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Abstract—We have been witnessed a growing research activity
to advance new strategies to detect and exploit underlying
sparsity in the parameters of physical models. In many cases,
the sparsity is not explicit in the relations among the parameter
coefficients requiring some suitable tools to reveal the potential
sparsity. This work proposes a family of adaptive filtering algo-
rithms, aimed at exposing some hidden features of the unknown
parameters. Although the basic idea applies to any algorithm,
we will concentrate the work in the LMS-type algorithms, giving
rise to a family collectively named as Feature LMS (F-LMS)
algorithms. These algorithms increase the convergence speed
and reduce the steady-state mean-squared error, in comparison
with the classical LMS solution. The main idea is to apply
linear transformations, through the so-called feature matrices,
to reveal the sparsity hidden in the coefficient vector, followed
by a sparsity-promoting penalty function to exploit the exposed
sparsity. For illustration, a few F-LMS algorithms for lowpass,
bandpass, and highpass systems are introduced by using simple
feature matrices that require either only simple operations or
can learn the features. Simulations and real-life experiments
demonstrate that the F-LMS algorithms bring about several
performance improvements whenever the unknown sparsity of
parameters is exposed.

Index Terms—Adaptive filtering, LMS, feature, sparsity, l1-
norm, computational complexity.

I. INTRODUCTION

ADAPTIVE filtering is a subject that has received great
attention starting with the proposal of the least-mean-

square (LMS) algorithm in 1960 [1], [2]. Since then, many
adaptive filtering algorithms have been developed [3]–[5], but
the LMS algorithm is still widely used due to its simplic-
ity, low computation complexity, and several other proved
properties which make the LMS algorithm suitable for ap-
plications involving online processing with modest hardware
requirements [3], [6]. The LMS and its variants are frequently
applied to many practical problems including active noise con-
trol [7], echo cancellation [8], analog-to-digital converter [9],
continuous-time filter tuning [10], system identification [11],
among others.

The LMS, as well as other classical algorithms, was de-
signed to estimate a set of parameters, which may be the
discrete-time representation of a given system or a linear
regression model, for example, without using any prior in-
formation about the structure of these parameters. However,
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in practical applications, we usually have some knowledge
about the structure of the parameters we want to estimate
and, therefore, we can exploit such knowledge to obtain
a better estimation of prediction results. This structure is
the case, for example, of sparse systems, whose importance
and applications have been extensively studied during the
last two decades [12], [13]. Indeed, sparse systems are so
ubiquitous that a number of adaptive filtering algorithms
exploiting sparsity in the parameters were proposed [13]–[21].
By exploiting such feature/structure of the parameters, these
algorithms became known as sparsity-aware algorithms [13],
for being capable of outperforming the classical algorithms in
terms of convergence speed and/or steady-state mean squared
error (MSE).

The following question is appropriate: can we generalize
such an idea in order to design algorithms exploiting other
kinds of feature? That means if we know beforehand that
the parameters to be estimated have some specific feature
(such as lowpass, bandpass or highpass frequency content,
for example), can we design algorithms that take advantage
of this knowledge? The answer to this question is yes, as
demonstrated in this paper. We can take advantage of prior
information about the structure of the parameters to obtain
improved estimates.

In this paper, we propose a class of LMS-inspired algorithm,
namely Feature LMS (F-LMS), which exploits some knowl-
edge about the structure of the parameters to overcome the
LMS algorithm in some sense. The fundamental idea behind
the proposed algorithm is to incorporate the knowledge of
some given feature into the cost function in order to reveal
the hidden sparsity in the coefficients. Then, we can apply the
same tools used for exploiting sparse systems.

The F-LMS algorithms employ some regularization to in-
duce the solution to exploit some feature. As a consequence,
the F-LMS algorithms achieve faster convergence speed or
lower steady-state MSE in comparison with the LMS algo-
rithm. The type of feature to seek determines the structure
of the feature matrix F(k) to be applied. We highlight the
lowpass, bandpass, and highpass feature cases.

This work is organized as follows. In Section II, we intro-
duce the F-LMS family of algorithms in its most general form.
Then, in Section III, many F-LMS algorithms employing time-
invariant feature matrices and the l1-norm are presented; these
algorithms have similar recursions, except for the regulariza-
tion term due to the use of different feature matrices to induce
the desired structures on the coefficients. The l1-norm was
chosen because of the low cost of computing its gradient. In
Section IV, we present some F-LMS algorithms utilizing time-
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varying feature matrices to generalize the proposed algorithms
in Section III. The step-size parameter and the choice of
parameter α (weight given to the regularization) are also
addressed in Section V. Simulation results corroborating the
advantages of the proposed algorithms over the LMS algorithm
are presented in Section VI, illustrating the practical benefits
of exploiting the structure of the parameters. This section also
includes an example utilizing measured signals originating
from an auditorium modeling. Then, the conclusions are drawn
in Section VII.

We should mention that Section II and parts of Section III
(more precisely, the feature matrices given in equations (4),
(7), and (11), and the transfer functions in equations (9)
and (13)) were introduced in [22], [23], conference papers by
the same authors. So, the original contributions of this article
are:

• Section III presents a new feature matrix for linear-phase
systems and also some insights about the effect of the
feature matrix.

• Section IV contains the main contributions of this paper:
the time-varying feature matrices. These new feature
matrices are much more flexible and, therefore, they can
be applied to more complicated problems in which the
algorithms in [22], [23] would have poor performance.

• Section V addresses some properties of the F-LMS algo-
rithm, especially the choice of some parameters.

• Section VI presents numerical results in three different
scenarios. All scenarios, especially the real-data ones,
are more complex than those considered in [22], [23],
thus requiring the use of the time-varying feature matrices
presented in Section IV.

In summary, in this article, we not only explain the funda-
mental ideas behind the F-LMS algorithm, but also propose
the time-varying feature matrices which allow the F-LMS al-
gorithm to be applied in real-life scenarios obtaining excellent
results. Besides, the approach employed in this paper can be
easily extended to other gradient-based algorithms like the
normalized LMS (NLMS), the affine projection (AP), and the
recursive least squares (RLS) algorithms.

Notation: Scalars are represented by lowercase letters. Vec-
tors (matrices) are denoted by lowercase (uppercase) boldface
letters. The ith entry of a given vector z and the (i, j) entry
of a given matrix A are denoted by zi and Ai,j , respectively.
For a given iteration k, the weight vector and the input vector
are denoted by w(k),x(k) ∈ RN+1, respectively, where N is
the adaptive filter order. The error signal at the kth iteration is
defined as e(k) , d(k)−wT (k)x(k), where d(k) ∈ R is the
desired signal. The l1-norm of a vector w ∈ RN+1 is given
by ‖w‖1 =

∑N
i=0 |wi|. The sign function is denoted by sgn.

II. THE F-LMS ALGORITHMS

The F-LMS refers to a family of LMS-type algorithms
capable of exploiting the hidden sparsity inherent to the
unknown systems to be identified. These algorithms minimize

TABLE I
FEATURE LMS ALGORITHM

F-LMS Algorithm

Initialization
w(0) = [0 · · · 0]T
choose µ in the range 0 < µ� 1
choose α in the range 0 < α� 1
Do for k ≥ 0
e(k) = d(k)−wT (k)x(k)
p(k) = ∇w(k)P(F(k)w(k))
w(k + 1) = w(k) + µe(k)x(k)− µαp(k)

end

the following cost function:

ξF-LMS(k) =
1

2
|e(k)|2︸ ︷︷ ︸

standard LMS term

+αP (F(k)w(k))︸ ︷︷ ︸
feature-inducing term

, (1)

where α ∈ R+ represents the weight given to the sparsity-
promoting penalty function P , which maps a vector to the
nonnegative reals R+, and F(k) is the so-called feature matrix
responsible for revealing the hidden sparsity, i.e., the result of
applying F(k) to w(k) should be a sparse vector (in the sense
that most entries of the vector F(k)w(k) should be close or
equal to zero).

The penalty function P can be any sparsity-promoting
penalty function that is almost everywhere differentiable to
allow the application of gradient-based methods. Examples of
suitable functions are: (i) vector norms, such as the widely
used l1-norm [15], [17], [24]–[26]; (ii) vector norms combined
with shrinking strategies [14], [27], [28]; (iii) a function that
approximates the l0-norm [13], [29]–[33].

The feature matrix F(k), which can change at each iteration,
represents any linear combination that when applied to w(k)
results in a sparse vector. In practice, F(k) should be chosen
based on prior knowledge about some feature (like lowpass,
highpass, or bandpass spectrum, etc.) of the unknown system
w∗.1 By exploiting the features of w∗, the F-LMS algorithms
increase convergence speed and achieve lower steady-state
MSE, in comparison with the LMS algorithm.

The gradient-based algorithms which minimize (1) are
known as F-LMS algorithms, and their recursions have the
following general form:

w(k + 1) = w(k) + µe(k)x(k)− µαp(k), (2)

where µ ∈ R+ is the step-size, which should be small enough
to ensure convergence [3], and p(k) ∈ RN+1 is the gradient
of function P (F(k)w(k)) with respect to w(k). The F-LMS
algorithm is presented in Table I, where ∇w(k) denotes the
vector differential operator with respect to w(k).

From the discussion in this section, it is clear that distinct
F-LMS algorithms are obtained for different choices of P and
F(k). In this work, we focus on practical algorithms which

1Vector w∗ ∈ RN+1 should be interpreted as the set of parameters we
want to estimate, but we call it unknown system for simplicity.
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can improve on the results achieved by the LMS algorithm, but
without a significant increase in its computational complexity.
Hence, we choose function P to be the l1-norm, which makes
the computation of the additional term p(k) required in (2)
inexpensive. Thus, the cost function in (1) simplifies to

ξF-LMS(k) =
1

2
|e(k)|2 + α‖F(k)w(k)‖1. (3)

Depending on the feature we intend to exploit, the feature
matrix can be time-invariant or time-varying. Therefore, in
the following sections, we introduce the F-LMS algorithms
utilizing distinct types of feature matrices to exploit some
features found frequently in unknown systems.

III. THE F-LMS ALGORITHMS EMPLOYING
TIME-INVARIANT FEATURE MATRICES

In the following subsections, we propose several F-LMS
algorithms, by means of time-invariant feature matrices, ex-
ploiting some features frequently found in unknown systems
with lowpass, highpass, bandpass spectrum contents, and
linear-phase.

A. The F-LMS algorithm for lowpass systems

Most systems found in practice have their energy con-
centrated mainly at low frequencies, such as those resulting
from high sampling rate acquisitions. If the unknown system
has lowpass narrowband spectrum, then its impulse response
w∗ is smooth, meaning that the difference between adjacent
coefficients is small (possibly close to zero). In order to exploit
this feature, we use a time-invariant N ×N +1 feature matrix
Fl defined as [22]

Fl ,


1 −1 0 · · · 0
0 1 −1 · · · 0
...

. . . . . .
0 0 · · · 1 −1

 . (4)

Thus, ‖Flw(k)‖1 =
∑N−1
i=0 |wi(k) − wi+1(k)|, and the op-

timization problem in (3) can be interpreted as: we seek for
w(k) that minimizes both the squared error (LMS term) and
the distances between adjacent coefficients of w(k). In other
words, the F-LMS algorithm for lowpass systems acts like the
LMS algorithm but enforcing w(k) to be a lowpass system.
It is worth mentioning that if w∗ is indeed a lowpass system,
then matrix Fl yields a sparse vector Flw(k) for sufficiently
large k.2

So, the F-LMS algorithm for lowpass systems is defined
by the recursion given in (2), but replacing vector p(k) with
pl(k) whose ith entry is given by [22]

pli(k) =


sgn(w0(k)− w1(k)), if i = 0,
−sgn(wi−1(k)− wi(k))

+sgn(wi(k)− wi+1(k)), if i = 1, · · · , N−1,
−sgn(wN−1(k)− wN (k)), if i = N,

(5)

where sgn(·) denotes the sign function.

2A matrix similar to the Fl in (4) has been utilized by the statisticians
working on a field called trend filtering [34].

The F-LMS algorithm above reduces the distances between
consecutive coefficients of w(k). From this point of view, the
matrix Fl can be understood as the process of windowing
w(k) with a window of length 2 (i.e., two coefficients are
considered at a time). We can increase the window length, in
order to smooth w(k) considering more coefficients simulta-
neously, by nesting linear combinations as follows:

FM−nestedl =

M∏
m=1

F
(m)
l Fl, (6)

where F
(m)
l has the same structure given in (4), but losing m

rows and m columns in relation to the dimensions of Fl.

B. The F-LMS algorithm for highpass systems

If the unknown system w∗ has highpass narrowband spec-
trum, then adjacent coefficients vary extremely fast. In this
case, these coefficients tend to have similar absolute values,
but with opposite signs. Therefore, the sum of two consecutive
coefficients is close to zero, and we can exploit this feature
in the learning process by minimizing the sum of adjacent
coefficients of w(k). This can be accomplished by selecting
F(k) as the time-invariant N×N+1 feature matrix Fh defined
as [22]

Fh ,


1 1 0 · · · 0
0 1 1 · · · 0
...

. . . . . .
0 0 · · · 1 1

 , (7)

such that ‖Fhw(k)‖1 =
∑N−1
i=0 |wi(k) + wi+1(k)|.

The F-LMS algorithm for highpass systems is characterized
by the recursion given in (2), but replacing p(k) with ph(k),
whose ith entry is given by [22]

phi(k) =


sgn(w0(k) + w1(k)), if i = 0,
sgn(wi−1(k) + wi(k))

+sgn(wi(k) + wi+1(k)), if i = 1, · · · , N−1,
sgn(wN−1(k) + wN (k)), if i = N.

(8)

C. The F-LMS algorithm for narrow bandpass systems

In this subsection, we derive the F-LMS algorithm for
bandpass systems with narrow passband. Assume an unknown
system w∗ with a very narrow passband region with the
central frequency at ωc ∈ [0, π) and small energy at all other
frequencies. We aim to create the feature matrix F(k) such
that F(k)w∗ becomes a sparse vector.

For this purpose, let us define the transfer function Fn(z)
by [23]

Fn(z) ,(z − e−jωc)(z − ejωc) = z2 − 2 cos(ωc)z + 1

=[1 − 2 cos(ωc) 1][z2 z 1]T , (9)

with zeros at e±jωc . Thereupon, we can propose W s
∗ (z) as

W s
∗ (z) , Fn(z)W∗(z), (10)

where W∗(z) is the z transform of w∗. We know that
Fn(z) attenuates the frequency ωc and W∗(z) emphasizes
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the frequencies around ωc, whereupon the impulse response
of W s

∗ (z) is a sparse vector. Hence, for narrow bandpass
systems, inspired by the transfer function Fn(z), the time-
invariant feature matrix Fn ∈ R(N−1)×(N+1) can be given
by [23]

Fn ,


1 pc 1 0 0 · · · 0
0 1 pc 1 0 · · · 0
... · · ·

. . . . . . . . . · · ·
...

0 · · · 0 1 pc 1 0
0 · · · · · · 0 1 pc 1

 , (11)

where pc = −2 cos(ωc).
By adopting the feature matrix in (3) as Fn, the hidden

sparsity in the narrow bandpass system w∗ can be exploited,
and the recursion rule of the F-LMS algorithm for narrow
bandpass systems will be given by (2), but p(k) should be
substituted by pn(k) whose ith entry is given by [23]

pni(k) =



sgn(w0(k) + pcw1(k) + w2(k))
if i = 0,

pcsgn(w0(k) + pcw1(k) + w2(k))
+sgn(w1(k) + pcw2(k) + w3(k))

if i = 1,
sgn(wi−2(k) + pcwi−1(k) + wi(k))
+pcsgn(wi−1(k) + pcwi(k) + wi+1(k))
+sgn(wi(k) + pcwi+1(k) + wi+2(k))

if i = 2, · · · , N − 2,
sgn(wN−3(k) + pcwN−2(k) + wN−1(k))
+pcsgn(wN−2(k) + pcwN−1(k) + wN (k))

if i = N − 1,
sgn(wN−2(k) + pcwN−1(k) + wN (k))

if i = N.
(12)

D. The F-LMS algorithm for bandpass systems

In the previous subsection, we have derived the F-LMS
algorithm for narrow bandpass systems; however, we can
generalize the presented idea in such a way that the hidden
sparsity can be exploited in general bandpass systems (band-
pass systems with wider passband region). For a bandpass
system, w∗, with lower and upper cut-off frequencies at ωl
and ωu, respectively, we should introduce a transfer function
Fb(z) such that the impulse response of Fb(z)W∗(z) presents
a sparse vector. To this end, we can cascade transfer func-
tions F1(z), · · · , Fm(z), where Ft(z) has zeros at e±jωt for
t = 1, · · · ,m and ωl < ω1 < · · · < ωm < ωu. Thus, Fb(z)
can be presented by [23]

Fb(z) , F1(z) · · ·Fm(z)

=(z − e−jω1)(z − ejω1) · · · (z − e−jωm)(z − ejωm)

=
(
z2 − 2 cos(ω1)z + 1

)
· · ·
(
z2 − 2 cos(ωm)z + 1

)
=[1 ρ1 · · · ρm−1 ρm ρm−1 · · · ρ1 1][z2m z2m−1 · · · z 1]T ,

(13)

where the last line is the vectorial representation of its previous
line. Indeed, ρt is the coefficient of zt and z2m−t, for t =

1, · · · ,m. As an example, ρ1 = −2
∑m
i=1 cos(ωi) and ρ2 =

m+ 4
∑m
i,j=1
i 6=j

cos(ωi) cos(ωj).

The zeros of Fb(z) are located at e±jωt ; therefore, Fb(z)
attenuates the frequencies ωt in the passband region [ωl, ωu],
for t = 1, · · · ,m. Hence, inspired by Fb(z), the time-invariant
feature matrix Fb ∈ R(N+1−2m)×(N+1) can be proposed
as a toeplitz matrix whose first row and first column are
presented by [1 ρ1 · · · ρm−1 ρm ρm−1 · · · ρ1 1 0 · · · 0]
and [1 0 · · · 0]T , respectively. The impulse response of
Fb(z)W∗(z) is a sparse vector, thus multiplying w∗ by Fb
results in a sparse vector too. By exploiting this sparsity using
the objective function (3), the update equation of the F-LMS
algorithm for bandpass systems is characterized by (2), but
p(k) is replaced by pb(k) which is the gradient of ‖Fbw(k)‖1
with respect to w(k).

Remark 1: In order to reveal the hidden sparsity, by a
feature matrix F, in a bandpass system w∗ with the passband
region of frequencies [ωl, ωu] ⊂ [0, π), F (z) should have
b |ωu−ωl|κπ c + 1 complex conjugate zeros, where b |ωu−ωl|κπ c
denotes the integer part of |ωu−ωl|κπ . It means that for each
subinterval of length κπ of [ωl, ωu], the transfer function
F (z) should have a complex conjugate zero. Note that small
κ results in a higher computational load to compute pb(k)
and a better estimate for w∗, whereas large κ leads to a low
computational burden to calculate pb(k) and a less accurate
estimate for w∗. Empirically, we verified that κ = 0.07
provides a good balance/trade-off between the computational
cost and the accuracy of the algorithm.

E. The F-LMS algorithms for linear-phase systems

Filters with inherent linear-phase filters structures [35], [36]
are often used for channel shortening in adaptive equalization.
These filters find application in many different areas such
as demodulation in telecommunications, radar and image
processing. There are four types of linear-phase FIR (finite
impulse response [35]) filters, and for each of them, there is a
specific structure on the filter coefficients. Indeed, these filters
can have symmetric or antisymmetric impulse response (IR),
and their order may be even or odd. In the remaining of this
subsection, we explain how to take advantage of these four
structures on the filter coefficients.

1) Symmetric IR linear-phase filters: Intuitively, to impose
symmetry in w(k) using the regularization approach given
in (3), one should minimize the distances between the coeffi-
cients of w(k) with symmetric indexes, i.e., |wi(k)−wN−i(k)|
for every possible i. The symmetry is accomplished by select-
ing the feature matrix suitably, which depends on the filter
order N . If N is even, then we should choose F(k) as the
time-invariant N

2 × (N + 1) matrix Fe
LinP defined as

Fe
LinP ,

î
IN

2
0N

2 ×1
−JN

2

ó
, (14)

with IM and JM being the M×M identity and exchange3 ma-
trices, respectively, whereas 0M×N is the zero matrix of size
M ×N . Thus, ‖Fe

LinPw(k)‖1 =
∑N

2 −1
i=0 |wi(k)− wN−i(k)|.

3An exchange matrix has its anti-diagonal entries equal to 1, whereas the
remaining entries are equal to 0.
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On the other hand, if N is odd, then we should select F(k) to
be the time-invariant N+1

2 × (N + 1) matrix Fo
LinP expressed

as

Fo
LinP ,

î
IN+1

2
−JN+1

2

ó
, (15)

and so ‖Fo
LinPw(k)‖1 =

∑N−1
2

i=0 |wi(k)− wN−i(k)|.
Therefore, the F-LMS algorithm for symmetric linear-phase

systems is defined by the recursion presented in (2), but
replacing vector p(k) with psym

LinP(k) given by

psym
LinP(k) = M


sgn(w0(k)− wN (k))

sgn(w1(k)− wN−1(k))
...

sgn(wbN−1
2 c

(k)− wN−bN−1
2 c

(k))

 , (16)

where bxc stands for the integer part of x and matrix M ∈
{Me,Mo}, with Me and Mo corresponding to the even and
odd N , respectively, are defined as

Me ,

 IN
2

01×N2
−JN

2


(N+1)×N2

,Mo ,

ñ
IN+1

2

−JN+1
2

ô
(N+1)×N+1

2

.

(17)

2) Antisymmetric IR linear-phase filters: In order to im-
pose antisymmetry in w(k) using the regularization approach
given in (3), one should minimize the sum of coefficients
with symmetric indexes, i.e., |wi(k) + wN−i(k)| for every
possible i. The antisymmetry is accomplished by selecting
the feature matrix properly, which depends on the filter order
N . For antisymmetric linear-phase systems of even and odd
orders, one should use the feature matrices F′eLinP and F′oLinP,
respectively, which are defined as

F′eLinP ,
î
IN

2
0N

2 ×1
JN

2

ó
, (18)

F′oLinP ,
î
IN+1

2
JN+1

2

ó
. (19)

The F-LMS algorithm for antisymmetric linear-phase sys-
tems is characterized by the update rule given in (2), but p(k)
is replaced by pasym

LinP (k) given by

pasym
LinP (k) = M′


sgn(w0(k) + wN (k))

sgn(w1(k) + wN−1(k))
...

sgn(wbN−1
2 c

(k) + wN−bN−1
2 c

(k))

 , (20)

where M′ ∈ {M′e,M′o}, with M′e and M′o corresponding
to the even and odd N , respectively, and defined as

M′e ,

 IN
2

01×N2
JN

2


(N+1)×N2

,M′o ,

ñ
IN+1

2

JN+1
2

ô
(N+1)×N+1

2

.

(21)

IV. THE F-LMS ALGORITHMS EMPLOYING
TIME-VARYING FEATURE MATRICES

In this section, we propose the F-LMS algorithm employing
time-varying feature matrices to exploit hidden sparsity in
block-lowpass, block-highpass, and bandpass systems with
unknown passband region.

A. The F-LMS algorithm for block-lowpass systems

Suppose that w∗ is a lowpass system, but unlike the lowpass
narrowband system already presented in III-A, now abrupt
changes among adjacent coefficients can occur. We call such
system a block-lowpass system because w∗ presents some
blocks in which coefficients vary smoothly and a few sharp
transitions between two adjacent blocks [37]. Clearly, in this
case, the feature matrix Fl in (4) is not the best choice,
as it will force every pair of adjacent coefficients to have
similar values, even the coefficients in the transition between
two different blocks, i.e., in this case, Fl would have the
drawback of smoothing all abrupt/sharp transitions. Therefore,
for block-lowpass systems, a new feature matrix capable of
detecting abrupt transitions (in order to avoid smoothing these
coefficients) is needed. To this end, we propose the time-
varying N ×N + 1 feature matrix Fl(k) as in Equation (22),
where zi , wi(k) − wi+1(k),4 and gε(zi) is related to the
discard function fε : R→ R defined as [14], [18]

fε(zi) ,
ß
zi, if |zi| ≥ ε,
0, if |zi| < ε,

(23)

and ε ∈ R+ is a small positive constant used to detect
sharp transitions between adjacent coefficients, with gε(zi) ,
∂fε(zi)
∂zi

∈ {0, 1}.5
To understand the role of Fl(k) better, let us consider that a

sharp transition occurs from the ith to the (i+1)th coefficients
of w(k). In this case, we will have |zi| = |wi(k)−wi+1(k)| ≥
ε, resulting in gε(zi) = 1, which implies that the ith row of
Fl(k) is comprised only of zeros. Thus, we can conclude that
the F-LMS algorithm does not enforce adjacent coefficients

4Observe that zi depends on both i and k, but we omit the second variable
to make notation shorter.

5Strictly speaking, function fε(zi) is not differentiable at zi = ±ε. As in
[14], [18], we circumvent this problem by defining the derivative of fε(zi) at
+ε and −ε as the left and right derivatives, respectively, so that gε(±ε) = 0.

Fl(k) ,


1− gε(z0) −1 + gε(z0) 0 · · · 0

0 1− gε(z1) −1 + gε(z1) · · · 0
...

. . . . . .
0 0 · · · 1− gε(zN−1) −1 + gε(zN−1)

 (22)
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to have similar values when a sharp transition is detected. On
the other hand, if |zi| < ε, which means that the involved
coefficients belong to the same block (i.e., there is no sharp
transition), then it is easy to verify that gε(zi) = 0 and the ith
row of Fl(k) is identical to the ith row of Fl in (4), which
means that the algorithm will force the values of wi(k) and
wi+1(k) to be close to each other.

The F-LMS algorithm using the feature matrix Fl(k) for
block-lowpass systems is described by the update rule given
in (2), but replacing vector p(k) with p′l(k) whose ith entry
is given by

p′li(k) =

gcε(w0(k)− w1(k))sgn(w0(k)− w1(k)),
if i = 0,

−gcε(wi−1(k)− wi(k))sgn(wi−1(k)− wi(k))
+gcε(wi(k)− wi+1(k))sgn(wi(k)− wi+1(k)),

if i = 1, · · · , N − 1,
−gcε(wN−1(k)− wN (k))sgn(wN−1(k)− wN (k)),

if i = N,
(24)

where gcε(zi) , 1 − gε(zi), ∀i. To avoid computing these
subtractions we implement gcε(zi) as

gcε(zi) =

ß
1, if |zi| < ε,
0, if |zi| ≥ ε.

(25)

Observe that the F-LMS utilizing Fl(k) becomes the LMS
algorithm in two situations: (i) when ε = 0 and (ii) when there
is no similarity between the adjacent coefficients of unknown
system w∗, which will eventually lead to gε(zi) = 1, or
equivalently gcε(zi) = 0, for all i so that Fl(k) = 0. However,
when there exist at least two adjacent coefficients ε-close to
each other (i.e., having “similar values”), the proposed F-
LMS algorithm will automatically recognize the position of
these coefficients and will exploit this feature. In this way,
the proposed algorithm can significantly outperform the LMS
algorithm when the parameters to be estimated correspond to
a block-lowpass system.

It is worth mentioning that the performance of the F-LMS
algorithm for block-lowpass systems proposed here is superior
to the one of the F-LMS algorithm using the time-invariant
feature matrix Fl given in (4), considering different kinds of
lowpass systems. Only in the case when w∗ is narrowband
lowpass that the latter algorithm performs like the former
one, as Fl(k) becomes Fl in this case. The advantages of
the algorithm proposed in this subsection are due to matrix
Fl(k), which is more flexible and can automatically adjust
itself to different types of lowpass systems. Besides, from the
computational point of view, the F-LMS using Fl(k) performs

just a few more computations in comparison with the F-LMS
using Fl, requiring only N additional comparisons.

B. The F-LMS algorithm for block-highpass systems
Similar to the block-lowpass systems, let us consider that

the unknown system has various blocks of coefficients so that
each block has different highpass frequency spectrum. In other
words, w∗ is a highpass system, but abrupt changes among
absolute values of adjacent coefficients can happen. Thus, the
coefficients inside each block have similar absolute values,
but with opposite signs. In this case, the F-LMS algorithm
using the time-invariant feature matrix Fh in (7) will fail
to exploit the feature of the system, since it will force the
coefficients in the transition between two different blocks to
have similar absolute values. Therefore, for block-highpass
systems, we propose the time-varying N×N+1 feature matrix
Fh(k) as in Equation (26), where here zi , wi(k)+wi+1(k),
gε(zi) = ∂fε(zi)

∂zi
∈ {0, 1} and fε(zi) is the discard function

given in (23). Also, ε ∈ R+ is a small positive constant
used to detect abrupt transitions between the absolute values
of adjacent coefficients. Therefore, when using Fh(k), the
recursion of the F-LMS algorithm is given by (2), with p(k)
is replaced by p′h(k) defined as

p′hi(k) =

gcε(w0(k) + w1(k))sgn(w0(k) + w1(k)),
if i = 0,

gcε(wi−1(k) + wi(k))sgn(wi−1(k) + wi(k))
+gcε(wi(k) + wi+1(k))sgn(wi(k) + wi+1(k)),

if i = 1, · · · , N − 1,
gcε(wN−1(k) + wN (k))sgn(wN−1(k) + wN (k)),

if i = N,
(27)

where gcε(zi) is given in (25). Thus, if adjacent coefficients
have different signs but with absolute values ε-close to each
other (i.e., the sum of two adjacent coefficients is smaller
than ε), then the proposed F-LMS algorithm will automatically
detect this block and exploit this feature. Otherwise, the
proposed algorithm will act just like an LMS algorithm.

Similarly to the discussion in the last paragraph of sub-
section IV-A, the F-LMS algorithm using Fh(k) for block-
highpass systems also provides superior results, in comparison
to the algorithm using the time-invariant feature matrix Fh
in (7), with a minor increase in complexity due to N additional
comparisons.

C. The F-LMS algorithm for bandpass systems with unknown
passband region

Consider a bandpass system w∗ with unknown passband
region. Unlike Subsection III-C, here the passband region is

Fh(k) ,


1− gε(z0) 1− gε(z0) 0 · · · 0

0 1− gε(z1) 1− gε(z1) · · · 0
...

. . . . . .
0 0 · · · 1− gε(zN−1) 1− gε(zN−1)

 (26)
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unknown. Therefore, we do not have access to the central
frequency ωc and, consequently, to pc, and we cannot utilize
the feature matrix Fn in (11) to exploit the hidden sparsity
in w∗. However, by adopting the time-varying feature matrix
Fn(k), we may detect the parameter pc adaptively.

For this purpose, assume that Fn(k) ∈ R(N−1)×(N+1) is
given by

Fn(k) ,


1 pc(k) 1 0 0 · · · 0
0 1 pc(k) 1 0 · · · 0
... · · ·

. . . . . . . . . · · ·
...

0 · · · 0 1 pc(k) 1 0
0 · · · · · · 0 1 pc(k) 1

 .
(28)

To detect pc, we can use the gradient descent method to
minimize ‖Fn(k)w(k)‖1, and we will achieve the following
recursion rule for computing pc(k)

pc(k + 1) = pc(k)− µcq(k), (29)

where µc is the step-size parameter and q(k) is given by

q(k) =
∂‖Fn(k)w(k)‖1

∂pc(k)

=w1(k)sgn(w0(k) + pc(k)w1(k) + w2(k))

+ w2(k)sgn(w1(k) + pc(k)w2(k) + w3(k)) + · · ·
+ wN−1(k)sgn(wN−2(k) + pc(k)wN−1(k) + wN (k)).

(30)

Thus, at each iteration, the F-LMS algorithm for bandpass
systems with unknown passband region implements two up-
date equations: one to update w(k), and another one to update
pc(k). In this case, the update equation of w(k) is given by (2),
but p(k) is replaced by p′n(k) whose ith entry is given by

p′ni(k) =



sgn(w0(k) + pc(k)w1(k) + w2(k))
if i = 0,

pc(k)sgn(w0(k) + pc(k)w1(k) + w2(k))
+sgn(w1(k) + pc(k)w2(k) + w3(k))

if i = 1,
sgn(wi−2(k) + pc(k)wi−1(k) + wi(k))
+pc(k)sgn(wi−1(k) + pc(k)wi(k) + wi+1(k))
+sgn(wi(k) + pc(k)wi+1(k) + wi+2(k))

if i = 2, · · · , N − 2,
sgn(wN−3(k) + pc(k)wN−2(k) + wN−1(k))
+pc(k)sgn(wN−2(k) + pc(k)wN−1(k) + wN (k))

if i = N − 1,
sgn(wN−2(k) + pc(k)wN−1(k) + wN (k))

if i = N.
(31)

Table II describes in details the steps to follow in the
implementation of the F-LMS algorithm for bandpass systems
with unknown passband region.

V. SOME PROPERTIES OF THE F-LMS ALGORITHM

In this section, we prove the existence of α that guarantees
the stability of the F-LMS algorithm. Moreover, we address
the convergence behavior of the coefficient vector of the F-
LMS algorithm.

TABLE II
BANDPASS FEATURE LMS ALGORITHM

Bandpass F-LMS Algorithm

Initialization
pc(0) = 0
w(0) = [0 · · · 0]T
choose µ in the range 0 < µ� 1
choose µc in the range 0 < µc � 1
choose α in the range 0 < α� 1
Do for k ≥ 0
e(k) = d(k)−wT (k)x(k)
pc(k + 1) = pc(k)− µcq(k)
w(k + 1) = w(k) + µe(k)x(k)− µαp′n(k)

end

A. Choice of α for the F-LMS algorithm

Here, we demonstrate the existence of α that ensures the
stability of the F-LMS algorithm, and we explain how to
choose α in practice. To this end, we state the following
theorem.

Theorem 1. For the F-LMS algorithm, there exists α ∈ R+

such that the sequence {‖w∗ − w(k)‖}k is monotonically
decreasing, where w∗ is the optimal solution/parameters and
‖ · ‖ denotes the l2-norm of a vector.

In order to prove Theorem 1, we adapt the procedure used
in [13] which allows an intuitive geometric interpretation,
as depicted in Figure 1, evidencing the existence of suitable
values for α. To begin with, let us denote by wα the vector
w(k+ 1) corresponding to the F-LMS algorithm given in (2).
Thus, w0 represents w(k+ 1) for the F-LMS algorithm when
adopting α = 0, which is identical to w(k + 1) of the LMS
algorithm. Now, two lemmas related to the F-LMS algorithm
help us in the proof of the theorem.

Lemma 1. If we choose the step-size µ satisfying 0 < µ �
1

max ({‖x(k)‖2}k)
, then ‖w∗ −w0‖2 < ‖w∗ −w(k)‖2.

Proof. (Sketch) By choosing µ as stated in Lemma 1, which
can be intuitively understood as using sufficiently small step-
sizes to obtain the scenario depicted in Figure 1, we have
w0 between w(k) and w⊥. In this way, the proof is straight-
forward by comparing the hypotenuses of the two rectangle
triangles in Figure 1. For the analytic details, the interested
reader can refer to [13].

Lemma 2. Define ∆w(k) , w(k) − w∗ and c ,
2µe(k)∆wT (k)x(k) + µ2e2(k)‖x(k)‖2. If µ is sufficiently
small as explained in Lemma 1, then c < 0.
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w∗H

w(k)

w0

w?

wαmin
wαmax

Fig. 1. Geometric interpretation of Lemma 1. The hyperplane H is the
geometric place of the coefficients w satisfying d(k)−wTx(k) = K, where
K ∈ R is a constant (usually close, but not necessarily equal, to zero).

Proof. By expanding ‖w∗ −w0‖2, we get

‖w∗ −w0‖2 = ‖w∗‖2 − 2wT
∗w0 + ‖w0‖2

= ‖w∗‖2 − 2wT
∗ {w(k) + µe(k)x(k)}+ {‖w(k)‖2

+ 2µe(k)wT (k)x(k) + µ2e2(k)‖x(k)‖2}
= ‖w∗ −w(k)‖2 − 2µe(k)wT

∗ x(k)

+ 2µe(k)wT (k)x(k) + µ2e2(k)‖x(k)‖2

= ‖w∗ −w(k)‖2 + 2µe(k)∆wT (k)x(k) + µ2e2(k)‖x(k)‖2

= ‖w∗ −w(k)‖2 + c, (32)

where in the forth and fifth equalities we applied the definitions
of ∆w(k) and c, respectively. By subtracting ‖w∗ −w(k)‖2
from both sides of the equation above and using Lemma 1,
we conclude that c < 0.

We can now prove Theorem 1 by assessing the values of α
that meet the inequality ‖w∗−wα‖2 < ‖w∗−w(k)‖2. For this
purpose, define ϕ(α) , ‖w∗ −wα‖2 −‖w∗ −w(k)‖2. If we
implement similar mathematical manipulations as in Lemma 2
in order to expand ‖w∗ − wα‖2 by using Equation (2) for
nonzero α, then we get

ϕ(α) = aα2 + bα+ c, (33)

where a = µ2‖p(k)‖2, b = −2µ2e(k)xT (k)p(k) −
2µ∆wT (k)p(k), and c is given in Lemma 2.

Note that ϕ(α) is a second-order polynomial, and a > 0
(except for p(k) = 0), thus ϕ(α) is a convex parabola. Also,
the discriminant of ϕ(α) is given by d = b2−4ac. Since a > 0
and c < 0 by Lemma 2, we conclude that the discriminant of
ϕ(α) is positive. Therefore, ϕ(α) has two distinct real roots,
namely αmin and αmax, and they are expressed by (−b ±√
d)/(2a). Hence, by choosing α ∈ (αmin, αmax), we have

ϕ(α) < 0. It means that for α ∈ (αmin, αmax), ‖w∗−wα‖2 =
‖w∗ −w(k + 1)‖2 < ‖w∗ −w(k)‖2, proving Theorem 1.

Note that αminαmax < 0 since c
a < 0 so that we can

conclude that αmax > 0. Since α should be positive, it should
be chosen as α ∈ (0, αmax). However, it is not possible to
compute αmax exactly (although one can estimate it) as it
depends on an unobservable vector w∗. So, in practice, one
should choose α in the same way that µ is chosen: select it as
a small positive value; if the algorithm diverges, then reduce
α.

B. Step-size of the F-LMS algorithm

Assume that ‹w(k) , w(k) − w∗ denotes the difference
between the adaptive filter coefficients and the optimum
solution w∗. Also, we know that e(k) = d(k) − y(k) =
wT
∗ x(k)+n(k)−wT (k)x(k) thus, using the recursion rule (2),

we get‹w(k + 1) =‹w(k) + µe(k)x(k)− µαp(k)

=‹w(k) + µx(k)(n(k)− xT (k)‹w(k))− µαp(k)

=(I− µx(k)xT (k))‹w(k) + µx(k)n(k)− µαp(k),
(34)

where I is the identity matrix. Suppose that n(k) is a zero-
mean random variable, and x(k), n(k), ‹w(k) are independent.
Let us define M(k) , E[‹w(k)], then by taking expectations
on both sides of the above equation, we obtain

M(k + 1) = (I− µR)M(k)− µαE[p(k)], (35)

where R , E[x(k)xT (k)] is the autocorrelation matrix. Note
that the coefficients of p(k) are the sum of a limited number of
sign functions, thus the vector µαE[p(k)] is bounded. Indeed,
we have

−µαη1 � µαE[p(k)] � µαη1, (36)

where 1 = [1 1 · · · 1]T , � denotes the component-
wise inequality, for block-lowpass and block-highpass sys-
tems η = 2, and for bandpass systems η = (2m + 1) ×
(max{1, |ρ1|, · · · , |ρm|}), where ρis are given in (13). In order
to introduce the appropriate step-size parameter to ensure the
convergence of the F-LMS algorithm, we state and prove the
following theorem.

Theorem 2. Suppose that λmax is the largest eigenvalue of
R. If we adopt 0 < µ < 2

λmax
, then M(k) is convergent as

k tends to infinity.

Proof. Assume that R = QΛQT is the eigenvalue decompo-
sition of R, where the ith column of Q is the eigenvector qi
of R, Λ = diag([λ0 · · · λN ]), and λi is the ith eigenvalue
of R. Premultiplying Equation (35) by QT , this equation can
be rewritten as

M′(k + 1) = (I− µΛ)M′(k)− µαE[p′(k)], (37)

where M′(k + 1) = QTM(k + 1), and p′(k) = QTp(k).
Moreover, let us denote by |QT | the matrix whose (i, j)
entry is |QT

i,j |, and define q = |QT |1. Assume that qm =
max{q0, · · · , qN}; thus, by Equation (36), we have

−µαηqm1 � µαE[p′(k)] � µαηqm1. (38)

After some mathematical manipulations, Equation (37) can be
expressed as

M′(k + 1) =(I− µΛ)k+1M′(0)

− µα
k∑
i=0

(I− µΛ)iE[p′(k − i)]. (39)

We know that 0 < µ < 2
λmax

; thus, we have −1 < 1−µλi < 1,
for i = 0, · · · , N . It implies that, as k tends to infinity, the



9

first term on the right-hand side of the above equation tends
to zero. Furthermore, E[p′(k− i)] is a bounded sequence, and∑k
i=0(I− µΛ)i is a geometric series with the common ratio

between −1 and 1. Therefore, as k tends to infinity, the second
term on the right-hand side of (39) is convergent. This proves
that M′(k) is convergent too. Finally, since M(k) is a rotated
version of M′(k), we conclude that M(k) is convergent as
k tends to infinity.

It is worthwhile to mention that the detailed convergence
analysis of the F-LMS algorithm should follow, in a nearly
identical form, the works of [38]–[40].

Assume that the input signal x(k) is iid. Utilizing Theo-
rem 2, after some mathematical manipulations, we can obtain

M2
i (∞) =

α2

σ4
x

E2[pi(∞)] ≤ η2α2

σ4
x

, for i = 0, · · · , N,

(40)

where σ2
x denotes the variance of input signal. Note that, due

to the structure of vector p(k), many components of p(k) are
equal to zero since they are difference/sum of sign functions.
Therefore, the upper bound ofM2

i (∞) should be very smaller
than η2α2

σ4
x

. Indeed, we may have

M2
i (∞)� η2α2

σ4
x

, for i = 0, · · · , N. (41)

As an example, when w∗ is a block-lowpass system, we may
have

M2
i (∞)� 4α2

σ4
x

, for i = 0, · · · , N. (42)

C. Computational complexity of the F-LMS algorithms

In this subsection, we describe the computational cost of
the F-LMS algorithms by computing the number of required
arithmetic operations [4], [41]. To this end, in Table III, we
present the number of real multiplications, real additions, and
comparisons per iteration for the F-LMS algorithm employing
each of the proposed feature matrices. In this table, N is
the adaptive filter order, and m is the number of conjugate
zeros used to generate Fb as described in III-D. As can be
observed in Table III, the computational burden of the F-LMS
algorithms is not much higher than that of the LMS algorithm.

Moreover, the memory usage of the F-LMS algorithms are
similar to that of the LMS algorithm, but they need one more
scalar for µα and one more vector of length N + 1 for p(k).

VI. SIMULATIONS

In this section, we assess the performance of the LMS and
the proposed F-LMS algorithms in some system identification
scenarios. In all examples, except when stated otherwise, the
input signal is zero-mean white Gaussian with unit variance,
the initial coefficient vector is w(0) = [0 · · · 0]T , and the
signal-to-noise ratio (SNR) is 20 dB, meaning that the noise
variance is σ2

n = 0.01. For the F-LMS algorithm, the weight
given to the penalty term is α = 0.05. The MSE learning
curves are computed by averaging the outcomes of 1000
independent runs.

TABLE III
COMPUTATIONAL COST OF THE F-LMS ALGORITHM , FOR DIFFERENT

FEATURE MATRICES, IN TERMS OF REAL MULTIPLICATIONS, REAL
ADDITIONS, AND COMPARISONS PER ITERATION

Feature matrix # multiplications # additions # comparisons
F = 0 (LMS) 2N + 3 2N + 2 0
Fl & Fh 3N + 2 4N + 3 2N
Fn 4N + 1 7N − 3 2N − 2

Fb
(2m+ 2)N+ (4m+ 3)N−

2N − 4m+ 2
4m2 + 4m+ 1 8m2 + 2m+ 3

Fo,e
LinP & F′o,eLinP

2N + 3
3N+

2bN−1
2
c+ 2bN−1

2
c+ 4

Fl(k) & Fh(k) 3N + 2 4N + 3 3N
Fn(k) 4N + 2 8N − 4 2N − 2

A. Scenario 1

Here, we compare the performances of the LMS and the F-
LMS algorithms when applied to the identification of several
unknown systems w∗, each of them having a specific feature.

Figures 2(a) and 2(c) depict the learning curves of the
aforementioned algorithms applied to the identification of the
block-lowpass system wl

∗ and the block-highpass system wh
∗ ,

each of them having order N = 39. Figures 2(b) and 2(d)
show the impulse responses of wl

∗ and wh
∗ , respectively.

Both wl
∗ and wh

∗ considered here have four different blocks,
each block comprised of 10 consecutive coefficients. Further-
more, we choose ε = 0.1. Therefore, for wl

∗ and wh
∗ when

|wl∗i−1
− wl∗i | > 0.1 and |wh∗i−1

+ wh∗i | > 0.1, respectively,
we have a change of block from index i − 1 to i. As
explained in IV-A and IV-B, for block-lowpass and block-
highpass systems, the F-LMS algorithm employs p′l(k) in (24)
and p′h(k) in (27), respectively. Also, Figures 2(e) and 2(f)
present the MSE learning curves of the tested algorithms
when employed to identify wl

∗ and wh
∗ , respectively, but using

the SNR=10 dB. Moreover, Figures 2(g) and 2(h) illustrate
the MSE learning curves of the mentioned algorithms when
they are utilized for identifying two time-varying unknown
systems. Again, the systems are block-lowpass and block-
highpass systems of order 39, and each of them contains four
different blocks. These time-varying unknown systems have
two sudden changes at the 1000th and the 2000th iterations.

Figures 3(a) and 3(c) depict the learning curves of the LMS
and the F-LMS algorithms in time-varying environment con-
sidering the unknown systems given in Figures 3(b) and 3(d),
respectively. The unknown systems have an abrupt change
at the iteration 3001. Moreover, in this example, the input
signal is correlated, having eigenvalue spread equal to 20 and
unit variance. To identify these lowpass and highpass systems,
the penalty vector p(k) required by the F-LMS algorithm is
adopted as p′l(k) in (24) and p′h(k) in (27), respectively.

In Figures 2 and 3, we can observe that when the F-LMS
and the LMS algorithms employ a large step-size, the F-LMS
algorithm converges a bit faster than the LMS algorithm with
the same µ, but the F-LMS algorithm is capable of achieving a
much lower steady-state MSE. Indeed, for the LMS algorithm
to achieve the same MSE level, we had to reduce its step-size,
thus slowing its convergence speed significantly. Moreover, for
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Fig. 2. MSE learning curves for the LMS and the F-LMS algorithms
considering the unknown systems: (a) the block-lowpass system wl

∗ depicted
in 2(b); (c) the block-highpass system wh

∗ depicted in 2(d); (e) the block-
lowpass system wl

∗ and the SNR=10 dB; (f) the block-highpass system wh
∗

and the SNR=10 dB; (g) the time-varying block-lowpass system; (h) the time-
varying block-highpass system.

the white Gaussian noise input signal and the correlated input
signal, the F-LMS algorithm outperformed the LMS algorithm.
Therefore, for all presented examples, we can observe that
the F-LMS algorithm has superior performance to the LMS
algorithm.

Figures 4(a) and 4(b) show the MSE learning curves of the
F-LMS and the LMS algorithms considering two bandpass
systems wn

∗ and wb
∗, respectively. The bandpass system wn

∗
has a narrow passband region, its lower and upper cut-off
frequencies are located at π3 −0.05 and π

3 +0.05, respectively,
and it has the lower and the upper transition frequencies at
π
3 −0.15 and π

3 +0.15, respectively. The bandpass system wb
∗

has a wider passband region, the lower and the upper cut-off
frequencies of wb

∗ are π
3 − 0.1π and π

3 + 0.1π, respectively,
and its lower and upper transition frequencies are π

3−0.45 and
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Fig. 3. MSE learning curves for the LMS and the F-LMS algorithms
considering the unknown systems: (a) the time-varying lowpass system
depicted in 3(b); (c) the time-varying highpass system depicted in 3(d).
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Fig. 4. MSE learning curves for the LMS and the F-LMS algorithms
considering the unknown systems: (a) the narrow bandpass system wn

∗ ; (b)
the bandpass system wb

∗.

π
3 + 0.45, respectively. Therefore, three transfer functions are
cascaded to create the feature matrix when considering wb

∗ as
the unknown system. In both examples, the systems have 200
coefficients, and the value of α is 0.01. In these examples, as
explained in Subsections III-C and III-D, the vector p(k) in
the recursion rule of the F-LMS algorithm is taken as pn(k)
and pb(k) for the systems wn

∗ and wb
∗, respectively.

Furthermore, Figures 5(a) and 5(b) represent the MSE
learning curves of the F-LMS and the LMS algorithms for
the bandpass systems wn

∗ and wb
∗, respectively; however, in

contrast with the previous examples, the passband region of
these systems is assumed unknown for the F-LMS algorithm.
Note that, in these cases, as explained in Subsection IV-C, we
have to update two recursion rules, one for w(k) and another
one for pc(k). The value of α is adopted as 0.01, and pc(k)
is initialized with zero, and the step-sizes to update w(k) and
pc(k) are assumed to be identical, i.e., µ = µc. Moreover,
the penalty vector p(k) needed by the F-LMS algorithm is
chosen as p′n(k) in Subsection IV-C. As can be seen, in
Figures 4 and 5, when the F-LMS and the LMS algorithms
using identical step-size, the F-LMS can attain lower steady-
state MSE. However, when the LMS algorithm utilizes a
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Fig. 5. MSE learning curves for the LMS and the F-LMS algorithms
considering the bandpass systems with unknown passband region: (a) wn

∗ ;
(b) wb

∗.
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Fig. 6. MSE learning curves of the LMS and the F-LMS algorithms
considering the unknown systems: (a) the symmetric linear-phase system
wsym
∗LinP; (b) the antisymmetric linear-phase system wasym

∗LinP.

smaller step-size to achieve the same MSE of the F-LMS
algorithm, we observe a reduction in the convergence speed of
the LMS algorithm. Therefore, in all presented scenarios for
bandpass systems, the F-LMS algorithm performs better than
the LMS algorithm.

Figures 6(a) and 6(b) present the learning curves of the
LMS and the F-LMS algorithms when they have employed
to identify two unknown systems with linear-phases. The
unknown systems wsym

∗LinP and wasym
∗LinP have symmetric and

antisymmetric linear-phases, respectively, and both have order
39. Moreover, their coefficients are drawn from a zero-mean
Gaussian distribution with unit variance. For wsym

∗LinP and
wasym
∗LinP, the penalty vector p(k) of the F-LMS algorithm is se-

lected as psym
LinP(k) in (16) and pasym

LinP (k) in (20), respectively.
As can be seen, compared to the LMS algorithm, the F-LMS
one has higher convergence rate. Furthermore, when the step-
size of the LMS algorithm is chosen as 0.03 to accelerate its
convergence speed, it attains higher MSE compared to that of
the F-LMS algorithm.

Moreover, to corroborate Theorem 2, Figure 7(a) shows
the misalignment, ‖w(k) − w∗‖2, of the F-LMS algorithm,
when the unknown system is the block-lowpass system wl

∗.
In this example, µ = 0.03, α = 0.05, ε = 0.1, and the curves
are the average of outcomes of 200 independent runs. Also,
Figure 7(b) illustrates |wi(k) − w∗i |2 for i = 9, 10, 16, 23.
In Figure 7(b), as claimed in Equation (42), we can see that
|wi(∞)−w∗i |2 � 4α2

σ4
x

, for i = 9, 10, 16, 23, where σ2
x is the

variance of the input signal.
Also, Figure 8 depicts the MSE of the F-LMS algorithm

versus α, when the unknown system is wl
∗, µ = 0.03, ε = 0.1,

and α varies between 0 and 0.4. As can be seen, for 0 ≤ α ≤
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Fig. 7. (a) Misalignment of the F-LMS algorithm considering the block-
lowpass system wl

∗; (b) |wi(k)− w∗i |2 for i = 9, 10, 16, 23.
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0.08, the MSE of the F-LMS algorithm is decreasing, and for
α > 0.08 the MSE is increasing. Note that, for α = 0, the F-
LMS algorithm is identical to the LMS algorithm. Therefore,
as can be observed in Figure 8, for 0 < α ≤ 0.4, the F-LMS
algorithm outperforms the LMS algorithm.

As the conclusion of this subsection, we have observed
that for all tested systems, the F-LMS algorithm outperformed
the LMS algorithm. On one hand, when we chose small
step-size for the LMS algorithm to reach the same MSE of
the F-LMS algorithm, the convergence speed of the LMS
algorithm degraded significantly. On the other hand, when we
adopted larger step-size for the LMS algorithm to accelerate
its convergence rate, the LMS algorithm could not achieve the
same MSE of the F-LMS algorithm.

B. Scenario 2

In this scenario, as a real-life experiment, we have measured
the room impulse response (RIR) for three microphones in a
room receiving the sound produced by a loudspeaker. Then,
the F-LMS algorithm for block-lowpass systems (the F-LMS
algorithm using the time-varying feature matrix in (22)) and
the LMS algorithm have been utilized to identify the measured
RIRs; i.e., the measured RIRs have been used as the unknown
systems in the system identification settings. The loudspeaker
model is the Yamada MSP3, and the microphones are B&K
condenser microphones type 4165. Figure 9 shows the shape
and the dimensions of the room where this experiment had
been performed, as well as and the positions of the loudspeaker
and the microphones. As can be seen, the microphones 1, 2,
and 3 were, respectively, located in the middle of the room,
on one side of the room next to the wall, and at the corner
of the room. In this scenario, the input and the measurement
noise signals have been adopted as zero-mean white Gaussian
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Fig. 9. The shape and the dimensions of the room and the positions of the
loudspeaker and the microphones are depicted.

signals with variances 1 and 0.01, respectively. Moreover,
the sampling frequency is equal to 8 kHz. For the F-LMS
algorithm, the penalty term of the l1-norm, α, and the value
of ε are chosen as 0.02 and 0.005, respectively. The step-
sizes are informed in Figure 10. The LMS and the F-LMS
algorithms are initialized with w(0) = 0. Furthermore, the
adaptive filter orders for the microphones 1 and 2 had been
selected as 3800 and for the microphone 3 had been adopted
as 4000. The learning curves were obtained by averaging the
outcomes of 100 independent trials, and they were smoothed
using a box filter of 100 samples length.

The MSE learning curves of the LMS and the F-LMS
algorithms identifying the RIRs by the microphones 1, 2, and
3 are illustrated in Figures 10(a), 10(c), and 10(e), respectively.
As can be observed, the F-LMS algorithm has always obtained
lower MSE as compared to the LMS algorithm. The estimated
RIRs for the microphones 1, 2, and 3, utilizing the F-LMS
algorithm, are depicted in Figures 10(b), 10(d), and 10(f), re-
spectively. Furthermore, for all microphones, the convergence
rate of the F-LMS algorithm is higher than that of the LMS
algorithm. All of these advantages are attained thanks to the
exploitation of hidden sparsity in the RIRs by the F-LMS
algorithm. Also, note that, in this example, the computational
burden of the F-LMS algorithm is not significantly higher than
that of the LMS algorithm. Indeed, in comparison with the
LMS algorithm, the F-LMS algorithm implements at most 3N
more addition/subtraction operations and 3N more comparison
operations per iteration, where N is the adaptive filter order.

C. Scenario 3

In this scenario, we evaluate the performance of the F-LMS
algorithm in an additional real-life experiment. We employ
the F-LMS algorithm for block-lowpass systems and the LMS
algorithm to estimate the impulse response of an underwater
communication channel for a shallow water receiver. The
details of the underwater channel acquisition can be found
in [42]. In this example, we utilized two zero-mean white
Gaussian signals with variances 1 and 0.1 as the input signal
and the additive noise signal, respectively, i.e., SNR=10 dB.
Both algorithms were initialized with the zero vector, and the
adaptive filter order is 2880. The step-size parameter for both
algorithms is µ = 0.0005. For the F-LMS algorithm, α = 0.02
and ε = 0.01. Furthermore, the MSE learning curves were
computed by averaging the outcomes of 100 independent runs,
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Fig. 10. MSE learning curves of the LMS and the F-LMS algorithms
considering: (a) microphone 1; (c) microphone 2; (e) microphone 3. Estimated
room impulse responses utilizing the F-LMS algorithm: (b) microphone 1; (d)
microphone 2; (f) microphone 3.
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Fig. 11. MSE learning curves of the LMS and the F-LMS algorithms
considering the underwater channel impulse response.

and they were smoothed using a box filter of 100 samples
length.

Figure 11 shows the MSE learning curves of the LMS and
the F-LMS algorithms considering the underwater channel
estimation scenario. As can be seen, the F-LMS algorithm
attained a remarkable lower steady-state MSE as compared to
the LMS algorithm. Also, we can observe that the convergence
rate of the F-LMS algorithm is slightly higher than that of the
LMS algorithm. Therefore, by exploiting the sparsity hidden
in the channel impulse response, the F-LMS algorithm was
able to outperform the LMS algorithm.
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VII. CONCLUSIONS

This work proposed a family of algorithms called Feature
LMS (F-LMS). The F-LMS algorithms enable the exploitation
of hidden features of the unknown model parameters giving
rise to faster convergence and reduced steady-state MSE,
resulting in a more accurate estimate. The key procedure is
to apply a sparsity-promoting function to a linear combination
of the parameters aiming at revealing hidden sparsity inherent
to the parameters, i.e., the linear combination exploits the
specific structure/feature to generate a sparse vector. A few
illustrative cases of F-LMS algorithms were introduced to
demonstrate the usefulness of the proposed tool, with emphasis
on systems with lowpass, bandpass, and highpass spectra.
Many simulation results and two real-life experiments were
included to confirm the superior performance of the F-LMS
algorithm in comparison with the LMS algorithm concerning
convergence speed and steady-state MSE.

Although the real-data experiments conducted in this work
refer to the identification of a room impulse response (RIR)
and the estimation of an underwater communication channel,
the proposed F-LMS algorithm can be applied in many other
cases. For instance, it is widely known that most natural sig-
nals and systems have lowpass spectra. Moreover, the F-LMS
algorithm for block-highpass and bandpass systems can be
applied to remove in-band interference. For example, in some
biomedical applications like in ECG [43], [44], the powerline
electric signal produces an interference at frequencies close to
50 and 60 Hz, thus signal and interference are overlapped in
both time and frequency domains. The application of a notch
filter would atenuate the interference, but would also attenuate
the desired signal. This is an application where the F-LMS for
bandpass systems can achieve much better results.
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