineering and Technology 2019

9


